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Abstract: We investigate a broad family of chemical reaction networks (CRNs) assigned
with mass action kinetics, called complex-balanced-produced-CRNs (CBP-CRNs), which are
generated by any given complex balanced mass action system (MAS) and whose structures
depend on the selection of producing matrices. Unluckily, the generally applied pseudo-
Helmholtz free energy function may fail to act as a Lyapunov function for the CBP-CRNs.
Inspired by the method of Lyapunov function partial differential equations (PDEs), we construct
one solution of their corresponding Lyapunov function PDEs, termed as the generalized pseudo-
Helmholtz free energy function, and we further show that solution can behave as a Lyapunov
function to render the asymptotic stability for the CBP-CRNs. This work can be taken as an
argument of the conjecture that Lyapunov function PDEs approach can serve for any MAS.

Keywords: CBP-CRNs, Lyapunov function PDEs,; the generalized pseudo-Helmholtz free
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1. INTRODUCTION

Chemical reaction networks (CRNs) play unique roles in
chemistry, biology, process industry and many other fields.
The study of CRNs mainly aims at exploring the con-
nection of the network’s structure and dynamic behaviors
(stability, persistence, oscillation, etc.). In particular, the
stability analysis for CRNs, has drawn great attention
in system biology for which has been widely recognized
as a control-theoretic tool to mathematically explain and
understand the observed behaviors in biological systems
[Blanchini et al (2018); Fang et al (2019)], as well as to
serve synthetic biology for the design of synthetic bio-
logical circuits [Del Vecchio and Sontag (2007)]. Plenty
of work has been done on characterizing the dynamical
properties of systems with mass action kinetics [Angeli
et al. (2007), Angeli and David (2015), Feinberg (1972),
Feinberg (1987), Horn and Jackson (1972)], especially
the work on Lyapunov stability analysis [Alradhawi and
Angeli (2016), Anderson et al. (2015), Horn and Jackson
(1972), Rao (2013), Sontag (2012), Anderson et al. (2010),
Craciun and Feinberg (2006), Feinberg (1995)]. Following
these studies, this paper deals with the construction of
Lyapunov functions for MASs with some special struc-
tures.

It has been showed that some particular network struc-
tures of MASs can lead to proper properties of equi-
librim stability and distribution. Considering the weakly
reversible structure, Horn and Jackson (1972) have discov-
ered that with a zero deficiency such an MAS is complex
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balanced and admits exactly one positive equilibrium for
each positive stoichiometric compatibility class; meanwhile
each of these equilibria is locally asymptotically stable,
known as the deficiency zero theorem. Feinberg (1988)
has then further worked out the deficiency one theorem,
weakened the deficiency conditions for the former one.
Moreover, given persistent property of a complex bal-
anced MAS, the global stability of its equilibria is proved
[Anderson (2011),Craciun et al. (2013), Pantea (2011),
Siegel and Maclean (2000), Sontag (2012)]. Such studies
have naturally drawn attention to the special structure of
complex balancing.

For Lyapunov stability analysis of CRNs, the construction
of proper Lyapunov functions is a critical step. Sorts of
approaches have been applied on this study, including em-
ploying the scaling limits of nonequilibrium potential bas-
ing on the potential theory[Anderson et al. (2015)], piece-
wise linear in rate Lyapunov functions [Alradhawi and
Angeli (2016)] for balanced MASs, etc.. Specific to complex
balanced MASs, Horn and Jackson (1972) have found
the pseudo-Helmohotlz free energy function as a proper
candidate. Another way related to the complex balancing
is working on the linear conjugacy [Johnston and Siegel
(2011), Johnston et al. (2012), Johnston et al. (2013)],
where it has been showed that linear conjugate systems
share stability properties, thus a complex balanced conju-
gate of the considered MAS proves its locally asymptotical
stability [Szederkényi and Hangos (2011)]. Ke et al. (2019)
developed the generalized pseudo-Helmholtz function as
the Lyapunov function for some conjugate MAS defined
as reconstructions and reverse reconstructions of CRNs.
Meanwhile, the Lyapunov functions for CRNs with more
general structures remain challenging. In this case, Fang
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and Gao (2019) derived a partial differential equation
(PDE) based on chemical master equation for any general
MAS, with its solutions (if existed) as Lyapunov candi-
dates of such system, and thus referred to as the Lyapunov
function PDEs. This method has served well on complex
balanced CRNs, general CRNs with a 1-dimensional sto-
ichiometric subspace and some special CRNs with higher
dimensional stoichiometric subspace, while general CRNs
with more than a 2-dimensional stoichiometric subspace
still need to be explored. Fang and Gao (2019) have made
a conjecture that for any MAS admitting a stable positive
equilibrium, the induced Lyapunov function PDEs have
the required solution under a proper set of boundary
complex.

