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Abstract: In order to improve the anti-load disturbance performance of a class of motion
control systems, an improved fractional order controller design based on the Bode’s ideal transfer
function (BITF) is proposed in this paper. By adding a proportional-integral (PI) controller
and a Bode’s ideal cut-off (BICO) filter into the existing BITF based controller, the frequency
characteristics of the control system in the low and high frequency ranges are improved without
affecting the characteristics in the middle frequency range. Therefore, the steady-state accuracy
and anti-disturbance performance of the system can be improved. A tuning method for the
improved BITF based controller is proposed, using which the controller parameters can be
obtained through simple calculation. The step response and disturbance rejection performance
of the improved BITF based control system is illustrated by motion control simulation. Besides,
the advantage of the proposed method is verified by the comparisons with some existing methods.

Keywords: fractional order controller, Bode’s ideal transfer function, Bode’s ideal cut-off filter,
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1. INTRODUCTION

In the last decade, there are soaring research and re-
ports of fractional calculus in modeling and control area
(Padula and Visioli (2011), Malek et al. (2016), Li et al.
(2017)). Compared with the conventional integer-order
calculus, fractional calculus has the potential to provide
more realistic description of the real-world systems (Zheng
et al. (2016), Tian et al. (2019)) and more options for
the controller design (Monje et al. (2008), Bigdeli (2015)).
However, the tuning of the fractional order controller is
also becoming more and more complicated.

A commonly used fractional order controller is the frac-
tional order PIλDµ controller, which is an extension of
the traditional integer-order PID controller. Due to the
extended value range, the PIλDµ controller can offer better
control performance of control systems (Podlubny (1999),
Shah and Agashe (2016)). Derived from the PIλDµ con-
troller, the controller based on the Bode’s ideal transfer
function (BITF) (Bode (1945)) is another kind of fraction-
al order controller. The controller is designed by shaping
the open-loop frequency characteristic curve of the control
system to be close to the shape of the Bode’s ideal transfer
function (Al-Saggaf et al. (2016), Azarmi et al. (2016)).
Thus, applying the BITF based controller, the characteris-
tic of the obtained control system can be directly specified
(Patil et al. (2015), Yumuk et al. (2019)).

However, the existing BITF based controller may not
offer the satisfied anti-load disturbance performance for
motion control systems. In this paper, an improved BITF
based controller is proposed to improve the anti-load
disturbance performance of a class of motion control
systems. By adding a proportional-integral (PI) controller
and a Bode’s ideal cut-off (BICO) filter (Luo et al. (2013))
into the existing BITF based controller, the amplitude
characteristic of the control system is improved, while that
in the middle frequency range is reserved. Besides, the
tuning method for the improved BITF based controller
is proposed, according to which the controller parameters
can be calculated analytically. Motion control simulation
is performed to test the gain robustness, step response and
anti-load disturbance performance of the improved BITF
based control system. The advantage of the improved
BITF based controller is demonstrated by the comparisons
with some existing control methods.

2. IMPROVED BITF BASED CONTROLLER

The Bode’s ideal transfer function (Bode (1945)) can be
represented as

GB(s) =
(ωc

s

)ξ
, (1)

where ωc represents the gain crossover frequency, and
ξ represents a real number specifying the slope of the
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amplitude curve and the phase of the system, which can
be derived from the phase margin φm,

ξ = 2
(
1− φm

π

)
. (2)

Then the slope of the magnitude characteristic curve is
-20ξdB/dec.

Given ωc = 40rad/s, φm = 50◦, the Bode plot of the Bode’s
ideal transfer function is shown in Fig. 1. It can be seen
that the amplitude curve is a straight line, while the phase
curve is a horizontal line.
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Fig. 1. The open Bode plot of the Bode’s ideal transfer
function with ωc = 40rad/s and φm = 50◦

The typical feedback control system is represented as
Fig. 2, where r and y are the reference and output signals,
respectively, G(s) and C(s) are the plant model and
controller, respectively.

