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Abstract: In this paper, we present a novel Newton-based extremum seeking controller for
the solution of multivariable model-free optimization problems in static maps. Unlike existing
asymptotic and fixed-time results in the literature, we present a scheme that achieves (practical)
finite time convergence to a neighborhood of the optimal point, with a convergence time that
is independent of the initial conditions and the Hessian of the cost function, and therefore
can be arbitrarily assigned a priori by the designer with an appropriate choice of parameters
in the algorithm. The extremum seeking dynamics exploit a class of fixed time convergence
properties recently established in the literature for a family of Newton flows, as well as averaging
results for perturbed dynamical systems that are not necessarily Lipschitz continuous. The
proposed extremum seeking algorithm is model-free and does not require any explicit knowledge
of the gradient and Hessian of the cost function. Instead, real-time optimization with fixed-time
convergence is achieved by using real time measurements of the cost, which is perturbed by a
suitable class of periodic excitation signals generated by a dynamic oscillator. Numerical examples
illustrate the performance of the algorithm.
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1. INTRODUCTION

In several applications it is of interest to recursively mini-
mize a particular cost function whose mathematical form is
unknown and which is only accessible via measurements.
For these types of problems, extremum seeking (ES) al-
gorithms have shown to be a powerful technique with
provable stability, convergence, and robustness guarantees;
see for instance Ariyur and Krstić (2003); Tan et al. (2006);
Nes̆ić et al. (2010); Grushkovskaya et al. (2017); Oliveira
et al. (2017); Suttner (2019); Guay and Zhang (2003);
Teel and Popovic (2001) and Poveda and Teel (2017)
for different extremum seeking architectures, applications,
and theoretical results. Recently, there has been growing
interest in improving the transient performance of ES
algorithms by accelerating the rate of convergence. This
has motivated the development in (Poveda and Teel, 2017,
Sec. 6.1) of discontinuous algorithms, accelerated hybrid
ES dynamics presented in Poveda and Li (2019), as well as
multivariable Newton-based schemes with an exponential
rate of convergence that can be assigned a priory by the
practitioner, see Ghaffari et al. (2012). Nevertheless, while
these schemes exhibit better transient performance com-
pared to the traditional gradient descent-based schemes,
the convergence time is still highly dependent on the initial
conditions of the algorithm.

On the other hand, there has been a lot of recent efforts in
designing control, estimation, and optimization algorithms
with non-asymptotic convergence properties. These algo-
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rithms guarantee convergence to the desired target in a
finite time that is independent of the initial conditions, see
for instance Cruz-Zavala et al. (2010); Engel and Kreis-
selmeier (2002); Polyakov (2012); Andrieu et al. (2008);
Garg and Panagou (2018); Polyakov (2012) and Romero
and Benosman (2019). These results have opened the door
to novel dynamical systems that are able to achieve fixed-
time convergence using discontinuous or continuous vector
fields; see for instance Li et al. (2017) and Garg and
Panagou (2018). Such results have also recently motivated
a gradient-based ES algorithms with fixed-time conver-
gence properties, presented in Poveda and Krstić (2020),
where for the convex case the upper bound on the con-
vergence time was shown to be independent of the initial
conditions, but dependent on the smallest eigenvalue of
the Hessian of the cost function, see (Poveda and Krstić,
2020, Remark 1).

Motivated by this background, in this paper we present a
novel Newton-based ES algorithm with fixed-time (prac-
tical) convergence properties, where the upper bound on
the convergence time is now independent of the Hessian,
and therefore can be arbitrarily assigned by the designer
with a suitable choice of parameters in the algorithm.
Our results are inspired by the previous architectures of
Newton-based ES with asymptotic properties presented in
Ghaffari et al. (2012) and Ghaffari et al. (2014), as well as
by the recent model-based Newton-flows with fixed-time
convergence properties introduced in Garg and Panagou
(2018). In particular, we show that, under a suitable mod-
ification of the vector field used in standard multivari-
able Newton-based ES, fixed-time practical convergence
can be achieved. Given that Newton-based ES dynamics
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estimate the inverse of the Hessian matrix of the cost
function by using a Riccati differential equation that has
multiple equilibria, our convergence results are local by
nature. However, unlike existing results in the literature,
the convergence time to an arbitrarily small neighborhood
of the optimizer can be upper bounded by a positive num-
ber that is independent of the initial conditions and the
Hessian of the cost function, and which can be prescribed
a priori by the designer. This exhibits a clear advantage
in comparison to traditional schemes whose convergence
time depends heavily on the initial conditions and/or the
Hessian of the cost. To our knowledge, the results of this
paper correspond to the first Newton-based ES algorithm
able to achieve (practical) fixed-time convergence with a
fixed time that can be prescribed a priori.