Inspired by these works, this paper focuses on a broad
family of CRNs generated by certain complex balanced
MASSs, where common Lyapunov candidates including the
pseudo-Helmholtz function fail for the stability analysis.
We develop the Lyapunov function PDEs for such systems
and seek for their proper solutions to serve as Lyapunov
functions. Such CRNs also inherit some neat properties
on asympotically stability and equilibria distribution from
complex balanced networks. Importantly, the proposed
CRNs may have great potential application value in the
control field. It has already been proved that the stabiliza-
tion for open mass action systems can be realized through
a balanced shaping method which aims at designing suit-
able controllers to make the closed-loop system have a
complex balanced structure Ke et al. (2018). Since the
CRNs under study is bigger than complex balanced CRNs
and possess the asymptotical stability property, it would
be easier to implement and less cost when replacing the
complex balanced CRNs with the proposed one.

The remainder of this paper is organized as follows. Section
2 prepares some basic concepts on CRNs and Lyapunov
function PDEs. Section 3 starts with some conclusions
on applying Lyapunov function PDEs to complex bal-
anced MASs, then by linear conjugacy approach, from
complex balanced MASs we generate a class of networks
named complex-balanced-produced-CRNs (CBP-CRNs),
for which the Lyapunov function PDEs can be solved by
some function with similar forms of the pseduo-Helomholtz
function. This function is proved to serve well as a Lya-
punov candidate for the CBP-CRNs. After this, Section
4 illustrate our results by an example. Finally, Section 5
concludes this work.

Mathematical Notations:

R"™ : n-dimensional real space.
: n-dimensional non-negative real space.
%, : n-dimensional positive real space.
: n-dimensional non-negative integer space.
. . d v
Vi o gli = Hj:l x;}”, where z € R?, v,; € Z? and 0° = 1.

:(%,--. 7%),Wherex€Rn7yeRgo.

:Ln(z) = (Inzy,--- ,Inz,) , where z € RZ,,.

2. BASIC CONCEPT

In this section, some basic concepts of CRNs and Lya-
punov function PDEs are recalled.

2.1 chemical reaction networks

Consider a network with n species St,--- , .S, and r chem-
ical reactions Rq,--- , R, with the ith reaction written as

n n
. P ! .
Ri . Z'UJZS] — Z'Ujisj7
=1 j=1

where vj;, v;i € Z>o represent the complexes of reactant

and resultant. Then it is defined as follows [Feinberg
(1995)].

Definition 1. Let S = {S1,--+,Sn}, C = U_ {vi, v} ,
and R = {vq — v, - , 0., — v}, representing the sets

of species, complexes, and reactions respectively. When
satisfying

(1) Yo, = v, € Ryvg # v
(2) VS; € S,v.; € C,the jth entry of v.,; represents the
stoichiometric coefficient of species S; in complex v.;

the triple (S,C,R) is a chemical reaction network (CRN).
Moreover, if the CRN follows the mass action law, i.e, given
the concentration vector x € R, and the rate constant

k; € Ryq for reaction v.; — v_'i, the reaction rate can be
calculated as k;z%#, letting K = (kq,--- , k,) representing
the set of reaction rate constants, then (S,C,R,K) is a
mass action system (MAS).

Definition 2. For a CRN (S,C,R), . := span{v.y —
v_ll, S v,'r} is the stoichiometric subspace of the
network. VC' € R%,, C+ ./ = {C+¢{ | € S} isa
stoichiometric compatibility class of C' for the network.

