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Abstract: In this paper, a robust Stackelberg game for a class of uncertain stochastic systems with state
delay is investigated. After introducing some definitions and preliminaries, we derive the conditions
for the existence of the robust static output feedback (SOF) Stackelberg strategy set such that the
upper bounds of leader’s cost function and the weighted cost function of the followers are minimized
respectively. In order to obtain the robust SOF Stackelberg strategy set, a heuristic algorithm is proposed
based on the stochastic Lyapunov type matrix equations (SLMEs) and the linear matrix inequalities
(LMIs). In particular, it is shown that robust convergence is guaranteed by applying the Krasnoselskii-
Mann (KM) iterative algorithm. An academic numerical example is presented to demonstrate the

effectiveness of the proposed method.
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1. INTRODUCTION

Over the last decade, robust Nash and Stackelberg games for
linear stochastic systems (LSSs) have been investigated in an
H,/H. framework (see Zhang et al. (2016); Chen and Zhang
(2004) and the references therein). The studies has extended
from theoretical ones to some practical applications such as
multi-agent systems (Moon and Basar (2017)), communication
systems (Saksena and Cruz (1985); Mukaidani et al. (2019)),
social network systems (Bauso et al. (2016)), and so on. Basi-
cally, such studies have been made for systems with either de-
terministic external disturbances or system uncertainties result-
ing from un-modeled dynamics (Mukaidani (2013); Mukaidani
et al. (2018a)). However, limited efforts have been made on the
research of robust Nash and Stackelberg games for the LSSs
with both deterministic external disturbances and system uncer-
tainties (Mukaidani et al. (2018c)). Moreover, since complete
state information is not always available, it is more realistic for
players to construct their strategies based on local or partial
state information. A typical information structure with only
local or partial state information is the static output feedback
(SOF) information structure.

On the other hand, in addition to deterministic external distur-
bances and system uncertainties, time-delay in state variables
and/or control variables of a system can give rise a challenge
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in the study of dynamic games for LSSs. Very recently, Nash
games for uncertain Markov jump delay stochastic systems
have been investigated (Mukaidani et al. (2019)). The robust
SOF Nash strategies have been constructed. However, it is still
an unsolved problem to find a robust SOF Stackelberg strategy
set for uncertain delay stochastic systems. Since most social
and engineering systems are of hierarchical decision structures
with many players (decision makers) and different objectives,
it is significant to consider such a decision making problem as
a Stackelberg game.

In this paper, a robust Stackelberg game for a class of uncertain
delay stochastic systems (UDSSs) with external disturbances
and system uncertainties is investigated. Different from the
robust Nash game in Mukaidani et al. (2019), this paper studies
the Stackelberg game with one leader and N Pareto-cooperative
followers. Moreover, in comparison with the existing studies
(Mukaidani (2013); Mukaidani et al. (2018a)), this paper
focuses on the Stackelberg game for stochastic systems with
deterministic external disturbances, system uncertainties, and
time-delay in state variables. The main contributions of this pa-
per are as follows. First, using the guaranteed cost control tech-
nique (Moheimani and Petersen (1996)), we derive the con-
dition for the existence of the robust SOF Stackelberg strategy
set by means of bilinear matrix inequalities (BMlIs). In other
words, the existence condition is represented as the solvability
condition of BMISs in an optimization problem with constraints.
Note that BMIs give rise a challenge to construct the robust
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SOF Stackelberg strategy set because they are generally diffi-
cult to solve. Upper bounds of the leader’s cost function and the
weighted cost function of the followers are minimized, respec-
tively, in the presence of system uncertainties. Second, a com-
putational framework for validating heuristic algorithms is pro-
posed to compute the relevant solution set numerically. Instead
of solving BMIs, a heuristic algorithm is developed by solving
the stochastic Lyapunov type matrix equations (SLMEs) and
the linear matrix inequalities (LMIs). It is worth pointing out
that the convergence robustness of the proposed algorithm is
attained by applying the Krasnoselskii-Mann (KM) iterative
algorithm (Yao et al. (2009)). Finally, in order to demonstrate
the effectiveness and usefulness of the proposed algorithm, a
simple academic example is solved numerically.