The rest of this paper is organized as follows: In Section 2
we present some preliminaries and definitions. In Section 3
we present the Newton-based extremum seeking controller
considered in this paper, as well as the main convergence
result. Section 4 presents numerical simulations, and fi-
nally Section 5 ends with the conclusions.

2. PRELIMINARIES

2.1 Notation

We denote the set of (non negative) real numbers by (R≥0)
R. The set of (nonnegative) integers is denoted by (Z≥0)
Z. Given a compact set A ⊂ Rn and a vector z ∈ Rn, we
define |z|A := miny∈A |z − y|, and we use | · | to denote
the standard Euclidean norm. We denote by rB the ball
(in the Euclidean norm) of appropriate dimension centered
around the origin and with radius r > 0, and we use A+rB
to denote the set of points whose distance to A is less or
equal to r. For ease of notation, for two vectors u, v ∈ Rn
we write (u, v) for (uT , vT )T . A function φ : Rn → R
is said to: a) be Ck if its kth derivative is continuous;
and b) be radially unbounded if φ(z) → ∞ whenever
|z| → ∞. We use Tn := S1 × . . . × S1 ⊂ R2n to denote
the n-th cartesian product of unit circles centered around
the origin, denoted as S1 := {u ∈ R2 : u21 + u22 = 1}. A
function α : R≥0 → R is said to be of class K∞ if it is zero
at zero, continuous, strictly increasing, and unbounded. A
function β : R≥0 × R≥0 → R is said to be of class KL if
it is nondecreasing in its first argument, non-increasing in
its second argument, limr→0+ β(r, s) = 0 for each s ∈ R≥0,
and lims→∞ β(r, s) = 0 for each r ∈ R≥0.

For the analysis of our algorithms, in this paper we will
consider constrained dynamical systems of the form

x ∈ C, ẋ = F (x), (1)

where F : Rn → Rn is a continuous function, and C ⊂
Rn is a closed set. A continuously differentiable function
x : dom(x) → Rn is a solution to (1) if: (a) x(0) ∈ C, (b)
x(t) ∈ C for all t ∈ dom(x), and (c) ẋ(t) = F (x(t)) for
all t ∈ dom(x). System (1) is said to render a compact set
A ⊂ Rn uniformly globally asymptotically stable (UGAS)
if there exists a β ∈ KL such that all solutions of (1)
satisfy the bound

|x(t)|A ≤ β(|x(0)|A, t), (2)

for all t ∈ dom(x). When dom(x) = [0,∞) we say that the
solution x is complete.
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Fig. 1. Scheme of Newton-like Fixed-Time Extremum
Seeking Dynamics for static maps.

2.2 Problem Statement

In this paper we are interested in solving the following
unconstrained optimization problem

min
z∈Rn

φ(z), (3)

where φ : Rn → R is an unknown cost function that is
accessible only via measurements, and that satisfies the
following assumption:

Assumption 1. The cost function φ is C3, the Hessian
∇2φ(z) is positive definite, and there exists z∗ ∈ Rn such
that ∇φ(z∗) = 0. �

In Poveda and Krstić (2020), it was shown that if
∇2φ(z) ≥ κI, for some κ > 0, then a gradient-based
fixed-time extremum seeking algorithm can be used to
solve problem (3) in a finite time that can be taken to
be independent of the initial conditions of the algorithm,
but dependent on κ. In this paper, we are interested in
removing this dependence by considering a Newton-like
fixed-time extremum seeking (NFxTES) algorithm.

