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Abstract: The finite-time tracking control problem is studied for non-strict feedback ball and plate
systems considering friction, coupling term and external disturbance comprehensively. An adaptive
finite-time tracking control strategy based on command filtering is proposed, and the adaptive neural
finite-time tracking controller is given for the ball and plate system with unknown input saturation. The
designed controller can guarantee that the tracking error of the system can converge to a small
neighborhood of the origin within finite time, and all signals in the closed loop system are bounded in the
finite time. Finally, a simulation for the designed controller is given, and the simulation results verify the
effectiveness and superiority of the proposed control scheme.
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1. INTRODUCTION
A Dball and plate system is a typically underactuated,

multivariable and strongly coupled nonlinear dynamic system.

Not only is it utilized to check the effectiveness of control
algorithm, but also the research results for it possesses
important reference valuable in vessel, aecrospace and other
engineering fields.

Up to now, there have been many achievements for ball and
plate systems. However, these results in (Bang et al. 2018
and Kassem et al. 2015) ignored the coupling, friction and
other factors in the system so that the control accuracy of the
system is difficult to be guaranteed. (Wang et al., 2010a and
Wang et al., 2010b) considered the effect of friction, but the
coupling term was treated as a known term, the system was
divided into two unique second-order systems when the
controller was designed, the underactuated characteristic of
ball and plate system is not embodied. In (Ali et al., 2019,
and Han et al., 2014), the friction and coupling of system
were considered as the bounded disturbance, and the system
was divided into two single-input single-output subsystems to
design the controller respectively.

In the existing research method for ball and plate systems,
backstepping technique was utilized in some papers, such as
in (Ker et al., 2007 and Kazim et al., 2017). However, for the
non-strict feedback ball and plate system, there are still some
difficulties in controller design using backstepping technique.
Hence, when the system is studied, the model of the system is
simplified or some assumptions are adopted so that the
precise control for the system was difficult to be guaranteed.
In recent years, there have been papers in which the variable
separation technique, fuzzy and neural network approxima-
tion method are adopted to deal with the non-strict feedback

Copyright lies with the authors

terms in order to carry on backstepping control design (Chen
et al., 2015, Sun et al, 2016 and Tong et al., 2016).
Meanwhile, the command filtered technique is utilized to
solve the problem of “explosion of complexity” (Dong et al.,
2012 and Wang et al., 2016). However, the disposing result
like this paper is not seen in the current literature for the ball
and plate system.

In recent years, the finite-time control method has received
widespread attentions by many scholars with the advantages
of fast convergence and strong robustness. At present, there
are two main design ideas for finite-time control method. One
is that the designed controller is required to make Lyapunov
function of the closed-loop system to satisfy a finite-time
stability condition, such as (Wang et al., 2016 and Sun et al.,
2017). The other is that the controller is designed by
transforming the system with a time-vary function (Song et
al., 2017) or by constraining the state with a finite-time
prescribed performance function (Liu et al., 2019). Up to now,
in the researches on ball and plate systems, the relevant
research results for finite-time control have not been found.
Because there is controller saturation phenomenon in the
actual system, it is necessary to dispose the phenomenon in
controller design (Zhou et al., 2014).

Hence, in this paper, the tracking controller of the ball and
plate system with external disturbance, friction, coupling and
saturation input is designed by combining command filtering
technique, practically finite-time control theory with the
backstepping design method. Different from (Wang et al.,
2016), a finite-time controller is designed for non-strict
feedback system in this paper, and a different filter is chosen
as well as a different method is taken to handle input
saturation. The designed controller can guarantee that the
tracking error converges to a small neighborhood of the
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origin within a finite time. Meanwhile, all the signals of the
closed-loop system are practically finite-time stable.