Denoting I' € Zyxr, I'; = fu_,i — v.; as the stoichiometric
matrix, and R(z) € R", R;(xz) = k;z¥*, the dynamics of
an MAS(S,C, R, K) can thus be expressed as

dx

e T'R(x),
Definition 3. For an MAS(S,C, R, K), if there is a concen-
tration 2* € RZ s.t. I'R(2*) = 0, then «* is an equilibrium
of the MAS.
If 32* € R2 s.t.

Yo ki)=Y k@), VzeC (2)
{ilv.i=z} {i|v_/i:z}
which means at certain state the consuming rate equals
the producing rate for any complex, then z* is a complex
balanced equilibrium of the MAS, and (S,C,R,K) is a
complex balanced system.

T € Rgo, (1)

Complex balanced MASs have been proved to possess some
elegant properties [Rao (2013)].

Theorem 1. Given any complex balanced MAS (S,C, R, K)
with an equilibrium z* € RZ, for any initial state zo €
R;o, there exists a unique positive equilibrium z+ € (zg+
&), and x7 is locally asymptotically stable with respect
to all initial states in 29 € R%, nearby a.
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2.2 Lyapunov function PDEs

From [Fang and Gao (2019)], the chemical master equation
of a CRN can be developed into a PDE

ka ka”’exp{ v.) Vf(z )} =0, (3)

Where T € R>0» and for which the boundary condition is

D 2.

{i|v.;€Cz} {i|v’,€Cz}

kjx?i— k;x" " exp {(vfi—v_i)TVf(x)} =0,

(4)
=,z e (Z+7)NRY,

where Cjz, called the boundary complex set of Z, is the set of

complexes without such species which are zero components

of Z. One possible expression of Cz is

Cz={2€C|Fe>0suchthat Vj=1,---,
called the naive boundary complex set of Z.

n,ij Z GZj}

Definition 4. For an MAS(S,C,R,K),
Lyapunov function PDEs for the system.

(3) and (4) are

One feature of the Lyapunov PDEs is that their solutions
(if exist) possess dissipation, that is f (z) < 0 with equality
holding if and only if V f(z)L.”. It implies the potential
of the Lyapunov function PDEs to generate Lyapunov
function candidates for the MASs with some moderate
conditions, as listed below in Theorem 2. Therefore, the
Lyapunov stability analysis can be approached by con-
structing a proper solution to them.

Theorem 2. let x* € RZ, be any equilibrium of the MAS
(S, C, R, K), if the corresponding Lyapunov function
PDEs have a twice differentiable solution f(x) satisfying
that Vu € ., uV2f(z)u > 0 with the equality holding if
and only if z1 = 0 all over a region N (z*) = d(z*) N (z* +
)N R where 0(z*) is a neighborhood of z*, then f(z)
can behave as a Lyapunov function to render this system
to be locally asymptotically stable at =* with any initial

conditions in N (z*) N {z | f(z) < infrycon@nf(v)}-
3. MAIN RESULTS

In this section, we aim to acquire the Lyapunov function
for a kind of special networks assigned with mass action
kinetics, named CBP-CRNs, through the method of Lya-
punov function PDEs.

3.1 Lyapunov function PDEs for complex balanced MASs

First of all, we will exhibit how Lyapunov function PDEs
works for complex balanced MASs. Assume that a com-
plex balanced MAS possesses one equilibrium point, it
is well known that this network locally asymptotically
converges to the equilibrium taking the pseudo-Helmholtz
free energy function as the Lyapunov function [Horn and
Jackson (1972)]. As a matter of fact, the pseudo-Helmholtz
free energy function is proved to be one of the solutions
of the corresponding Lyapunov function PDEs for com-
plex balanced systems. In addition, this solution serves
as a Lyapunov function for the stability analysis for such
MASs. The following Theorem 3 is given to indicate the
above conclusions.

Theorem 3. (Fang and Gao (2019)). For a complex bal-
anced MAS (S,C,R,K) with an equilibrium z* € RZ,
its corresponding Lyapunov function PDEs which are de-
scribed by (3) and (4) have a solution

n *

G(z) = Z(x;k —z; —x;ln z—])

j=1 !
which is usually called the pseudo-Helmholtz free energy
function. This means

Z klxvq (1 _ eXp{('U,/i _
i=1

and the boundary condition satisfies

(5)

v)TVG@)}) =0 (6)

S k- —0.)TVG()}

{i|v.,€Cz}
=0,

Z k¥ exp{ (v

{ilv!,€Cs)
T, € (Z+S)NRY,

(7)
whatever the boundary complex set Cz is. Furthermore,
this system can achieve locally asymptotic stability at z*
for any « € (z* +.7) "R near z* with respect to G(x).