3. NEWTON-BASED EXTREMUM SEEKING WITH
FIXED-TIME CONVERGENCE

In this section we present a novel model-free Newton-like
extremum seeking controller designed to solve problem (3)
in a fixed time.

3.1 Extremum Seeking Architecture

Consider the Newton-based fixed-time extremum seeking
(NFxTES) algorithm shown in Figure 1, and characterized
by the equations:

ẋ = Fx(ξ1, ξ2) := −ξ1ξ2
(

k

|ξ2|α1
+

k

|ξ2|α2

)
, (4)

where the parameters α1 and α2 are defined as

α1 :=
q1 − 2

q1 − 1
, α2 :=

q2 − 2

q2 − 1
, (5)

and where (q1, q2, k) ∈ R3
>0 are tunable parameters that

will have an important role in the convergence properties
of the algorithm.

The states ξ1 and ξ2 are generated by the dynamics

ξ̇1 = Fξ1(ξ, x, µ) :=
1

ε2

(
ξ1 − ξ1φ(z)N(µ)ξ1

)
, (6)
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and

ξ̇2 = Fξ2(ξ, x, µ) :=
1

ε2

(
− ξ2 + φ(z)M(µ)

)
, (7)

where ε2 ∈ R>0 is a tunable parameter selected sufficiently
small to guarantee that (6) and (7) evolve in a faster time
scale compared to the dynamics (4). As shown in the next
section, the state ξ1 can be seen as an estimation of the
inverse of the Hessian matrix ∇2φ(x), while the state ξ2
can be seen as an estimation of the gradient ∇φ(x).

In system (6)-(7), the state µ is generated by a constrained
linear oscillator evolving on Tn, given by:

µ̇ =
2π

ε1
Rθµ, µ ∈ Tn, (8)

where the parameter ε1 > 0 is selected sufficiently small
to guarantee that the dynamics (8) operate in a faster
time scale compared to the dynamics (4), (6), and (7),
i.e., ε1 � ε2. In order to guarantee that (8) is a dynamic
oscillator, we define the matrix Rθ ∈ R2n×2n as a block
diagonal matrix with blocks Ri ∈ R2×2 defined as

Ri :=

[
0 θi
−θi 0

]
, θi ∈ R>0.

To link the states (x, µ), generated by the dynamics (4)
and (8), to the argument of the cost function φ(z), we set
the argument z via the feedback law

z := x+ aµ̃, (9)

where a ∈ R>0 is a tunable parameter, and where µ̃ ∈ Rn
is the vector that contains the odd entries of µ ∈ R2n, i.e.,

µ̃ := [µ1, µ3, µ5, . . . , µ2n−1]>. (10)

Note that µ̃ can be written as µ̃ = Dµ, with D ∈ Rn×2n
being a suitable matrix with entries Di,j ∈ {0, 1}.
The gradient and Hessian estimators (6)-(7) depend on the
excitation functions N : R2n → Rn×n and M : R2n → Rn,
which are defined as

M(µ) :=
2

a
Dµ, N(µ) :=


N11 N12 . . . N1n

N21 N22 . . . N2n

...
...

...
...

Nn1 Nn2 . . . Nnn

 , (11)

where the entries Nij satisfy Nij = Nji, as well as the
conditions:

Nij =
16

a2

(
µ̃2
i −

1

2

)
, ∀ i = j, (12a)

Nij =
4

a2
µ̃iµ̃j , ∀ i 6= j. (12b)

As shown in the next section, under suitable choices of the
parameters (a, ε1, θi), the excitation signals (11) guarantee
an estimation of order O(a) of the Hessian ∇2φ(x) and the
gradient ∇φ(x) via the dynamics (6) and (7). Since a is
a tunable parameter, the estimation error can be made
arbitrarily small on compact sets.

