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1. INTRODUCTION

The notion of input-to-state stability (ISS) was introduced
by Sontag (1989) for systems given by ordinary differential
equations as an extension of the asymptotic stability
property to systems with external inputs. The theory of
ISS is well established for finite dimensional systems and
is known to be fruitful in many applications, see, e.g.,
Sontag (2008), Karafyllis and Jiang (2011). During last
few years the ISS framework was rapidly developed to the
case of infinite dimensional systems and in particular to
the case of systems given by partial differential equations,
see Dashkovskiy and Mironchenko (2013a), Dashkovskiy
and Mironchenko (2013b), Mironchenko and Wirth (2018),
Mironchenko (2019), Karafyllis and Krstic (2019).

The ISS-like estimates are useful in order to quantify the
influence of disturbances, as well they are useful in study-
ing interconnected systems applying small gain theorems.
Many works are devoted to derivations of explicit estima-
tions of the ISS type. For example, Karafyllis et al. (2019)
consider a linear wave equation with Kelvin-Voigt and
viscous damping and disturbances acting at the boundary.
Estimation of the ISS-type are derived in this paper under
the assumption of rather smooth disturbances, namely of
the class C2.

In this work we investigate under which conditions a class
of nonlinear second order hyperbolic equations possess an
ISS-like property with respect to inputs entering not only
in domain but also at the boundary. As well we derive
explicit ISS estimates for the solutions. Theses derivations
are based on an ISS-Lyapunov function and suitable choice
of the function spaces and norms. In contrary to Karafyllis
et al. (2019) the Kelvin-Voigt damping is assumed to be
zero in our work, however instead we have a nonlinear term
in our equation, moreover the disturbances are assumed to
be of class C! only.
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A special attention is paid to the measure of deviation
of the initial "state” from the equilibrium. It turns out
that taking a norm of the initial function and of its time
derivative is not sufficient in order to say how far this
state is away from the equilibrium. Additionally we need
to consider the norm of its spatial derivative, which in
particular describes the elastic energy stored in the system
initially.

Also we would like to emphasize that the regularity of
input signals at the boundary is decisive for the ISS
estimates. For a weaker restriction on the disturbance
smoothness a partial ISS property is derived. In this case
the combination of the Lyapunov and the Faedo-Galerkin
methods, see Lions (1969), are applied. In case of a higher
regularity (boundedness of the second time derivatives)
we obtain a uniform estimate for the solution and an Lo-
estimate for its time derivative by means of the Lyapunov
method only.

2. NOTATION

For (a,b) C R by L?(a,b) we denote the Lebesgue space
of measurable square integrable functions with scalar

product (f,g) := [ f(s)g(s)ds and norm |f|r2(0.1) =
1
<0f|f<s>|2ds>1/2.

For a Banach space X we denote by C(R, X) the space
of continuous functions and by R — X, CY(R,X) of
continuously differentialble functions with values in X.
L>°(R4) denotes the space of measurable and essentially
bounded functions equipped with the norm | f|le =

esssup;so | f(1)]-

Let H*(0,1) be the space of functions g € L?(0,1) such
that their generalized derivatives up to the order k belong
to L2(0,1). By C*(0,1) we denote the space of functions
having continuous derivatives up to the order & on [0, 1].

C}[0,1] is the subspace of C'[0,1] of function with a
compact support in (0,1) and Hg(0,1) is the closure
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of C3(0,1) with respect to the H{(0,1)-norm given by
11301 = 31 Bao,ny + 1 0

K is the class of continuous, strictly increasing func-
tions on Ry = [0,00) vanishing at the origin. £ de-
notes the set of continuous, strictly decreasing functions,
vanishing at infinity. KL = {f : Ry x Ry — Ry
continuous with g(-,t) € K, p(t,-) € L}. For z € R we
denote by [z] the integer part of z, that is [x] := max{k €
Z : k<ux}.

3. PROBLEM STATEMENT

Consider the linear positive definite operator A = fj—;,
D(A) = {f € C?(0,1) : f(0) = f(1) = 0}, and its

energetic space Hg(0,1) equipped with the scalar product
1
s tligion = [ (WG + uz)o() de
0

For any T' > 0 we define the space of test functions as the
following set, cf. Mihlin (1977),

K ={n :n€C(Ry;H(0,1))NC" (R4, L*(0,1)),

For o € (0, 00) we consider the following nonlinear differ-
ential equation

upe(2,t) + 20us(2,t) — u.. (¢, 2) = f(u(z,t)) + D(z,1)
(z,t) € (0,1) x (0,400)
(1)
with initial conditions
u(z,0) = ¢o(2), w(z,0) = ¢1(2), @)

w0 € H(0,1), 1 € L*(0,1),
and with boundary conditions

u(0,t) = do(t), u(l,t) =di(t), di € C*(Ry) N L¥(Ry).