Notation: The notations used in this paper are fairly stan-
dard: E[ -] stands for the conditional expectation operator;
Z2([0, =), R¥) denotes the space of all measurable functions
u(t, ®) : [0, ) x Q — R¥, which are F;-measurable for every
t >0, and E[[5 |u(?)[>dt] < o, i € Z; C([—h,0];R"), h > 0,
denotes the family of continuous functions ¢ from [—A,0] to R”

with norm [[@ || = sup_j,<g<o |0 (6)]]; Amax[] and Amin[] denote
its largest and smallest eigenvalues, respectively.

2. PRELIMINARY RESULTS

Consider the following UDSS

dx(t) = [A(t)x(t) + Apx(t — h) + B,v(t)]dt
+A,(1)x(t)dw(t), x(t)=¢(t), t € [—h, 0], (la)
z(t) = Hx(1), (1b)

where x(r) € R" denotes the state vector, v(¢) € R"™ denotes the
external disturbance, z(¢) € R denotes the controlled output,
w(t) € R denotes a one-dimensional standard Wiener process
defined in the filtered probability space, i € (0, +o0) denotes the
time-delay of the UDSS, and ¢(7) a real-valued initial function.
It is assumed that, for all § € [—h, 0], there exists a scalar,
o > 0, such that ||x(z + 8)|| < ol|x(¢)|| (Wang et al. (2002)).

Let A(t) and A, (r) be matrices in the following forms:

A(t) =A+DO(1)E,,
Ap(t) =Ap+Dp®,(1)Epa,
where O (1)0(t) < I, 07 (1)0,(t) < I,

The coefficient matrices are constant; ©(r), ®,(r) € R"?*" are
unknown real matrices representing system uncertainties.

(2a)
(2b)

To the end of this section, we introduce a definition and some
lemmas as the preliminary results for this work. These lemmas
are used in the proof of the main results.

Definition 1. (Cao and Lam (2000)) The UDSS is said to be
stochastically stable if, when v(t) = 0, for all finite ¢(z) € R"
defined on [—h, 0], there exists an M > 0 satisfying

1y )
Tim E[ / xT(t,(b)x(t,(]))dt‘(P} < T (0)Mx(0). 3)
e 0

Lemma 1. (Mukaidani et al. (2018¢)) Let A € R"*", D € R"*P,
E € R, and © € RP*4 satisfying ®7 (1)®(r) < I, be given
matrices. Then, for any matrix P = PT > 0, there exist positive
scalars € > 0 and A > 0 such that

(A+D®E)"P(A+ DOE)
<ATPA+¢e 'ATPDD"PA+ (¢ + L)ETE, (4a)
D'PD < AI,. (4b)

The following lemmas have been proved in Mukaidani et al.
(2019) as a special case of the Markov jump stochastic system
with a single mode.

Lemma 2. (Mukaidani et al. (2019)) Let y denote the required
disturbance attenuation level. Consider a set of symmetric
matrices W > 0 and U > 0, and positive scalars i, € and A4,
such that the following LMIs holds for every i € Z:

AW, u,e,1) <0,
T
DI'WD, < Al,,,

(5a)
(5b)

1
where A(W, 1, €,A) := [ @ WAh],‘I)”

Alw —u

=WA+ATW +u~'WDD"W + uETE,+H"H+U +ATWA,
+& 'ATWD,DTWA,, + (e + A)E} Epy+ v *WB,BIW.

Then, we have the following results:

i) The UDSS in (1) is stochastically stable when v(¢) = 0;
ii) The following inequality holds:

213 < Iz +&W,U), (©)

where

3= | [ lePar b= | [ iolFar]

0
EW,U) :=x"(0)Wx(0)+ [ oT(s)U¢(s)ds;
—h
iii) The worst-case disturbance is given by

vi(t) = Fyx(t) =y *BIWx(1). (7
Lemma 3. (Mukaidani et al. (2019)) Define the corresponding
cost function for UDSS in (1) with v(¢) = 0 as follows:

f;E[/OmxT(r,qb)Qx(w)dtM, ®)

where Q = Q7 > 0. Consider a set of symmetric matrices
P >0 and V > 0, and positive scalars v, € and k such that
the following LMIs holds:

['(PV,v,e,k) <0, (9a)
D}PD, < I, (9b)
_ [ o, 1 ._ T
where I'(P,V,v,€,K) := [A,{P v , W =PA+A'P
+v 'PDD"P+VE]E,+Q+V +A[PA,+€e 'ATPD,D] PA,
+(e+K)E}Epa.
Then, we have the following inequality
5 0
J < xT(0)Px(0) + / o7 (s)Vo(s)ds. (10)
—h

In the subsequent sections, we discuss the main results of this
study.
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3. PROBLEM FORMULATION

Consider the following UDSS:

dx(t) = (A(t)x(t) + Apx(t — h) + Bouo(t)

N
+ Y Buu(t) +va(t)>dt+A,,(t)x(t)dw(t), (11a)

k=1
x(t) = ¢(t), t € [h, 0], (11b)
Yi(t) = Crx(t), (11c)

2(t) = [[Hx())" [Gouo(1)] [Graay ()] -+ [Grun (0] ] (1)
where yj (1) € R™ denotes the measurement output, and ux(t) €
R™, k= 0,1,...,N, the k-th control input. It is assumed that
up(t) is controlled by the leader and u(¢) is controlled by
follower k, k =1, ...,N. Without loss of generality, it is assumed
that G,{Gk = I, . Furthermore, in order to eliminate the de-

pendence of the cost performance on x(0), it is assumed that
E[x(0)] = 0, E[x(0)x (0)] = My > 0.

The robust SOF Stackelberg game with one leader and N
followers is formulated as follows.

Problem formulation : (i) For a given vy > 0, find a robust
SOF Stackelberg strategy set (ug,u;,...,uy) and a worst case
disturbance v(t) = v*(t),

up(t) = up(r) = Fiyi(t) = FCix(r), k=0,1,...,N, (12a)
v(t) =v'(t) = Fyx(1) (12b)

such that w(t) = wi(t), k = 0,1,...,N, make UDSS (11)
stochastically stable when v(t) = 0 and the following inequality
holds:

213 < PIvI3+% (W, 0),
where 9(W,0) := x" (0)Wx(0) + [°, 67 ()T ¢ (s)ds.

(ii) When v(t) = v*(t) = Fyx(t) is applied, let us consider the
weighted cost function of the followers, given below:

13)

pkj;((ula"'auNa‘)*ai)

M=

Jp (uo,u1 (ug),...,un(uo)) :=

k=1

N
Yo=1,0<p <1, k=1,..,N. (14)
k=1

For a leader’s fixed strategy ug = ug(t), a follower’s strategy set

(@) (uo), ..., 1% (uo)) minimizes Jp (uo,ul(uo), ..., u%y (uo)). That

is,

o (10, @) (uo), ... iy (uo))

= min Jp (uo,u1 (uo), ..., un(uo)), (15)
g (uo),.-,tun (uo)
where for Qy = Q,{ >0and R, = R,{ >0,
Je(uy,oyun, v, i) = sup Jy(uy,...,un,v*,i), (16a)
0.0,
i) = | [ (4 1.0)011(19)
+Cl R (Fo)ReFilF)C) dt‘qb ] . (16b)

(iii) For any mapping 9 such that ug = Jrup = ur(ug) € R™,
k=1,...,N, the following inequality holds:

Jo(l/_to,ﬁl,...,lzN,v*) SJg(uo,ﬂ?(uo),...,ﬁ?v(uo),v*), Yug, (17)

where

iy = il (iip), k=1,...,N. (18)

In the following subsections, the existence conditions of the
robust SOF Stackelberg strategy set are established based on a
constraint optimization problem.