Remark 2. The structure of the NFxTES is similar to the
multi-variable Newton-based extremum seeking controller
considered in Ghaffari et al. (2012). However, the NFxTES
dynamics have two main differences: a) under suitable
choices of the parameters (q1, q2), the dynamics of x
are continuous but not Lipschitz continuous, and they
aim to approximate a Newton-based flow with fixed-time
convergence properties instead of the Newton-based flow
ẋ = −∇2φ(x)−1∇φ(x) considered in Ghaffari et al. (2012);

b) the dither signals N(·), M(·) and µ̃(·) are generated by
the linear oscillator (8), which evolves on the torus Tn.
This allows us to analyze the NFxTES as a time-invariant
dynamical system. �

3.2 Main Result

In this section, we establish the main convergence prop-
erties of the NFxTES. In order to do this, we define the
admissible parameters (q1, q2, k) as any tuple that satisfies
the following relationships:

q1 ∈ (2,∞), q2 ∈ (1, 2), k ∈ (0,∞) (13)

As shown in (Garg and Panagou, 2018, Lemma 6), an
admissible tuple of parameters guarantees that 1−α1 > 0
and 1− α2 > 0. Therefore, we have that∣∣∣∣ lim

ξ2→0

ξ1ξ2
|ξ2|α1

∣∣∣∣ ≤ |ξ1| lim
ξ2→0

|ξ2|1−α1 = 0.

Using the same procedure for
∣∣∣ ξ1ξ2|ξ2|α2

∣∣∣, one obtains that∣∣∣limξ2→0
ξ1ξ2
|ξ2|α2

∣∣∣ = 0, which establishes continuity of the

vector field (4) at points satisfying ξ2 = 0. Continuity
at points ξ2 6= 0 follows trivially by the structure of
the dynamics. Based on this, we consider the following
assumption on the parameters of the algorithm:

Assumption 3. The tuple of parameters (q1, q2, k) is ad-
missible; and for each i ∈ {1, 2, . . . , n} the parameter θi is
a positive rational number, and θi 6= θj for all i 6= j. �
Remark 4. The second condition of Assumption 3 is stan-
dard in extremum seeking control, see for instance Nes̆ić
et al. (2010), Ghaffari et al. (2012), and Poveda and Teel
(2017), and it facilitates the application of averaging the-
ory to analyze the qualitative behavior of the extremum
seeking dynamics. �

For each admissible tuple of parameters (q1, q2, k), we
define the value

T ∗ :=
1

k

[(
20.5α1

α1

)
−
(

20.5α2

α2

)]
, (14)

where (α1, α2) are defined as in (5). Note that admissible
parameters always guarantee that the term inside the
brackets is positive. Thus, for each desired T ∗ > 0 one
can always satisfy equation (14) by choosing admissible
parameters (q1, q2, k) with

k =
1

T ∗

[(
20.5α1

α1

)
−
(

20.5α2

α2

)]
. (15)

Using the definition of T ∗ in (14), and the NFxTES
dynamics (4), (6), (7), and (8), we are now ready to
state the main result of the paper. The complete proof
is presented in Poveda and Krstić (2019).

Theorem 5. Consider the NFxTES dynamics and suppose
that Assumptions 1 and 3 hold. Then, for admissible
parameters (q1, q2, k) and each ν > 0 there exists ε∗2 > 0
such that for each ε2 ∈ (0, ε∗2) there exists a∗ > 0 such
that for each a ∈ (0, a∗) there exists ε∗1 > 0 such that
for each ε1 ∈ (0, ε∗1) there exists a neighborhood N of
p∗ := (z∗,∇2φ(z∗)−1,∇φ(z∗)) such that every solution
with (x(0), ξ(0), µ(0)) ∈ N × Tn exists for all time, and
satisfies

|x(t)− z∗| ≤ ν, ∀ t ≥ T ∗, (16)

where T ∗ is given by (14). �
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While the convergence result of Theorem 5 is local with re-
spect to the initial conditions, practical with respect to the
parameters (ε1, ε2, a) and the neighborhood {z∗}+νB, and
finite with respect to time, there is a key difference with
respect to previous results in the literature of extremum
seeking: the upper bound T ∗ on the convergence time is
independent of the initial conditions and the Hessian of
the cost function, and therefore can be arbitrarily assigned
a priori by the designer using an appropriate choice of
admissible parameters (q1, q2, k), such as in (15). This
represents a clear advantage even with respect to gradient-
based fixed-time ES dynamics, e.g., Poveda and Krstić
(2020), where the value of T ∗ depends on the smallest
eigenvalue of the Hessian matrix ∇2φ(z).