3)
conditions. The nonlinear function f € C'(R;R) is assumed
to satisfy f(0) =0, sf(s) < 0, s # 0, and to be globally
Lipschitz, that is for some L > 0 it holds that

[f(x) = fy)| < Ll —yl, z,yeR.

D € C(]0,00); L?(0,1)) denotes the distributed perturba-
tion and d; with d;(0) = 0 denotes the perturbation acting
at the boundary points. Furthermore, we assume that the
first derivatives of boundary disturbances are essentially

bounded dy,d; € L>®°(R;) and that the distributed dis-
turbance D(z,t) satisfies || D(-,t)|[12¢0,1) € L=(R4).

To define the weak solutions of the problem (1)-(3) we
denote

U(z,t) :==u(z,t) — (2d1(t) + (1 — 2)dp(t)).

Definition 1. The function u(-,t) € L?*(0,1) is called a
weak solution to (1)—(3), if the function U(-,t) satisfies
the following conditions

1) U(-,t) € C(]0,00); HE(0,1)) N C1([0, 00); L*(0, 1))
2) limy o ||u(-,t) —

3) for any test functionn € Kr the following equality holds

SQOHH[}(O,l) =0.

n(T) = 0}

H1 0 1)dt (¢1,1(0))

H('a t)ﬂ?(t)) dt

where
H(z,t) :=

(1 — 2)do(t)) — 2a(zdy (t) + (1 — 2)do(t))
+ (1 = 2)do(t)) — f(U(z,1)) + D(z,1).

The question of existence and uniqueness of weak solutions
to the problem (1)-(3) was considered in Evans (2010),
Lions (1969).

In this paper we are going to investigate the ISS-like
properties of (1)-(3).

Definition 2. The system defined by (1) and boundary
conditions (3) with input D := (do,d1, D) is called par-
tially 1SS, if there exist functions B € KL, ~v € K such that
for any initial condition (2) and any disturbance dy,dy, D
from the spaces specified above the corresponding solution
satisfies

[u(-,t)llx < B(po,t) +([Dllp), =0

where py € C(HF(0,1) x L*(0,1);Ry) is the norm of
the initial state, po(0,0) = 0 and the linear normed
spaces (X,| - ||x) and (D,|| - ||p) are given by X C
C([0,00); Hy (0,1)) N ([0, 00); L*(0,1)), (D, || - [[p) and
D C L®(Ry) x L®(R,) x L®(Ry; L*(0,1)), D € D. The
latter one s called the input space.

Definition 3. The systems (1), (3) is called 1SS if there
are functions B; € KL, ~v; € K such that for any initial
condition and any disturbance D the following estimates
hold

—(zdy (t) +
+f(U(z,t) + 2dy1 (1)

[u- D)l < Bipo,t) +n([Dllp), =0

l[us (- 0) |2, < B2(po,t) +72(IDllp), = 0.
Here (X, || - llx,) are linear normed spaces given by
Xy C C([0,00); H}(0,1)) N C1([0,00); L*(0,1)), Xy C
G ([0, 00); L2(0,1)).

Let us recall that stability of the unperturbed problem
(1)-(3), i.e., in the case of dy = dy = D = 0 was studied
in Caughey and Ellison (1975). Here we are interested in
an extensions of these results to the case of non-vanishing
perturbations and the corresponding estimates as in the
last two definitions.

4. MAIN RESULTS

Here we are going to verify whether the properties defined
above are satisfied by the initial value problem (1)-(3)
under different assumptions imposed on the boundary
disturbances d;. Namely the following two cases will be
concidered:

(1) d; € L®(Ry), d; € L®(Ry), i =0,1;
(2) di € L®(Ry), d; € L®(Ry), d; € L°(Ry), i = 0, 1.