The main contribution of this paper can be summarized as
follows: 1) In the controller design process, the complete ball
and plate system model is considered. Namely, the effects of
disturbance, friction and coupling are considered at the same
time, and the system is regarded as an interconnected system
rather than two divided unique systems. 2) The adaptive
neural network finite-time tracking control problem is firstly
studied for the above-mentioned ball and plate system with
unknown input saturation, and the finite- time tracking
controller design method is given. 3) By means of command
filtering technique, the complexity of finite-time control
design of the ball and plate system is reduced so that the
design process becomes more concise.

2. PROBLEM FORMULATION AND PRELIMINARIES

2.1 Problem formulation

The mathematical model of the ball and plate system can be
established in the following form (Wang et al., 2010b). It is
regarded as the coupling of the two subsystems.

X = X

. /.
Xip = A(x1,1x1,4 -8 SIH(‘xl,S) + Xy 4% 1% 4 +;) + d1,1 ’
SX X3 = X145

X =u, +d,,

yx :xl,l'

(M

Xo1 = Xa05

. 2 . y
Xyp = A(x2,1x2,4 -8 Sm(xz,3) XX 4 Xy, T ;) + dz,l >

Sy %23 =Xy 45
Xy, =u, +d,,,
Yy =X

where x,, and x,, denote the displacement of ball in X-
direction and Y-direction, respectively. x,; represents the
angle between X-direction of plate and horizon, x,, is the
angle between Y-direction of plate and horizon.
A:m/(m+lb/r2) , 1,,m,r mean the rotary inertia, the
quality and the radius of the ball, respectively. g indicates
the gravitational acceleration, f, = —u mgcos(x,) and f, =
—p,mgcos(x,) are the frictions in X-direction and Y-
Ho M, arc
considered to be unknown (Han et al., 2014). x, ,x, x,, and

direction, the rolling friction coefficients
X, 4%, X, 4 are the coupled terms between the subsystem S,
in X-direction and the subsystem S, in Y-direction.
d,.d,,d,,d,, are bounded external disturbances, and

|d1.’j| <d,i=12,j=1,2. d is an unknown positive constant.

Y,»¥, denote the outputs of the system in two directions,
u,,u, mean the control inputs. The saturation nonlinearities
are described by

u, =sat(v )= {

v.|Zu

x

sign(v u,,,

Vv

X2

xm?

v <u,,.

sign(v,u,,,, |vy| >u

ym>
u, =sat(v,) =
| <,
where u,,,u,, denote the boundaries of unknown saturations

Ui, . Because u_,u, are not smooth functions, according to

(Zhou et al., 2014), the state space description of the ball and
plate system can be transformed as

X1 = X

X, , = A(x, ;x, — gsin(x, ;) + L +d
X, = A(x X, — gsin(x, 3) + X, 4%, X, , m) 11>
SX X3 = Xia»

x1)4 = ng Vx + p(vx) + d1,25

yx :xl,l'

2)

Xo1 = X505

. 2 . y

Xyp = A(x2,1x2,4 -8 Sln(x2,3) XX 4 X, T ;) + d2,1 >
SY Xy3 = Xo45

X4 =8,V P, +d,,,

Yy =X

where O0<g < 8. <1,0<g, < 8, <1 with g_ and

g,, are unknown constant, | pV)HI<D,,

p(v,)| <D, with
D, and D, are bounded constant. The control objective of
this paper is as follows: Design the controllers v, ,v, for the
ball and plate system so that the outputs y , y, of the system
can track precisely the given reference signals y,,,y,, within

a finite time, and the controllers can guarantee all the signals
in the closed-loop system being practically finite-time stable.

2.2 Preliminaries

In order to acquire our main result, the following Assumption
and Lemmas will be introduced.
Assumption 1 The reference signals y ,,»,, and their first

derivatives are continuous and bounded functions.
Definition 1 (Sun et al., 2017) Let ¢ =0 be the equilibrium
point of a nonlinear system ¢ = f(£). It is called to be

semiglobal practical finite-time stable if for all initial
condition £(z,)=¢,, there exist a constant v >0 and a

settling time 7'(v,¢,) <+ such that
¢ <v, Vi>1,+T.
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In this paper, the radial basis function neural network
(RBFNN) will be used to approximate a continuous function
f(Z) defined in a compact set Q ( Li et al., 2017).