Sketch of the Proof of Theorem 5: We start with the
following auxiliary Lemma:

Lemma 6. Suppose that Assumption 3 holds and consider
the linear oscillator (8) with ε1 = 1 and the signal µ̃
defined in (10). Then, there exists a T > 0 such that for
all solutions µ of (8) the following integrals hold:

1

T

∫ T

0

µ̃i(s)ds = 0, ∀ i ∈ {1, 2, . . . , n}. (17a)

1

T

∫ T

0

µ̃i(s)
2ds =

1

2
, (17b)

1

T

∫ T

0

µ̃i(s)µ̃j(s)ds = 0, ∀ i 6= j, (17c)

1

T

∫ T

0

µ̃i(s)
2Nii(s)ds =

1

8
, ∀ i ∈ {1, 2, . . . , n}, (17d)

1

T

∫ T

0

µ̃i(s)
2Njj(s)ds = 0, ∀ i 6= j, (17e)

1

T

∫ T

0

µ̃i(s)
2Nij(s)ds = 0, ∀ i 6= j, (17f)

1

T

∫ T

0

µ̃i(s)Nij(s)ds = 0, ∀ i 6= j, (17g)

1

T

∫ T

0

µ̃i(s)Nii(s)ds = 0, ∀ i ∈ {1, 2, . . . , n}, (17h)

1

T

∫ T

0

µ̃i(s)Njj(s)ds = 0, ∀ i 6= j, (17i)

1

T

∫ T

0

µ̃i(s)µ̃j(s)Nij(s)ds =
1

4
, ∀ i 6= j, (17j)

1

T

∫ T

0

µ̃i(s)µ̃j(s)Nii(s)ds = 0, ∀ i 6= j. (17k)

�

Proof: The proof of Lemma 6 follows by taking T = 2π×
LCM{ 1

κ1
, 1
κ2
, . . . , 1

κn
}, where LCM stands for the least

common multiplier, and noticing that every solution µ̃i
generated by the oscillator (8) with ε1 = 1 is of the form

µ̃i(t) = µi,1(0) cos(2πκit) + µi,2(0) sin(2πκit), (18)

with µi,1(0)2 + µi,2(0)2 = 1. Using the expression (18) all
the integrals of (17) follow by direct computation. �

The properties of Lemma 6 allow us to obtain real-
time gradient and Hessian estimations in (6) and (7) -on
average- by using only measurements of the cost function
φ(z). In particular, by taking a Taylor expansion of φ(x+
aµ̃) around x for small values of a, we obtain:

φ(x+ aµ̃) = φ(x) + aµ̃>∇φ(x) +
a2

2
µ̃>∇2φ(x)µ̃+O(a3).

Using the definitions of M(·) and N(·), and the integrals
(17), we obtain the following average functions, where
the average is taken with respect to the solutions of the
oscillator (8), i.e., keeping x constant:

1

T

∫ T

0

φ(x+ aµ̃(s))M(µ(s))ds = ∇φ(x) +O(a), (19)

and
1

T

∫ T

0

φ(x+ aµ̃(s))N(µ(s))ds = ∇2φ(x) +O(a), (20)

which correspond to O(a)-perturbed versions of the gradi-
ent and the Hessian of the cost function φ, with a pertur-
bation that shrinks as a → 0+. Therefore, by computing
the average of the dynamics (4), (6), and (7) along the
solutions of (8), and by neglecting the O(a) disturbance
of (19) and (20), we can obtain the following average
dynamics:

ẋ = FAx (ξ1, ξ2) := −ξ1ξ2
(

k

‖ξ2‖α1
+

k

‖ξ2‖α2

)
, (21a)