In the first case we will check the partial ISS property
with respect to X = L%(0,1), D = {D = (do,d1, D)},
where d; € L®(R;)NC%(Ry), d; € L>®(R,) for any ¢t > 0
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D(-,t) € L?*(0,1), I1D(-,t)||z2(0,1) € L>(R4). The norm
in D is defined by ||D||p = maxi=0,1(]|di| o, ||d¢||oQ,DDQ),
where Dos = [[[D(+ 1) ]| L2(0,1) ll -

In the second case we will check the ISS property with
respect to X1 = X = C[0,1], D = {D = (do,d1, D)},
where d; € L (R )NC?(R,), d; € L>*(Ry), d; € L™ (Ry)
for all t > 0 D(-,t) € L*(0,1), || D(:, ll200,1) € L2 (R4).

4.1 Partial ISS

Let us write the solution to (1)-(3) as the sum
u(z,t) = v(z,t) + w(z,1), (4)
where v(z,t) is the solution of following equation

vi(z,t) + 2004(2, 1) — v22(¢, 2) = f(u(2,1)), (5)
(2,t) € 10,1] x (0, +00)
satisfying the initial conditions
v(2,0) = @o(2), vi(z,0) = pa(2), (©)
o € Hy(0,1),¢1 € L*(0,1)
and boundary conditions
v(0,t) =0, wv(1,t) =0, (7)

and w(z,t) is the solutions of
wit(2,t) + 20w (z,t) — w,.(t, 2) ()
= f(v(z,t) + w(z,t) — f(v(z,t) + D(2,1),
satisfying the initial conditions
w(z,0) =0, w(z,0)=0, z€
and boundary conditions
w(0,t) = do(t), w(l,t)=dy(¢). (10)

Let us first estimate the solutions to the problem (5)-(7) by
means of the following Lyapunov function borrowed from
Caughey and Ellison (1975)
1
a2
v(z,t)

(v + av(z,1))? + a®v? (2, ) — 2 / f(s) ds)dz
0

Lemma 1. The Lyapunov function defined above satisfies
the inequality

V(u(-,t),ve( 1) < e TV (po(2), 01(2)), >0
where 6 := 1+ 555 (202 + L + /(202 + L)% + 472a?).

[0,1] (9)

V(v(-, 1),

N\H

(11)

(12)

Proof. The derivative of V' along solutions of (5)—(7) is
1
av

a
0

('Uzvzt + (v + aw) (v + avy)
+a?ov; — f(v)vt)dz

1
/ VU2 + (v + av) (v, + f(v) — avy)
0

+avv, — f(v)vt> dz

1 1 1 1

= /vzvztdz—i—/vtvzz dz—&—oz/vvzzdz—l—/vtf(v) dz
0 0 0

0

1 1 1 1
+a/vf(v)dzfa/vtzdzfaQ/vvtderaQ/vvtdz
0 0 0 0
1
—/vtf(v)dzz
0

1 1
f/vzzvt der/vzzvt dz + a(v(z, t)v.(z,t)
0 0

1 1 1
—/vgdz)—a/vfdz—i—a/
0 0 0
1 1
0/

v (2, t)ve(z, 1)

vf(v)dz

=—a [ (vi(z,t) +03(z,1))dz + a/vf(v) dz
0
For the function V (v(-, t)) the following estimates

hold

t), ve (-,

(13)

(ve(2,t) + av(z,1))? + o?v?(z, t))dz

1
% / (Ui(z, t)+
0
(ve(2,t) + av(z,1))? + (@ + L)v?(z, t))dz

With help of the inequality 2|a||b| < na®+n71b%, a,b € R,
1 > 0 from the last inequality follows
1

V(0 0) < 5 [ (0260 + 1+ anutz, 0+

0
(202 + L + a/n)v?(z, t))dz
Then by the Friedrichs’s inequality

V(v(,t),v(-, 1)) <

1 1
1
/v2(z,t) dz < —2/113(2,25) dz
7
0 0
we obtain
1 h 1
Vel 0o 1) < 5 [ (@ 5202+ L afm)d
0

(1 + an)d(,1) ) dz
So far n > 0 can be chosen arbitrary. Let n be such that

Loy o2
an = 5(204 +L+a/n),
2 G
that is 5 = 22t (522;L)2+4w2a2. Then we get
; 1
V(v(, 1), vl t 5/ (2,) + v} (z, t))dz (14)
0
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Hence,

<o [ e s < -V,
0

which implies

V(u(-, 1), 00(, 1)) < e TV (o (2), 1 (2)),
This proves the lemma. O

Next, we are going to derive estimates for the solutions to
the problem (8)—(10).
Lemma 2. Let us denote