3.2 Lyapunov function PDEs for a class of CBP-CRNs

Referred to [Fang and Gao (2019)], the method of Lya-
punov function PDEs works not only for complex balanced
MASs as above, but also for CRNs with 1-dimensional
stoichiometric subspace and some special cases assigned
with higher dimension. Still, this approach hasn’t been
tested on many other structures of CRNs. This paper aims
to apply such method to a class of networks which can
be generated by complex balanced MASs through linear
conjugacy related approach, and are defined as follows.

The CBP-CRNs are defined as

Definition 5. Given a complex balanced MAS (S,C, R, K)
governed by (1) with z* € RZ; to be an equilibrium,

a MAS (S,C,R,K) is called a CBP-CRN with respect
o (8,C,R,K) if for some positive diagonal matrix D =

diag(dl, -+, dy), its complex set C = Ul_, {05, ¥/;} and

reaction set R = UT_, {7.; — #,} satisfy

1) 7=

(2) B4 =i, ¥ =vi + DNV —vy), ki = ki | ;'
Vi=1, -, 7.

Remark 1. It should be pointed out that the constructed
CBP-CRNSs can be seen as an extension of the networks
derived by reverse reconstruction for a given MAS referred
to [Ke et al. (2019)] where the original MAS and reverse
reconstructed MAS share the same state variables and rate
constants.

Remark 2. Following Definition 5, it is easy to see that
one complex balanced network can generate a family of
corresponding networks with different producing matrices
Ds, which indicates that the CBP-CRNs is a class of
networks that covers the original network. When D is
selected as an unit matrix, the CBP-CRN is exactly the
original complex balanced system.

Remark 3. Tt should be noted that D needs to be well
chosen to guarantee v/; € Z2 following our MAS setting
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in Definition 1. When extending to the generalized mass
action systems where v, v/, could be fractional, the
selection of Ds can thus be broadened.

As a straightforward consequence from Definition 5, we
have

Proposition 1. For a CBP-CRN (S,C, R
a given complex balanced MAS (S,C, R,
the dynamical equations of the CBP-CR

i =TR(%), (8)
with I' = D7IT" and R(#) = R(x) for 2 = D~'z. Mean-
while, the existence of an equilibrium z* of (S,C,R,K)
is equivalent to #* = D~!'z* being an equilibrium of
(S,C,R,K), and .¥ = span{D~(v; —v};) | v; —v; €
S}y =D717.

,K) generated by
K) following (1),
N follow

Apparently, G(Z) could not serve as a Lyapunov function
anymore for this type of systems described by (8) except
the special case where the derived CBP-CRNs gratify the
complex balanced condition. In order to obtain a proper
Lyapunov function for the CBP-CRN system, we turn our
focus to its corresponding Lyapunov function PDEs, which
are written as

> ki (1 exp{(@; ~ 5)TVI(@)}) =0, (9)
=1

together with the boundary condition

Z ];}i.i‘v'i -

{ilv.:€Ca}

S Rdexp{( —.) V(@)
{ilv/,€Cz}
T @, T€(@+)NRY, (10)

where C; represents the naive boundary complex set in-
duced by any boundary point & of ..

Tr—T

{i|5.;€Ca} {il#’,eCs}

BT Vji -1, \v.;
= lim ki [[ 47 (D7 a)ve —
{i|v.;€Csz}

{i|v.,€Cx} {ilv’,€Cs}
Vo e (T+7)NRY,

{ilv!,€Cz)

= lim
T—T

:O’

Note that the last equality in (12) and (13) are true due to
the fact that G(x) is a solution of the Lyapunov function
PDEs for complex balanced MASs shown in Theorem 3.
O

Remark 4. As stated in [Ke et al. (2019)], a generalized
pseudo-Helmholtz function is defined as

Tp *

G(z) = Z di(z} —x; —x;1n %)

=71 7

where d; > 0, 7, < ---

{1,-- ,n}. B

< 1 and {n,---, 1} €I =

|
m > kET = > kEexp{ (¥

Z k;x¥ exp{ (v

In what follows, a special solution G.(Z) gratifying (9) and
(10) is derived.