)(sC )(sG
r y

Fig. 2. The typical feedback control system

The plant model G(s) has the form represented by (3),

G(s) =
K

asα + bsβ + c
, (3)

where a, b, c and K are model parameters, α and β are
fractional orders, respectively, α ∈ (1, 3), β ∈ (0, 2).

Taking the Bode’s ideal transfer function as the open-loop
transfer function of the control system shown in Fig. 2,
yields

C(s)G(s) =
C(s)K

asα + bsβ + c
=
(ωc

s

)ξ
, (4)

Therefore, the BITF based controller can be obtained,

C(s) =
bωc

ξ

K

1

sξ−β

(
1 +

c

bsβ
+

a

b
sα−β

)
. (5)

The BITF based controller is formed by a PIλDµ controller
and a fractional order integrator connected in cascade.

Based on the design indices and model parameters, the
controller parameters can be obtained through simple
calculation.

According to (5), if the BITF based controller is applied
to a class of motion control systems, whose parameter c is
0, the PIλDµ controller in the BITF based controller will
become a PDµ controller. Thus, the steady-state accuracy
and disturbance rejection of the control system rely on the
fractional order integrator 1/sξ−β . In order to guarantee
good steady-state accuracy and disturbance rejection, ξ
should be large enough to obtain sufficient integral effect.
However, according to (2), the increase of ξ will lead to
the decrease of the control system’s phase margin.

In order to solve this problem, a PI controller is intro-
duced to improve the steady-state accuracy and distur-
bance rejection performance of the control system, without
affecting the system’s stability. Besides, a Bode’s ideal cut-
off (BICO) filter (Luo et al. (2013)) is also introduced to
enhance the high-frequency noise rejection of the control
system. Therefore, an improved Bode’s ideal transfer func-
tion is proposed,

L(s) = Gf (s)
(ωc

s

)ξ
GBICO(s), (6)

where Gf (s) is a PI controller,

Gf (s) = 1 +
1

T1s
, (7)

where T1 represents the integral time constant. Besides,
GBICO(s) is a BICO filter,

GBICO(s) =
1(√

1 +
(

s
ωcf

)2
+ s

ωcf

)r , (8)

where ωcf represents the cutoff frequency and r represents
a fractional order ranging from 0 to 2.

The PI controller Gf (s) is used to enlarge the slope of the
amplitude curve in the low frequency range to be close to
-40dB/dec. Similarly, the BICO filter is used to enlarge the
slope of the amplitude curve in the high frequency range
to be close to -40dB/dec.

Setting r = 1, ωcf = 100rad/s as an example, the Bode
plot of the BICO filter is compared with that of a normal
first order low-pass filter in Fig. 3. According to Fig. 3,
the magnitude roll-off of the BICO filter is much steeper.
Meanwhile, the phase of the BICO filter is flat beyond the
cut-off frequency.

Taking (6) as the open-loop transfer function of the control
system, an improved BITF based controller is derived,

C(s) = Gf (s)
bωc

ξ

K

1

sξ−β

(
1 +

c

bsβ
+

a

b
sα−β

)
GBICO(s).(9)

Given the values of T1, ωcf and r, the PI controller Gf (s)
and the BICO filter GBICO(s) can be obtained. The phase
of the open-loop control system at ωc is modified as

Arg[L(jωc)]=Arg[Gf (jωc)]+π
(
1− ξ

2

)
+Arg[GBICO(jωc)]. (10)

Therefore, due to the introduction of Gf (s) and GBICO(s),
the fractional order ξ is modified as
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Fig. 3. The open Bode plot of the BICO low-pass filter and
the normal low-pass filter

ξ=2
(
1− φm

π

)
+2
(
1+

Arg[Gf (jωc)]+Arg[GBICO(jωc)]
π

)
. (11)

Given the same design indices, an improved BITF based
controller and an existing BITF based controller are de-
signed for the lab-used PMSM speed servo system. The
amplitude curves of the improved BITF based control sys-
tem and the existing one are plotted in Fig. 4, respectively.
It can be seen that, the amplitude curve of the system
using the improved BITF based controller has larger de-
clining slope than that using the existing BITF based
controller in the low and high frequency ranges. Thus,
applying the improved BITF based controller, the steady-
state accuracy and disturbance rejection performance of
the control system can be improved.
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Fig. 4. The open-loop amplitude characteristics of the
control systems using the existing and improved BITF
based controllers

3. SIMULATION STUDY

The improved BITF based controller is applied to the
lab-used PMSM speed servo system. Motor speed control
simulation is performed to test the gain robustness, step
response and anti-load disturbance performance of the im-
proved BITF based control system. Besides, the response

of the improved BITF based control system is compared
with those obtained using some existing methods.