3.1 Ho CONSTRAINT

First, the disturbance attenuation condition is investigated. Con-
sider the closed-loop UDSS and the cost functions. For arbitrary
uy(t) = FCyx(t), k=0,1, ..., N, the closed-loop UDSS is estab-
lished as

dx(t) = | (A+DO(1)E,)x(t) +Apx(t — h) + Byv(t) | dt

+A,(t)x(t)dw(t), (19a)
2(r) = Ax(1), (19b)
where A := A+ YV BiFCy,
N T
H:=[H" [GoRCo)" [GiFCi)" - [GhFvCy]T ]
Thus, using Lemma 2, we have the following LMIs:
AW, fi,8,1) <0, (20a)
DIWD, < Al,,, (20b)
S WAL si1 . e are
where AW, fi,E,A) := [A,{W 70}’ } , P =WA+ATW

+ia'WDD'W + QELE,+ H'H+U+AJWA,
+E'AJWD, DI WA, + (E+A)E] Epa+ Y *WB,BIW.
Then, the following worst-case disturbance can be obtained.

V(1) = Fix(t) = y 2B Wx(r). 1)

3.2 STACKELBERG GAME

Second, the Stackelberg game for the UDSS is considered. Let
us consider the following UDSS and the cost functions of the
followers

ug(t) = Fie(Fo)yk(t) = Fx(Fo)Cx(t), k=1,...,N (22)

with the fixed leader’s strategy uo(t) = Foyo(t) = FoCox(t) and
worst case disturbance v(z) = v*(¢):

N
dx(t) = ([AerD@(t)Ea +BoFoCo+ Y. Bka(Fo)ck}x(t)
k=1

+Apx(t — h))dt +A,()x(r)dw(t), (23a)
Ji(ui(uo),...;un(ug),v*,i)
=E [/waT(ta‘P) (Qk
+Ccr'Fl (Fo)Rka(Fo)Ck>x(t, ¢)d¢‘¢ } , (23b)

where Ay := A+ BVF;‘.
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In this case, for arbitrary follower’s strategy set u(t) =
Fi(Fo)Cx(t), k= 1,...,N, with the fixed gain F, the following
LMIs can be obtained by applying Lemma 3:

(24a)
(24b)

Cp(Po,Vp,Vp,8p,Kp) <O,

DIP,D, < Kply,,

ATy =V, |’

P! = P, Ay + AT P, + v, ' P,DDT Py + Vo ET Es + Qp
+ X001 PkCLF] (Fo)RiFi(Fo)Ci+Vp + AL PpA
fgﬁlAﬁPprD,TprAp + (&p + Kp)EL Epas Qp = X3y PuQss
Ay := A+ BoFyCo+ X, BiFi(Fo)Ci + By F; .

Consequently, the following optimization problem related to
Pareto suboptimal strategy for the UDSS can be defined:

where Iy (P, Vp, Vp, &, Kp) 1= [

min
u (u),-.-un (o )
= minTr[MoPp +LL"V, ],
p
st.Xp :=(Pp,Fi,....FN,Vp, Vp, €, Kp) satisfies (24)

JP(”O?”“(”O)’ "'7”N(M0))

(25)

where ug = up(t) is the fixed leader’s strategy and LLT :=
J2h ()9 (s)ds.
In order to calculate (Fy(F),...,Fn(Fp)) in (22), the Karush-
Kuhn-Tucker (KKT) conditions are derived. Define the follow-
ing Lagrangian:

Zp ="Tr [MoP, +LL"V,] +Tr [SpA,], (26)

where S, is the symmetric matrix of the Lagrange multiplier.
Furthermore, we have

Ap = AP(PP7VP7F'}’?FO7F17'?FN7VP7SP7KP)

=P+ PAV, AL P, 27

In this case, we have the following stochastic Lyapunov type
matrix equations (SLMEs):

%:A():AO(S Py, Vo, Fy, Fo,Fi,...,Fiy,Vy,€,) =0, (28a)
8Pp P p\CPs TPy VP ) ’ ) » VP Ep )

9% o =0 (28b)
as, P

1 0%  w_

where k =1,...,N, and

A) = Mo+ SpA7 +A4,S, + Vv, ' [SpP,DD" + DD' P, S, |
+A,SpAL + €, ' [ApSpAl PyD,DY + D DY Py A, Sy AT
+SpPpAnV,y 'Af + ARV, AL PyS,

Ay = piReFi(Fo)CiSpCll +B{ PpSpCl, k=1,...,N.