Theorem 4. For any CBP-CRNs (S,C, R, K) generated by
a given complex balanced MAS (S,C,R,K), when the
boundary complex set satisfies that there is ¢/, € C; for
any v'; € Cz , and v/, ¢ C; for any v/, ¢ Cz, the following
function

~ n . ~ _ j*
G.(%) :Zdj(xj —Z; —%;In :?J) (11)
j=1 !

is a solution of the Lyapunov function PDEs (9) and (10).

Proof. V i € (i* +.7) NRY,, the gradient of the function
(11) is

Z=D"'z

VG.(F) = DLn% DLnxi = DVG(x).

Substituting it into the left-hand side of (9) and (10), and

further utilizing conditions involved in the Definition 5, we
obtain

> kit = ki exp{(t]; — 1.5) VG (3)}
i=1 i=1

=Y ki [[d (D ) = ks [[d (D )
=1 j=1 =1 j=1
exp{[D~*(v/; — v.;)]T DVG}

= Z kx¥t — Z k¥ exp{(v/; — v.i)TVG}
i=1 i=1

=0. (12)
since ¥/; € C; for any v/, € Cz , and ¥/, ¢ Cig for any v/, ¢ Cz
, we can deduce that {i|lv.; € Cz} = {i|?v/; € C;}. Hence
the boundary condition (10) turns to be

—0.4) VG()}

n

ki [[ 7 (D7 )" exp{[D~} (v); = v.5] " DVG}

Jj=1

- U.i)TVG}

(13)

(

Observe that the expression of solution G.(Z) is a special
case of G(Z) while ¢ = 1,---,n, thus we call it the
generalized pseudo-Helmholtz function in the remaining
contents.

Afterwards, we attend to show this solution G.(Z) can
be taken as a Lyapunov function for the CBP-CRNs,
and that CBP-CRNs inherit the properties on equilibria
distribution from complex balanced MASs.

Theorem 5. Given any CBP-CRN (S,C,R,K) with an
equilibrium #* € RZ%; and generated from a complex
balanced MAS (S,C,R,K), for any initial state o €
RZ,, there exists a unique positive equilibrium zt of
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(8,C,R,K) such that z+ € (%o + ). Besides, if for
any v/, € Cz, there is ¥/; € Cz, while for any v/, ¢ Cs,
there holds ¢/, ¢ Cz, then the solution G¢(Z) of (9) and
(10) can act as a Lyapunov function to render z* to
be locally asymptotically stable with respect to arbitrary
initial condition in (Zg + .') NRZ, near z*.

Proof. According to Proposition 1, * = DZ* is an equi-
librium of (S,C,R,K). From Theorem 1, there exists a
unique positive equilibrium 2z € (zg+.7) of (S,C, R, K),
which can lead to &7 = D27 being a positive equilib-
rium in (g +.7) of (S,C,R,K), and the uniqueness of ™
guarantees that for #+ based on Proposition 1.

Since the solution of Lyapunov PDEs is dissipative, we
know Ge(i) < 0. Next we carry out the Hessian matrix of
G.(Z), which is obtained as

V3G, (%) = diag(zy ', - -
Clearly, VZ € (&0+.7)NR%, near &+, G.(Z) is twice differ-
entiable and strictly convex, which means that G (&) =0

if and only if # = 1. Then the asymptotically stability
follows immediately due to Theorem 2. O

7srfml) >0

Remark 5. As stated in Remark 2, there can be diverse
networks induced by a single complex balanced system on
account of various choices of producing matrices Ds, while
for each of the former networks a Lyapunov candidate is
naturally given. This means with above method, a lot more
MASs other than complex balanced ones are equipped
with a promising stability analysis approach.

At the same time, Fang and Gao (2019)’s conjecture, that
for any MAS with proper boundary complex set admitting
a stable positive equilibrium, its corresponding Lyapunov
function PDEs have a solution qualified as a Lyapunov
function to suggest the system is locally asymptotically
stable at the equilibrium, are confirmed for a class of CRNs
with more general structures.

4. ILLUSTRATION

In this section two examples are demonstrated to illustrate
the above results.