The PMSM speed servo plant model can be represented
as (3). Applying an output-error based modeling method
(Zheng et al. (2016)), the transfer function of the lab-used
PMSM plant model is obtained,

G(s) =
4.74

s(0.0127s+ 1)
. (12)

3.1 Robustness study

Setting the integral time constant T1 as 0.2s, the PI
controller is obtained,

Gf (s) = 1 +
1

0.2s
. (13)

Setting the cutoff frequency ωcf as 300rad/s and order r
as 0.757, the BICO filter is also obtained,

GBICO(s) =
1(√

1 +
(

s
300

)2
+ s

300

)0.757 . (14)

Given the design indices ωc = 35rad/s, φm = 55◦, an
improved BITF based controller is designed for the lab-
used PMSM speed servo system,

C1(s) =
0.2s+1
0.2s

[
17.528
s0.242 (1 + 0.0127s)

][√
1 +

(
s

300

)2
+ s

300

]0.757 . (15)

The open-loop Bode plot of the control system using the
improved BITF controller is shown in Fig. 5. It can be seen
that, the phase of the open-loop control system is close to a
constant in the middle frequency range around ωc. In this
way, when the gain of the control system has tiny variation,
the change of the phase margin is small. Therefore, the
overshoots of the step responses of the control systems
with gain variation will be close to that of the system with
the nominal gain.
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Fig. 5. The open-loop Bode plot of the control system using
the improved BITF controller

Simulation is performed to verify the gain robustness
of the improved BITF based control system. The plant
model’s gain is multiplied by 1.2 and 0.8 to simulate the
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systems with gain variation. Step response simulation is
performed on the motion control simulation platform. The
step responses of the control systems with gain variation
and the nominal system are plotted in Fig. 6.
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Fig. 6. The step responses of the improved BITF based
control systems with gain variation

According to Fig. 6, the overshoots of the responses of
the systems with gain variation are close to that of the
nominal system. Therefore, the gain robustness of the
control system is achieved.

3.2 Comparison with the existing BITF based controller

The dynamic performance of the improved BITF based
control system is compared with that of the existing BITF
based control system. According to the same design indices
(ωc = 35rad/s, φm = 55◦), a BITF based controller is
designed using the existing method,

C2(s) =
29.528

s0.389
(1 + 0.0127s) . (16)

Step response simulation is performed and the improved
and existing BITF based controller are used to control the
motor speed. The step responses of the improved BITF
based control system and the existing BITF based control
system are plotted in Fig. 7. Besides, load disturbance sim-
ulation is also performed to test the anti-load disturbance
performance of the improved and existing BITF based
control systems. The load disturbance responses of two
systems are plotted in Fig. 8.

According to Fig. 7, the overshoots of the responses of
the two control systems are close to each other, but it
takes longer time for the speed of the existing BITF based
control system to reach steady state. On the other hand,
according to Fig. 8, under the sudden load increase, it also
takes longer time for the speed of the existing BITF based
control system to recover to its original value. Therefore,
the improved BITF based control system shows better step
response and anti-load disturbance performance than the
existing one.