It should be noted that the derivative with respect to Vj, vp,
€y and K, is not needed because this optimization part can be
performed by means of the LMI instead of the KKT condition.

From Ag = 0, we have S, > 0. Therefore, from A’F‘, =0,

if CkSkaT is nonsingular, each follower has the following
strategy:

ur(t) = F (R)ye(t) = F (Fo)Crx(1) = F Cx(1)
= —[peRe] ' B{ Py SpC [CiSpC ™'y (8). (29)

Second, the leader’s strategy is established. The cost, Jy, can be
obtained by

Jo(uo, @3 (uo), .., dy (uo),v*) = Tr [MoPy +LL"Vy],  (30)
where F is the solution of the following LMIs

fO(P07V0,V0,80,K0) <Oa (313)

D} PyD), < Koly,, (31b)

ll
where L'o(Py, Vo, Vo, €, ko) := { i POAh],

AZP() —W

Y1 := Ay, + AT Py + vy 'RDDT Py + WE! E,

+0Q0 + CY F RoFoCo + Vo + AT RA, + €5 'AT Ry D, DT PA,
+(€0+ K0)EL Epa, Ay := A+ BoFoCo + X4 BiF; C + ByF; .
Hence, the following optimization problem related to the
leader’s strategy can be defined:

minJo(uo, i) (o), ..., ity (1)) = n%inTr[MoPo +LL"V,], (32)
uo 0

s.t. Xp 1= (PQ,F(),V(), Vo, &, K'o) satisfies (31).

In order to solve the preceding optimization problem, let us
consider the following Lagrangian:

Ly ="Tr [MoPy+LL"Vy| +Tr [SoAo + ToA,]
N
+Tr [zoAg +Y ZkA’;,] , (33)
k=1
where Ay 1= A()(P(),Vo, Vo, €0, Ko) =yl +P0AhV071AZP0.
As a necessary condition, the following equations can be de-
rived by using the KKT condition:

2%
TI)O:Aé:A(])(507P07V07F7,F07F1a"'7FN5v07£0):O7 (348')
4
70:Az:A%(T07PP7VPaSP720aZ17"'7ZNaF}’7FOa
Fi,.o Fy, Vp,€p) =0, (34b)
2.4
T A=A (20, Py, Vp, Z1, e, Zy, Fy, Fo,
F],...,FN,VP,SP):O, (34¢)
1 %
7'7:A4:Ag(F07POaS07PP7SP7T07Z07):O; (34d)
2 R
1 %
S =N =A(Zk, Py, S0, Pps Sp To Zo, Fi) =0 (34e)
2 JF
where k=1,...,N,
0L _ A 9% _ A —_ 2% _ A0 _( 9L _ Ak _
aSOO—AO_O’TTOO—AP—O’ az(?_Ap_O’ azf_AP_O’

A) = Mo +SoAY +AyS0 + vy ! [SoRDD” +DD™ RSy
+ApSoAT + &5 ' [A,SoAT PuDp DY + D, DT PyA , SoAT
+SoPoARVy AL+ ApVy AT PoSo, A} = ToAT + ATy

+v, | [ToP, DD™ + DD Py Ty| +ApToA}

+&, [ApToA P DDy, + DpDy Py Ay ToA L | + ToPpAnVy, ' Af
+AWV, AT Py Ty + v, [Sp ZoDDT + DD 745, |

+£l;1 [APSPA;ZODpD1T7 + DPDgz()ApSpA;] + SpZOAth—lAZ
AWV, LA Z0Sp + S XN [BiZl CiSp + SpCL ZiuBL ). Ay = ZoA,
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+ATZy+ v, [ZoDD" P, + P,DD" Zy| + AL ZoA,,

+¢&, ' [ALZyD,D} PyA, + Al Py D DY ZoA ] +Z0AnV,y AL By
+Py AV, AT Zo+ 5 X [(piCY FTRk + PyBy)Z G

+Cl Zi(pkCL ] R + PoBY)" |, A5 = RoFoCoSoCy + B (PoSo,
+Pp Ty +ZoSp)CY . A = BI (PySo + P Ty + ZoSp )CF

+pkRy (FCi Ty + 3ZT CiS,p) CF.