ξ̇1 = FAξ1(ξ, x) :=
1

ε2

(
ξ1 − ξ1∇2φ(x)ξ1

)
, (21b)

ξ̇2 = FAξ2(ξ, x) :=
1

ε2

(
− ξ2 +∇φ(x)

)
. (21c)

When ε2 is sufficiently small, system (21) is a singularly
perturbed system. The boundary layer dynamics of this
system can be obtained by setting ẋ = 0 and ε2 = 1:

ξ̇1 = ξ1 − ξ1∇2φ(x)ξ1, (22a)

ξ̇2 = −ξ2 +∇φ(x). (22b)

For fixed values of x, the stability properties of system
(22) can be analyzed as follows: denote by rx := ∇φ(x)

and Hx := ∇2φ(x), and consider the errors ξ̃1 = ξ1−H−1x
and ξ̃2 = ξ2 − rx. The error boundary layer dynamics are
then given by the following decoupled equations:

˙̃
ξ1 = −ξ̃1Hx(ξ̃1 +H−1x ) (23a)

˙̃
ξ2 = −ξ̃2. (23b)

System (23b) has the origin globally exponentially stable,
and system (23a) has the origin locally exponentially sta-
ble since its linearization around the origin has the Jaco-
bian −I, see (Ghaffari et al., 2012, pp. 1761). Therefore,
for each fixed x, the boundary layer dynamics render the
quasi-steady state mapping

ξ∗ = M(x) := (∇2φ(x)−1,∇φ(x)),

locally exponentially stable, uniformly on x.

The reduced dynamics associated to system (21) are
obtained by substituting ξ∗ in (21a):

ẋ = −k∇2φ(x)−1
(
∇φ(x)

‖∇φ(x)‖α1
+

∇φ(x)

‖∇φ(x)‖α2

)
. (24)

Following the ideas of Garg and Panagou (2018), system
(24) can be analyzed using the Lyapunov function

V (x) =
1

2
|∇φ(x)|2,

which under Assumption 1 is positive definite with respect
to the point {z∗}, and also has bounded level sets. The
derivative of V along the solutions of (24) is given by

V̇ (x) = −c12
α̃1
2 V (x)

α̃1
2 − c22

α̃2
2 V (x)

α̃2
2 , (25)
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which, by (Polyakov, 2012, Lemma 1), implies that the
point {z∗} is fixed-time stable. Thus, all solutions of (24)
satisfy a bound of the form

|x(t)− z∗| ≤ βx(|x(0)− z∗|, t), ∀ t ≥ 0,

where βx ∈ KLT , i.e., β is a KL function that also satisfies
the condition (Rios and Teel, 2018, Sec. 2.1) βx(r, t) = 0,
for all t ≥ T ∗ and r ≥ 0, where T ∗ is given by (14). From
here, the main result of the theorem follows by applying
the averaging results of (Poveda and Li, 2019, Thm. 9)
that preserves the KL bound of the slow dynamics (24)
for the evolution of the state x in the original dynamics
(4). �

Remark 7. The local nature of Theorem 5 is due to the
existence of multiple equilibria in the dynamics

ξ̇1 =
(
ξ1 − ξ1∇2φ(z)ξ1

)
, (26)

which corresponds to the average dynamics of (6). Similar
local results emerge in Newton-based ESCs with asymp-
totic convergence properties; see for instance Ghaffari et al.
(2012). While it is possible to design Newton-based ESCs
with semi-global practical asymptotic stability results by
computing the vector ∇2φ(x)−1∇φ(x) using the singular
perturbation approach presented in (Alvarez et al., 2002,
Sec. 3), said approach cannot be used in this case since it
will generate dynamics (4) with discontinuous vector fields
that are not locally bounded. �

4. NUMERICAL RESULTS

To illustrate the performance of the NFxTES, and to
highlight the differences with respect to the the standard
Newton-based extremum seeking controller of Ghaffari
et al. (2012), we consider the quadratic function

φ(z) =
1

2
z>Hz + b>z + c, (27)

which satisfies ∇φ(z) = Hz + b and ∇2φ(z) = H. The
parameters of (27) are selected as

H =

[
4 1
1 2

]
, b =

[
−4
−6

]
, c = 11.