3.3 Comparison with the fractional order PIλ controller

Performance comparison is performed between the im-
proved BITF based control system and the fractional order
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Fig. 7. The step responses of the existing BITF based
control system (blue solid) and the improved BITF
based control system (red dotted)
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Fig. 8. The load disturbance responses of the existing BIT-
F based control system (blue solid) and the improved
BITF based control system (red dotted)

PIλ control system. To guarantee the fair comparison, the
fractional order PIλ controller is designed based on the
same design indices as used by the improved BITF based
controller, namely, ωc = 35rad/s, φm = 55◦. Therefore,
a fractional order PIλ controller is designed using the
commonly used “flat-phase” design method (Luo et al.
(2010)),

C3(s) = 9.955

(
1 +

69.744

s1.579

)
. (17)

Step response simulation is performed. The improved BIT-
F based controller and the fractional order PIλ controller
are used to control the motor speed. The step responses of
the improved BITF based control system and the fraction-
al order PIλ control system are plotted in Fig. 9. Besides,
load disturbance simulation is also performed to test the
anti-load disturbance performance of the improved BITF
based control system and the fractional order PIλ control
system. The load disturbance responses of two systems are
plotted in Fig. 10.
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Fig. 9. The step responses of the fractional order PIλ

control system (blue solid) and the improved BITF
based control system (red dotted)
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Fig. 10. The load disturbance responses of the fractional
order PIλ control system (blue solid) and the im-
proved BITF based control system (red dotted)

According to Fig. 9, though the overshoot of the response
of the improved BITF based control system is larger than
that of the fractional order PIλ control system, the os-
cillation is much smaller. Because of the large oscillation,
the response of the fractional order PIλ control system
takes much longer time to reach the steady state. Beside,
according to Fig. 10, under the sudden load increase, the
speed of the fractional order PIλ control system shows
larger oscillation during the process where it recovers to its
original value. As a result, the speed of the fractional order
PIλ control system recovers to its original value slower
than that of the improved BITF based control system.
Therefore, the improved BITF based control system shows
better step response performance and anti-load distur-
bance performance than the fractional order PIλ control
system.

3.4 Comparison with a kind of IMC-PID controller

Performance comparison is performed between the im-
proved BITF based control system and a kind of PID
control system based on the internal mode control (IMC).

A common structure of the IMC-PID controller is com-
posed of a PID controller and a filter. An IMC-PID con-
troller is designed by setting the gain crossover frequency
ωc = 35rad/s,

C4(s) =
1

0.0026s+ 0.101
(1 + 0.0127s) . (18)

Step response simulation is performed. The improved
BITF based controller and the IMC-PID controller are
used to control the motor speed. The step responses of
the improved BITF based control system and the IMC-
PID control system are plotted in Fig. 11. Besides, load
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Fig. 11. The step responses of the IMC-PID control system
(blue solid) and the improved BITF based control
system (red dotted)

disturbance simulation is also performed to test the anti-
load disturbance performance of the improved BITF based
control system and the IMC-PID control system. The load
disturbance responses of two systems are plotted in Fig. 12.
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Fig. 12. The load disturbance responses of the IMC-PID
control system (blue solid) and the improved BITF
based control system (red dotted)

According to Fig. 11, the overshoot of response of the
IMC-PID control system is smaller than that of the
improved BITF based control system. On the other hand,
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according to Fig. 12, the speed of the IMC-PID control
system cannot recover to its original value after the load
increase. On the contrary, the speed of the improved
BITF based control system recovers to its original value
in a short time. Therefore, though the IMC-PID control
system achieves better step response performance, its
anti-load disturbance performance is unacceptable. The
improved BITF based control system shows better anti-
load disturbance performance than the IMC-PID control
system.

4. CONCLUSION

An improved fractional order controller based on the
Bode’s ideal transfer function is proposed. Through the
introduction of a PI controller and a BICO filter, the fre-
quency characteristics of the control system in the low and
high frequency ranges are improved, while the characteris-
tic in the middle frequency range is reserved. Thus, apply-
ing the improved BITF based controller, the steady-state
accuracy and anti-disturbance performance of a class of
motion control systems can be improved. A tuning method
for the improved BITF based controller is proposed. Thus,
the controller parameters can be calculated analytically
according to design indices. Motor speed control simu-
lation is performed to test the dynamic performance of
the improved BITF based control system. According to
the simulation results, the improved BITF based control
system shows better anti-load disturbance performance
over those obtained using some existing methods.
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