f(Z)=W"S(Z)+5(Z).
where Ze€Q_eR? is the input vector of the RBFNN, ¢
means the input dimension of the RBFNN. W:[wl,wz,...,

w, ]T is an ideal constant weight vector, n>1 denotes the
node number of the RBFNN, 6(Z) is the approximate error
of the RBFNN and it satisfies |5(Z)|S5, where ¢ is an
arbitrary positive constant. S(Z) =[s,(2), s,(Z),...,s,(Z)]"
represents the basis function vector, s,(Z) is chosen as
Gaussian-like function, that is

5(2)= exp{—(Z—y,.)Z(Z —,u[)} i=1,2,...,n,

i

where 4, =[pty, fty..o it is the center of the basis
function, 7, is called the width of the basis function.
Lemma 1 (Sun et al., 2016) If there are any given positive
integers / and », then

Is@f <l
where / <n,S(Z) and S(Z,) are the basis function vectors
of the RBFNN, Z =[z,--

input vectors.
Lemma 2 (Li et al, 2017) For any given ¢ >0 , the

following inequality holds.

,z,]" and Z, =[z,,++,z,]" are the

xy < éV—p|x|p +L|y|q ,V(x,y) e R’
P q¢”’

where p>1,g>1,and(p-1)(g-1)=1.
Lemma 3 (Sun et al., 2017) For any x, e R,r =1,---,m, and

a real number p with 0< p <1, the following inequality
holds.

m P m m P
(zm@SEWmst{z%].
r=1 r=1 r=1

Lemma 4 (Sun et al., 2017) For the positive number A,7,3

and real variables y,¢ , the following inequality holds.
A

gy g
A+n A+7
Lemma 5 (Sun et al., 2017) Consider the nonlinear system
¢ = f(&), there are the positive function V' (¢), the constant
¢>0,0< <1 and b>0, such that

V(&)< =cVP (&) +b,t20.

Then the system ¢ = f(¢) is semi-globally practically finite-

A+n

2" ls]" <

time stable.

3. COMMAND-FILTERING-BASED ADAPTIVE FINITE-
TIME TRACKING CONTROLLER DESIGN

In this section, the adaptive finite-time tracking controller
will be designed for the system (2). In order to avoid
repeating derivation of virtual control in the process of

controller design, the following first-order low-pass filter is
introduced in this paper.

T, 8+, =0, ,(0)=a,,(0).
where 7, (i=1,2, j=1,2,3) is a filtering time constant,
@, ; denotes the virtual control laws in the process of design,

s; ; means the outputs of the low-pass filter. In this paper, the

following coordinate transformation is utilized.
z,,=x,;-S i=12, j=1,--,4, 3)

i,j i,j=1°

where S10 = Vea»S20 = Vya -

Next, the controller design is performed for the subsystem in
X-direction.
Step 1 Based on (2) and (3), it produces that

=Xy TV = 2o (s, —a ) — vy (4)
In order to deal with the effect of the filter error s, — ¢, a
compensating signal e, ; needs to be designed. Therefore, the

compensating tracking error signal is defined in the following
form.

ViiTZip—C 1 Vip =210 € (5)
where ¢, will be given later.

Consider a Lyapunov candidate function as follows.
1
Ma=3v (©)
Combining (5) and (6), one has
V1,1 = vl,l‘-)l,l =V (Zl,z +o, + (Sl,l - 0!1’1) - yxd _él,l)’ (7)
The virtual control ¢, and the compensating signal ¢, are

designed in the following form, respectively.

o, = _Cl,lvlz,le =€, + Vs )
él,l =—¢,t (Sl,l —Q, )+ € (9)
where ¢€,(0)=0 , ¢,>0 and 1/2<f<1 are design
parameters. Substituting (8) and (9) into (7) results in
Vl,l = _cl,lvlz,lﬂ TV (10)
Step 2 According to (2) and (3), one has
21,2 = xl,z _*5"1,1
= A(x1,1x12,4 —gSIN(X, ;) + X, 4%, X%, + [ /m (11)