Example 1. Consider a complex balanced network
251 —2> 351
251+ Ss

where the species set ={S7, S2}, complex set={v.;, =
v, V] = v.a, vy = vy}, reaction set={v.; — v/}, v2 —
/ /

vy, V.3 = V3},

vy =0l = <2> v =g = <3> vy = vy = <2>
. 0 ) -1 0/’ -2 1

Then the dynamics are established as
i =22 — a3
iy = —a3 — 22319
with an equilibrium (z%,2%) = (2,1). Furthermore, the
boundary complex set is
Cz = {va,v5,v0,0}, T =(Z1,0) with T >0

Setting D = diag(%, 1), then according to the Definition 5
we have the following CBP-CRN
2
281 —+ 55
1
3581 =5 Sy
2
251 + Ss = 257

with the complexes being

(2N ., (5 - (3. (o0
1= V3= 0 y Vg = 0 , Vo = 0 y Vg = 1)

. Now the dynamical equations follow

(14)

IS4

L _2-2 1-3

1 =3% — g (15)
Fo — L33 _ 2722%

T = 271'1 91'11}2

and the equilibrium is computed as (%}, 23) = (6,1), and
its Lyapunov function PDEs are written as
2o

2 9 0
5@‘%562 (1 - exp{—a;; }) 91 <1 - eXp{3ajfl })

1 _, of . of |\ _
+ﬁx1 (1 exp{ 3(%1 + 075 }) =0.

(16)

At the same time, its naive boundary complex set induced
by any boundary point & can be represented as

Cz = {6.1,6{3,@.2,6{1}7 T = (i’l,O) with 1 > 0.
Clearly, we have seen that Cz = Cz. And the boundary
condition satisfies

) 1
f}+2—75;§

2i2 2520003
ihp 9Tl T gt PG

2 5. of |
— §x1x2 exp{—a@} =0

Actually, it is not hard to clarify that

(17)

3
is a solution of (16) and (17). Just by substituting

- - N 6 N N 1
f(‘rlaxQ) = 7(*551 *‘Tllnf) *$2*I21HT+3
Z1 T2

- 1.z ~
Vf(Z1,22) = (gln Fl,lnmg)—r

into the left-hand side (L.H.S.) of (16) and (17), we can
find (16) and (17) both equal to zero.

Additionally, Theorem 5 tells us that f(Z1,Z2) is valid for
analyzing the asymptotic stability of (6,1).
Example 2. For a complex balanced network as follows

k

25 T 45,

it admits an positive equilibrium z* =
D = 2, we can derive a CBP CRN as

25, 135, 48, %2 39,

\/ % By selecting

E
\ 3k
Meanwhile, its boundary complex set is empty. Further,
from Theorem 5, there exists a solution in the form of

- | k1 L | k1 .
=92/ —= —F— 71 - 1
f(Z) ( s T—2In s +zlna),

which possesses an positive equilibrium z* =
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for the Lyapunov function PDEs induced by the above
CBP MAS, and f(#) can act as a Lyapunov function to
show that z* is asymptotically stable.

Interestingly, we can see the above CBP-CRN is exactly
a well-known birth-death process, which implies, to some
extent, that the proposed CRNs may have a potential
application prospect.

5. CONCLUSION

This paper is devoted to seeking Lyapunov functions for
the CBP-CRNs from the point view of establishing their
Lyapunov function PDEs. The CBP-CRNs are a large class
of networks generated from complex balanced systems and
show some nice properties on equilibria distribution. In-
spired by the work where the Lyapunov function PDEs for
the complex balanced MASs are solved by G(z), we con-
struct a special solution G.(Z) of the developed Lyapunov
function PDEs corresponding to the CBP-CRNs. Besides,
it demonstrates that G.(Z) plays the role as a Lyapunov
function for the CBP-CRNs to be asymptotically stable at
the equilibrium. Apparently, these results have extended
Fang and Gao (2019)’s work of Lyapunov function PDEs
to reaction networks with more general structures, and can
be taken as an argument to their conjecture that Lyapunov
function PDEs can serve for any CRNs. Meanwhile, the
performance of Lyapunov functions on CRNs with other
structures still needs to be explored. Our future work
will concentrate on such systems as the linear reaction
networks and autocatalytic reaction networks.
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