The inverse of the Hessian matrix is given by

H−1 =

[
0.2857 −0.1429
−0.1429 0.5714

]
, (28)

and the function φ(z) has a global minimizer at the point

z∗ = −H−1b =

[
2

7
,

20

7

]>
.

In order to find z∗ in fixed time, we implement the
NFxTES dynamics with parameters a = 0.1, ε1 = 0.1
and ε2 = 10. The constants (k, q1, q2) were selected as
k = 0.025, q1 = 3, and q2 = 1.5, which generate an upper
bound on the convergence time given by T ∗ = 123.4. We
also simulate the Newton-based ES algorithm of Ghaffari
et al. (2012), which has learning dynamics of the form
ẋ = −kξ1ξ2. To obtain a smooth approximation of H−1,
we have also implemented an additional low-pass filter that
receives as input ξ1 and ξ2 and generates filtered outputs

ξf1 and ξf2 that serve as inputs to the learning dynamics.
As shown in Ghaffari et al. (2012), the incorporation
of these filters does not affect the stability analysis of
the algorithm. Figure 2 shows the trajectories generated

Fig. 2. Evolution in time of the state x. Blue line corre-
sponds to x1, and red line corresponds to x2. The dot-
ted lines correspond to the trajectories generated by
the traditional Newton-based ESC of Ghaffari et al.
(2012). The solid lines correspond to the trajectories
generated by the NFxTES.

0 20 40 60 80 100 120 140 160 180 200
0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 20 40 60 80 100 120 140 160 180 200
-0.3

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

Fig. 3. Evolution in time of the component H−111 of the
inverse of the Hessian matrix.
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Fig. 4. Evolution in time of the component H−122 of the
inverse of the Hessian matrix.

by the NFxTES dynamics and by the classic Newton-
based ES dynamics. It can be observed that the NFxTES
dynamics exhibit a much better transient performance in
terms of less oscillations and faster convergence time to a
neighborhood of x∗. On the other hand, Figures 3-4, show
the evolution of the components of the state ξ1, which
correspond to the entries of H−1. As shown in the plots,
these states converge to the true values of (28).

To further illustrate the fixed-time convergence property
of the NFxTES dynamics, we have also simulated the
case where the upper bound on the convergence time is
fixed a priori as T ∗ = 100, which can be obtained in
the NFxTES dynamics by choosing k = 0.03085, q1 = 3,
and q2 = 1.5. Figure 5 shows the evolution in time of 50
different trajectories x(t) initialized randomly in the set
[−10, 10]× [−10, 10]. As it can be observed, the NFxTES
dynamics guarantee convergence to a small neighborhood
of x∗ before the prescribed time T ∗. The simulations used
the same parameters (a, ε1, κi) as in Figures 1-4, and ε2
was selected as 6.25 to guarantee stability.

5. CONCLUSIONS

This paper presented a novel Newton-based extremum
seeking controller that achieves fixed-time convergence in
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Fig. 5. Evolution in time of several solutions x initialized
in a neighborhood of the optimizers. The solid black
line indicates the upper bound T ∗ on the convergence
time.

Fig. 6. Evolution in time of 50 trajectories of the cost
function φ(z(t)) generated by the 50 solutions x shown
in Figure 5. The solid black line indicates the upper
bound T ∗ on the convergence time.

static maps, i.e., the convergence time is bounded by a
constant that can be arbitrarily assigned by the designer.
The learning dynamics of the extremum seeking algorithm
implement a continuous vector field that receives as inputs
the estimations of the gradient and the Hessian of the
cost function φ(z), which are obtained by using only
measurement of the cost. Local practical convergence in
fixed-time was established by using tools from singular
perturbation theory and averaging. The advantage of the
method in comparison to the traditional Newton-based
scheme was illustrated in numerical examples.
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