From (34d), if COSOCOT is nonsingular, the gain of the leader’s

strategy Fp can be computed as follows, because the SLME
(34a) has the unique solution Sy > 0:

Fy=—Ry "By [PoSo + P, Ty + ZoSpCE [CoSoCE ]! (35)
Summarizing what we have discussed so far, we are now in a
position to state the main results of this work.

Theorem 1. Consider the UDSS (11) controlled by one leader
and N followers with u;(t) = Fx(¢), k = 0,1,...,N, and the
deterministic disturbance v(r) = Fyx(r). Suppose that,

(1) for a given attenuation performance level, ¥ > 0, there exists
a feasible solution set W such that LMIs (20) is satisfied;

(ii) there exist feasible solution sets such that two optimization
problems (25) and (32) with constraints LMIs (24) and (31) are
solved, respectively;

(iii) there exist solution sets to SLMEs (28a), (34a) and (34b).
Then, (29) and (35) constitute the robust SOF Stackelberg
strategy set which satisfies conditions (13)—(17).

4. HEURISTIC ALGORITHM

In order to compute the robust SOF Stackelberg strategy set,
the optimization problems (25) and (32), SLME (28a), (34a)
and (34b) should be solved. However, it is difficult to obtain the
solution set. Hence, the following heuristic algorithm based on
the KM iterations (Yao et al. (2009)) is proposed.

Step 1. Set the initial values: choose Fk«)), k=0,1,...,N,

and F)go), such that closed-loop UDSS (11a) is stochastically
stable; choose appropriate Z(O), k,1,...,N and compute F)S()) =
Yy 2BTWO) with w©) =,

Step 2-1. Solve the following optimization problem for PIS”H)

and Vé"H) Sfor variable =

minTr [MOP,S”“) +LL v ”} , (362)
=p
Ep — (P‘gn—«-l)’vén—&—l)’ vl()n—«-l)’si()n—s—l)7 K_’()rz—&-l))7
s.t. E, satisfies (36b) and (36¢)
Lo (P, Vo, Vo, €p: Kp)
1 T
| Alp, v, 0 0
=| otp, 0 v, o |0 G
T
DIPA, 0 0 —gl,

DIP,D, < Kply,, (36¢)

where P! := P, A(") —l—AA(n)TPp + vaTE +0p
+YN o CTE" o RkF( )GV +AT Py A, + (£ + Kp)EL Epa,
AW ::A+ZkZOBka( 'Ci+B.F";

Step 2-2. Solve the following SLME for S[(Jn+1)._

Ag(S’()n—&-l) P(VH—I) V(n—H) F(n) F(n)

Ip p y »lo s
Fl(n) F[\(]n)7 v’ng-l) SI(;H-I)) —0: (37)
(n+1) _ .
Step 2-3. Compute F, yk=1,...,N:
Fk(n+1) [p Rk] ]Bk P,gnH)S("H)Ck [C SI(J”H Ck] - (38)

Step 3-1. Solve the following optimization problem for P(g"H)

and VO(HH) for variable Ey:

minTr MoPY™ ) 4 LTy "V (39a)
Eg = (P(n+1) Vo(n+1) vén+1)’£(()n+1),K(gn+l)),
s.t. Ep satisfies (39b) and (39¢)
FO(POaV()vaaEOvKO)
¢! RA, RD ARD,
ARy Vo 0 0
o'R, 0 —wh, 0 <0, (39b)
DIPA, 0 0 —&ly,
D, PoDy < Kol (39)

where W' := AV + AT By + VoET E, + Qo + C FI RoFoCo
+VO +ATP()A + (80 + K.O)E‘T Epa;

Step 3-2. Solve the following SLME for S, (n1),

A(l](Sén+1),P(§n+1>,V(’1+l) F}E ),FQ( )7

Fl(n+l) pltl) | (n+1) <n+1>):0;

s Py Vo A (40)

Step 3-3. Solve the following SLME for Zé"H):

Az i) Dz

n+1 n+1 n+1 n+1
DRyt gty — o

z,

F" R (41)