+gx ) - Agz, —Ag(s,, —a,) +d,, =S,
Set
F(Z) = Ax, x7, — g sin(x, ;) + X, 4%, X, , + [/ m+gx,3),
where Z, =[x,,,X,;,X 4,%,,,%,,]" . Obviously, the nonlinear
function f,(Z,) involves friction and coupling. A RBFNN
W,'S,(Z,) is used to approximate the unknown function
£1(Z,) , such that

fl(Z1)=VV1TS1(Z1)+51(Z1)a |(S1(Zl)|égl' (12)
Substituting (12) into (11), (13) can be achieved.
2, = WS, (Z2)+06,(Z))—Agz,; — Aga, , (13)

_Ag(sl,z _a1,2)+d1,1 _5'1,1'
In order to deal with the filter error s,, —«,,, the compen-
sating signal e, needs to be designed, and the following

compensating tracking error signal is defined.
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(14)
where e ; will be given later. Based on (5) and (13), one has
v, = WlTsl (Z)+96,(Z)- AgZ1,3 - Agal,z

- Ag(sl,z - al,z ) + d1,1 - 5.'1,1 - é1,2'

Vizg =213 €3

By using Lemma 2 and |d1’1| <d , the following result can be

obtained.

o LA WA
2a,

ViV SV, ( +v,—Agz ,—Aga,,

. a & d°
—Ag(s,, —a,,) =8, —ely2)+?1+?1+7,

where a, is an arbitrarily positive constant. Defining
6, = ||W1||2 ,8=6 —él , él is the estimation of the unknown
constant 6, . According to Lemma 1, it produces that

. PN
ViaVio < Vi (V1,291 ||S1 (Z)|| /2a, v, — Agzl,3 -

. . a 512 d? (15)
Agay, —Ag(si, —a,) =S, _el,2)+5+?+?’

where Zl* =[x,,]. Choose a Lyapunov function candidate as

(16)

The virtual control ¢, , compensating signal e, and

1 1~
Vl,z ZEVEZ +5912.

adaptive law can be designed as:

1 2
_ p-1 :
o, = (Covih +e,+z,-5,
Ag

(17)

v, |8, /24, +1),
e, =-e,—e,—Age ,—Ag(s , —a,), (18)
6, =[5,z 124, - o0, (19)

where ¢,(0)=0, ¢, >0 and o >0 are design parameters.
Combining (16) ~ (19), it produces that
Va2 < _cl,zvlz,f —Vi Vi, —AgV v 006,

a & d’

+—F—+—.

2 2 2

Step 3 According to the calculation of (2) and (3), the
following result is attained.

Zi3=X3 78, =2, T+ (S1,3 - 0(1’3) —S2-

(20)

2D
In order to handle the filter error s, ; —«, ,, the compensating
signal e, ; needs to be designed. The compensating tracking

error signal is defined as follows.

Via T 247G (22)
where e, will be given later.
Select the following Lyapunov function candidate
1
V1,3 = 5"12,3- (23)

Then

Via = ViV = Vs +a s + (55 —a3) =81, —65) (24)
The virtual control ¢, ; and the compensating signal e, ; can

be designed as follows.

_ 28-1 .
Q3 =—C3Vi3 —€5; + Agzl,z + S125 (25)
€= Agel,z —e¢5te,t (S1,3 _a1,3)a (26)

where ¢,(0)=0, ¢, >0 is a design parameter. Substituting
(25) and (26) into (24) results in
VI,S = _01,3‘}12,'30 + Ang,2V1,3 Vi3V (27)
Step 4 Based on (2) and (3), the following relationship can be
obtained.
Zi4 =Xy =585 = &, Vet P )+d =55
Construct a Lyapunov function candidate as follows

1
V1,4 = EV12,4-

(28)

Then, the following result can be obtained.