[a/m] 1 o0 1
7= Z it + Z 202’
n=1 n=[a/n]+1 n
Y (2v2r + 1) = (2v2(1+a) +1)?
Z At X R
n=1 n=[a/m|+1 n
where w, = Vr2n? — a?. Let the Lipschitz constant L be
small enough: L < 1/,/7.
Then
Vo
sup ||lw(+,t)|r200,1) £ ————=||D||p.
Ol < =7 =1

Proof. Let 1, (x), n € N be the normalized eigenfunctions
of the Sturm-Liouville operator

L= D)= eC*0.1) [0) = 7(1) =0},
that is
IZJ"( )+ Antn(2) =0, 9, (0) = ¢, (1) =0,
then )\, = 72n?, ¥, (2) = V2sinmnz.
We denote
G(z,t) := f(v(z,t) + w(z,t)) — f(v(z,t)) + D(z,t),
Cn(t) := /0 w(z, t)n(2) dz
then

—20mwy(z,t) + w,,(2,t)

C(t) = /lwtt(z t)hn(z /1

+G(z,t))n(2) dz

1

= —2aC,(t) —|—/wzz(z,t)wn(z) dz+/G(z,t)z/)n(z) dz

0
Let us apply two times the integration by parts to the last
but one integral'

/wzzZt’(/]n
0

1

- [0

0

f(w(z,t

dz = w,(z, t)n(z)

1

/ w,(z z)dz =
0
1
/ w dz)
0

dy ()¢, (1) = AnCon (1)

= do(t),,(0) —

This implies that Cy,(t) is the solution to the initial value
problem for the following ordinary differential equation of
the second order

C(t) + 2aC, (t) + A Cho (1)
C.(0)=0, C

= mn&(t) + gn(t),
where

/ G (2, t)hn (2)dz, E()=v3(do(t) + (—1)"Ldy (£)).
0

Hence for n > [a/ 7T:| we have

¢
w—ln /efa(tfs) sinwy, (t — $)(mné&(s) + gn(s)) ds,
0

Cn(t) =
and for n < [a/ﬂ] we have

e~(t=5) ginh Bn(t — s)(mn&(s) + gn(s)) ds,

where 8, = vVa? — n2n2. For n = [04/77]
t

Colt) = / =9 (t — 5)(nné(s) + gn(s)) ds.

0

By means of the Cauchy inequality the following estimate
for g, (t) follows:

|9n (O] < NIGC5 D)l L20,1)

<G8 +w( 1) = Fl )2, + 1DC Bl 20,1
< Lijw(-,t)[|20,1) + Do
Let T > 0, then for all ¢ € (0,7T] we have
sup [gn(t)] < L sup lw(:,t)|lL2(0,1) + Doo
te(0,T] te(0,T]

Let us estimate C,,(t) for 0 < n < {Oé/ﬂ'}, te0,T:

t
|C(t)] < L / e~ =) ginh B, (t — s) ds

n

X (2V2mnde + L sup |Jw(-,
t€(0,T]
t

1
< 6—/67‘ls sinh 3,5 ds
"0

x(2V2rndee + L sup |Jw(-,
t€(0,T]

+oo
<5/
- e
= Bn
0

X (2v2mndoe + L sup |Jw(-,
t€(0,T]

)l z2(0,1) + Doo)

)l z200,1) + Doo)

*sinh 3,5 ds

) £200,1) + Doo)

)l z2(0,1) + 2V27ndoo + Do),

< 7T2ng(L S(up flw(,

< (1 +ea®+ (1+
e Hv?, a,b e R, e >0 we get for 0 <n < [a/ﬂ], te (0,7
that

then again by the inequality (a + b)?
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1
1+¢e)L? sup ||w(-,1)|?
(1AL sup (Ol

+(1+ € 1) (2V2mndo + Doo)?).

To estimate C,,(t) for n > {Oz/ﬂ}, t € (0,T] we first apply

the integration by parts to the integral
t

Cat) <

1
— / e~ sinw, (t — s)mné(s) ds
W,
0
t
=T [ gmalt=9) sinwy, (t — $)&(s) ds
Wn,
0
t
™ —as
=— e
Wn
0

e~ (asinwpt + wy, coswyt)

- §0)+

W TN

sinw, s§(t — s)ds

1
%f(t)