. n+1
Step 3-4. Solve the following SLME for T0< )
A(Q)(To(n+1) P(n+1) V(n+1) S(n+1) Z(n+1) Z(n)

(n)
P s Vp 9P s &0 »17"'aZNa

F(n) F(n) F(n+1) F(n+1) (n+1) (n+1)):0;

Y 0 »f1 s N ,Vp 78p (42)

Step 3-5. Compute Z(nH) k=1,...N

Z}in+1) 2ok [B]{ (Pé”H)S(nH) JrP(n+1)TO(n+1)
+Z(()n+l)Sl()n+l)) + kaka(n+1)CkT0(n+l)
xCl Gy el 43)
Step 3-6. Compute FO(”H) :

F()<n+1> _R- IBT[ (n+1)S(()n+1)+P(n+1)T(n+1)

+zy sy clcosy Ve (44)

Step 4. Solve the following optimization problem for W1
for the variables ¥5:
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min Te[W ) 4 LLT g ), (45a)
2
Ty = (WD gt gonh) glosl) Fnsn)y,
s.t. X satisfies (45b) and (45¢)
A(W7ﬁ7é7i)
o'' WA, WD AIWD, WB,
Alw -0 0 0 0
=|D'W o0 -—fl, 0 0 <0, (45b)
DIwaA, 0 0 —&, 0
B'W 0 0 0  —7Yl,
DIWD, < AL, (45¢)

where ®'' ;= WA + AWTW + uETE, + HTH + FTF + U
FATWA, + (8 4+ A)ELEpy A® = A+ X B

Step 5. Ser ZU"t) «— 9z 4 (1 — 9))z(), where
zn) .— pé") SE)") Pé"> S(()") TO(") Z(()"> Zl(")T Zé")T W(n)] Fur-
thermore, 0" € (0, 1] is chosen at each iteration to ensure that
JO s gD i g = mep 4 v 450 4 p 4
v s L) 4 g);

Step 6. If the iterative algorithm consisting of Steps 2 to 5
converges, we have obtained the iterative solutions, otherwise,

if the number of iterations reaches a preset threshold, declare
that there is no strategy set. Stop.

Finally, the robust convergence property can be stated.

Theorem 2. The algorithm achieves the convergence if there
exists 8 € (0,1] such that foralln € N, 7 > g @41,

5. NUMERICAL EXAMPLE
Consider the UDSS in (11) with one leader and two followers

modified from Wu and Grigoriadis (2001) and the following
coefficient matrices:

0 1
-2 -3

0 02 ~0.2 0.2
Bo = [0.1}731 {0.2]’32 { 0}7Bv {0.2}’

H= [0 1],0: {0'2},1)1,:0.10, Co=[10],

sz,Az[ ],Ahzo.lA,A,,:o.zA,

00 0.1

Ci=C=1[01],E,=[0 1], Epy=0.1E,,

0o =1.5L, 01 =1.21, 0, =2bL, Ry=0.8, R; = 0.6,
Ry=04,p =py=05 L:=[-051], h=0.1.

The value of parameter 7 related to the H., constraint is set to
Y= 3. The gains of the robust SOF Stackelberg strategy set (29),
(35), and the worst case disturbance (21) are obtained below:

Fy =[-1.1154x107%], F=[6.3295x 107" ],
Fy =[—13172], F; = [2.8468 x 107% 2.1747 x 1072 ].

In Step 5 of the heuristic algorithm, 6 = 0.7 is chosen. It is
noted that the proposed algorithm with KM iterative technique
converges after 24 iterations with the order of error as 1077,
Furthermore, the convergence property of ¢ () > I (n+1) can
be verified.
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6. CONCLUSION

In this paper, the robust Stackelberg game for the UDSSs has
been studied. As the result, the condition for the existence of the
robust SOF Stackelberg strategy set is established, which relies
on the solution of the BMIs in the optimization problem with
constraints. Since the BMIs are difficult to solve, the heuristic
algorithm is proposed to solve the SLMEs and LMIs instead of
solving the BMIs. The convergence robustness of the proposed
algorithm is attained by applying the KM iterative algorithm.
Finally, the simple example demonstrated the effectiveness and
usefulness of the proposed algorithm.
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