V.v1,4 =ViVi4 =V (ng v, +p(v,)+d ;=55 —¢,).
The actual control v, and compensating signal e, are
designed in the following form
29)
(30)
where ¢,(0)=0,a, >0, ¢, >0 are two design parameters.
With the help of Lemma 2, one has

28 2 2
ViaS=Ca8uVis ~VisVia t (d +D;)/2a,g,,

_ 28-1 _ _ _ &
Ve = 7C4V14 €4~ V4 2385,

€4 =636,

€2y
Because the subsystem in Y-direction has the similar
structure to the subsystem in X-direction, its four design steps
are similar to the above process. Therefore, the virtual control
laws, actual control law and adaptive laws of the subsystem

S, are similarly designed as follows.

ay, ==, vy —e + Vs (32)
a,, = A—lg(cz,zvig1 te,,tz,, =85, +
(33)
v, G,[S.Z) 124, + 1),
Uy, =—C V35 —ey s+ Agzy, +5,,, (34)
v, = —02’4\/;'3’1 — V4 254 +S2,3 s (35)
6, =2, 5.z 124,00, (36)

where ¢, ;(j=1,---,4) are all positive design parameters.

Z; =[x21] , 0, :"W2||2 . The compensating signals can be

designed as follows

& == + (5, —ay ) e, (37)

é,, =—e, —e,,—Age,; - Ag(sz’2 -a,, ), (38)
e,y =Age,, —e,;+e,, +(s,; —a2)3), 39)
€4 =€y, (40)

where ¢,,(0)=0, ¢,,(0)=0, ¢,,(0)=0, ¢,,(0)=0. And

VoisVaas Vs, Vz,4 can be obtained similarly.

Hence, the main results of this paper can be stated as follows.
Theorem 1 Consider the ball and plate system (2) satisfying
Assumption 1. If the compensating signals are designed
according to (9), (18), (26), (30), (37)~(40), the virtual
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control laws are designed according to (8), (17), (25), (32)
~(34), the actual control laws and adaptive laws are designed
as (29), (35), (19), (36), then the tracking error of the closed-
loop system can converge to the neighborhood of the origin
within finite-time. Meanwhile, all the signals of the closed-
loop system are practically finite-time stable.

Proof: Construct the Lyapunov function candidate of the
whole system as

OPRTRS L)
IR
i=l j= i=1 2
According to Lemma 2, it follows that
A 912 élz
6,6, N (41)
A 02 52
0,0, <2 ——=-. 42
272 2 2 ( )
By the above design results it produces that
V< sz( i =+ Z(( )ﬂ (—)ﬁ ——)
i=l j=1
, 00’ +00; +¢& +e; + D + D}
+2d° +a, + 5 : L (43)
. d*+D} ai2 +D;
2a2gxm zazgym
where ¢ =min{2’¢, .2"¢, ,g,,.0}.i=1,2, j=1,2,3 . Based
on Lemma 4, let ¢=(67/2)", y=1, A=1-8,n=4,
9= p""P then
N2 N2
(%1)/’ <(1-p)39 +%1. (44)
Similarly, we have
0; 0;
(Tz)ﬂ < (1—,3)19+72- (45)
Substituting (44) and (45) into (43) results in
V<—CZZ( “)”+c2( )ﬂ+b (46)

i=1 j=1

where b is a bounded constant, and

d*+D} d*+D’
b=2(1-p)9+2d* +a, + LA x
angm zalgym

o0} +00; +¢& +¢& +D; +D;

2
With the help of Lemma 3, (46) can be transformed as

V< —C<ZZ Z

i=l j=1
According to Lemma 5, the closed-loop system is semi-
globally practically finite-time stable, namely,

3 /,6’1,1 1,2, j=1,---,4 are all practically finite-time stable.
From (Sun et al., 2017), we can know the bound of tracking
e,.,1| <2(b/(1-w)c)"*” for the settling time
T =1/(1-Bao)V' 7 (0)-((b/(1-w)a)" "] with any
0<w<1. Obviously, the bigger the cis, the smaller the
bound is. From Lemma 3 in (Dong et al., 2012), we can know

)”+b— —cV? +b.

error is |z[1—

that e, ; are bounded, then z, ; are also bounded, namely, all

the signals in the closed-loop system are bounded.
Meanwhile, these signals are practically finite-time stable.