¢
/e_o‘s(a SN wp s + wy coswy 8)E( — s) ds,
0

Taking into account that £(0) = 0 we get
t

Wn TN

1
— / e~ =) sinw, (t — s)mné(s) ds
Wn
0
- 2v/2d, N 2v/2d, - 2v/2(vd o +doo)7
™ awy, awy,

where
doo = max(|[dolloc; |d1 o) doo = max(||do|loo, [|d1]|oc)-

Hence the following estimate holds
2v2(doo + o doo)
[Cn(t)] <

W,
1

+ (Llw(-, )l 20,1) + Do)
L

= sup [Jw(-, ¢
QWn t€(0,T)

+2ﬁ(doo +a ldy) + DooJax

Wn

Mz,

9

That is for n > {a/w}, t € (0,T] we get

L2
2 2
CH) < (1) g s Doy
2v/2(doo _1doo Do /a)?
(1) BV 0] 4 Dec/)
n

From the Parseval’s identity we get for ¢ € (0,T]

e ||L2(01>f/ thz,zcz
0

< (1+e)L? S Hw(vt)HL?(Ol (1+ e 13D

Let vL? < 1, O<€<1 VL

= ¢, then

_ (el

sup ||w(-,t)||%2(071) = 1 —(1+ L2 :

te(0,T)

Hence
+e H)oD|
sup (e )2 o < (+<)3IDIIE
tE(OPT] s 220 < cclter) 1— (1+e)yL?
_ bl
(1—-L7)?

The right hand side in the Ist inequality does not depend
on T, hence we get

V5
sup |lw(-,?)|z200,1) £ ————=||D||p.
e [[w( 0l < 7L =D
The lemma is proved. U

Theorem 1. Let the Lipschitz constant for f be such that
L < 1/\/4. Then the problem (1)—(3) satisfies the partial
ISS property with respect to the L?-norm and the following
estimate holds true

at Vo

2
lu(llzz00) <\ 53¢ ¢ 00+
’ 1— Ly

D|p.
e D

V(<)007 @1)

The proof is based on the estimates from Lemmal and
Lemma 2 as well as on the Friedrich’s inequality, however
it is omitted due to space reasons.

where gy =

4.2 The ISS property

To derive the uniform estimates for the solutions of (1)-
(3) we need to require some more regularity from the

disturbances d;(t), ¢ = 0,1. Let us assume that do, =

max(||dol|os, [|di]les) < +00. Let us apply the following
substitution

U(Zat) = U(Z,t) -
in (1)-(3), then we get
Uy + 20Uy — U,

(zd1(t) 4+ (1 — 2)do(t)).

= f(U(z,1)) + H(z,1),

(2,) € [0,1] x (0, +50) (16)
with initial conditions
U(z,0) = po(2), Ui(z,0) = p1(2),
o € Hy(0,1),¢1 € L?[0, 1], (7
and boundary conditions
U,t)=0, U(L,t)=0. (18)

We also assume that the following consistency conditions
are satisfied: do(0) = d;(0) = 0.

Theorem 2. The problem (1)—(3) satisfies the ISS prop-
erty, satisfying the followz'ng estimates
Po +[ID[[p,

7"po + |Dlp,

t>0,
t>0,

lu(-, )l < e”

[l -

where ||D|p =

t)llz201) < e

Do
@d + 20de + Ldo) + 25) +

~

2max{doo,£ivoo} and dog = maxizo,l(”diﬂoo), doy =
max;—o,1(||dilloc), doo = maxi—o1(/|dillo0)-

Proof. Estimations for solutions of (16)-(18), will be de-
rived by means of the following Lyapunov function
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1 o 0

1 U.(-,t <e 0ty 4+ —A,
V(U(vt) a 5 / (]2 Z t Ut(Z t) + OéU(Z t)) H ( )||L2(071) Po « (25)
0

_a 0
1U: ()| 220,1) S € P po + EA

U(z,t)
S and from the boundary conditions (18) by means of the
+a”U%(z,t) — 2 / f(s) ds) dz Cauchy inequality we obtain that
0 z
19) v t:‘/U td‘<U~t <e ¥t in
For this functions we have already derived that UGzl s D ds|<IUC D200 < €770 + a
0
1 ; Hence
VO U0) 2 5 [ (U0
2 (20) sup |u(z,t)] <e”Fpg + A+2d
0 z€[0,1]
+(U(2,t) + aU(z,1))? —|—042U2(z,t))dz and
o 0 2 T
0 1 e (- )|l 20,1) < € 7' po + aA + %doo
2 2
VD060 < 5 [ (V20 +02E0)d D Ty thoorem is proved. .
0
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