4. SYSTEM SIMULATION STUDY

In this section, a circular trajectory tracking simulation
experiment is performed for a ball and plate system by
MATLAB. The physical parameters of the ball and plate

system are given as follows (Han et al., 2014): m = 0.263kg ,
r=0.02m , I, =42x10"kg-m’

=0.004 . In the trajectory tracking experiment, the tracking
signals of X-direction and Y-direction are all chosen as
Y =0.58in(0.177) , vy, =0.5c0s(0.177) . The disturbances

=05, d,, =d,, =03 . The initial
states of the system are chosen as [x,,,X,,,%5,% 4,%, 5%, 5
X,5.%,,]" =[0.14,0,-0.05,0,0.35,0,0.05,0]"
design parameters are selected as [c,,¢,,,¢355€4,C15C)0s
Cy3.0,,1 =[5,1,2,2,2,,1,1]", $=97/101,a, =1,a, =0.1,

=05, u,,

chosen as 0.001, the initial value of adaptive laws 6,,0, are

s g:9.81m/s2 s M= U,

are selected as d,, =d,

.The controller

=u,, =15. And the filter time constants are all

all selected as 0. Two RBF neural networks are chosen as
follows. They all contain 7 nodes, the centers are evenly
distributed in interval [-3,3], and the width are all selected

as 2. The basis function is chosen as Gaussian-like function.

The compensating signals, virtual control laws, actual control
law and adaptive laws can be calculated according to
Theorem 1. The adaptive finite-time tracking controller is
obtained. By means of the experiment for the ball and plate
systems in MATLAB, the simulation results can be shown in
Figs.1-3. Fig.1 shows tracking effect in an actual circular
orbit. In order to compare with existing research results, the
simulation result of the controller in (Ker et al., 2007) is also
given simultaneously in Fig.l. In the simulation results of
(Ker et al., 2007), the parameters of the ball and plate system
are the same as this paper. The controller design parameters
are the same as the original article, namely, [c,c,,c;,c,,

C55Ce,CorC]t =[3.5,9.5,35,20,2.5,6.5,25,11]"

rule of adaptive parameters are indicated in Fig.2. Fig.3
depicts the trajectories of the control inputs of the ball and
plate system in X-direction and Y-direction.

. The change

06
0.4

02

ot

Y axis(m)

-02

04t

e . . il
-0.6 -0.4 0.2 [¢] 0.2 04 06
X axis(m)

Fig. 1 Tracking curves of the ball on the plate
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Adaptive parameters 6, and 6

15 20 25 30
t/s

Fig. 2 Adaptive parameters 6, and 6,

3

3

=]

Saturation control input u,
°

N
3
2

5 10 15 20 25 30
t/s

Fig. 3 Control inputs

From Figs.1-3, it can be seen that the ball on the plate tracks
the desired trajectory accurately under the condition of
controller saturation by using the proposed method in this
paper. However, the control method in (Ker et al., 2007) is
difficult to achieve the ideal control effect when the system
exists friction, coupling and external disturbance. Therefore,
the control method in this paper is more superior.

5. CONCLUSION

In this paper, the adaptive finite-time trajectory tracking
control problem is studied for the ball and plate system with
external disturbance, frictional force and coupling influence.
Meanwhile, the controller saturation phenomenon of system
is considered in the control design. By means of backstepping
technique, command filtering method, Adaptive neural
network technique and practically finite-time control theory,
the tracking controller of the ball and plate system is given.
The designed controller can guarantee that the tracking error
of the system converges to a small neighborhood of the origin.
And all the signals in the closed-loop system are practically
finite-time stable. The simulation results demonstrate the
effectiveness and superiority of the proposed method.
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