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Abstract: This paper investigates a distributed finite-time event-triggered bipartite consensus
control for multi-agent systems. Under scenarios of energy limitation, an event-triggered
strategy coupled with a nonlinear distributed control protocol is proposed only relying on local
information, where the controller only updates at triggered instants. We proved that when the
antagonistic network contains a spanning tree, the event-triggered controller can drive all agents
to reach consensus value with an identical magnitude but opposite signs. Moreover, both the
convergence time depending on the initial state and the positive lower bound of inter-event
times are achieved. Simulation results show that the proposed controller has better disturbance
rejection properties and can achieve bipartite consensus faster compared to an asymptotic

controller.
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1. INTRODUCTION

In the past decade, many researchers have focused on stud-
ies of coordination control of multi-agent systems (MASs)
Xu et al. (2020); Li et al. (2008); Xu et al. (2019), including
problems of consensus Li et al. (2008); Ning et al. (2019),
flocking Olfati-Saber (2006), formation control Li et al.
(2019), etc. Notably, the consensus has been considered
as one of the fundamental coordination problems on net-
works, which indicates that the agreement of all agents is
on a typical quantity. One of the characteristic features
of the existing solutions is that the relationships between
agents are always modeled by a graph associated with a
non-negative neighbor weight matrix on their communica-
tion graph. However, in practice, networks with antagonis-
tic interactions are conventional in social network theory
De Meo et al. (2014); Bao et al. (2016); Wang et al. (2016).
To be specific, the topology of the network is referred to
as a signed network. Since signed graphs with cooperative
and antagonistic interactions can be described as positive
and negative neighbor weights, it is difficult for MASs to
reach consensus. Recently, a notion of bipartite consensus
was proposed with the assistance of the signed network
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theory Altafini (2012), where all agents converge to values
with the same magnitude but opposite signs.

In general, bipartite consensus of MASs is assumed to have
continuous measurement and/or control signals, i.e., the
system continuously monitors the state of each agent and
the control protocol updates all the time Altafini (2012);
Valcher and Misra (2014). This is unrealistic in practi-
cal applications. Therefore, it is extremely significant to
design a reasonable information transmission and sharing
mechanism. Further, sampled-data control was applied in
MASs Wen et al. (2017); Liu et al. (2017); Ma et al. (2018),
where the measurements are taken periodically according
to a constant period and the control protocol updates
synchronously. However, such a sampled-data control also
leads to excessive consumption of both communication
and computation resources. n order to solve the prob-
lem of resource utilization, an event-triggered consensus
control method for MAS cite ma2018, Li20192, ren2019e
is proposed, where an event-triggered condition is firstly
constructed, and then the current system is sampled and
transmitted when the conditions are satisfied.

On the other hand, the convergence time is a significant
performance indicator of MASs. In most existing works,
protocols only achieve state consensus in an infinite time
interval, that is, the consensus is only achieved asymp-
totically. However, the stability of MASs in a finite time
interval needs to be considered in many cases. The finite-
time stability focuses on the behavior of system responses
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over a finite time interval Wang et al. (2014); Huang et al.
(2012). Therefore, it is valuable to conduct research on the
finite-time stability of MASs. Moreover, the multi-agent
finite-time stability analysis has also elicited the attention
of many researchers Wang and Xiao (2010); Feng et al.
(2016).

Different from the above mentioned results, this paper
mainly focus on finite-time distributed event-triggered bi-
partite consensus control for MASs. The main contribu-
tions of this paper can be summarized as follows: Firstly,
a new finite-time bipartite consensus protocol based on
the event-triggered control strategy for MASs is presented,
and the system stability is proved. Secondly, the lower
bound of the inter-event time is reached to guarantee
that there is no Zeno behavior. At last, the upper bound
of convergence time which depends only on initial-state
properties is obtained.

The remainder of this paper is organized as follows.
Preliminary definitions and the problem formulation are
presented in Section 2. The main results are presented in
Sections 3. Section 4 discusses the simulation examples
before we conclude in Section 5.

2. PROMBLEM FORMULATION

In this section, we first collect some notions and basic
concepts from algebraic graph theory, which will be used
throughout this paper. Then, the concerned system model
and bipartite consensus problem are formulated.

2.1 Preliminaries

R represents the set of real numbers. R™*™ denotes a
n X n real matrix. 1y and Oy stand for the N dimen-
sion column vectors with all entries 1 and 0, respectively.
|S| is the number of elements of the set S. The matrix
diag(A1, A2, ..., An) denotes a diagonal matrix with diago-
nal entries A1, Ao, ..., An.

The interaction network among agents is described by a
undirected signed graph G, G = (V,&,A), where V =
{v1,v2, - ,v,} denotes a set of nodes, € =V x V denotes
a set of edges, and A = [a;;] € RV*Y is a matrix of the
signed weights of G. Here, a;; # 0 if and only if (v;,v;) € &,
otherwise a;; = 0. Beside, graphs with self-loops a;; =
0,(¢ = 1,2,--- ,n) is not taken into consideration. For a
signed graph G, the edge set £ = €T U £~, where £T =
{(j,9)]a;; > 0} and €~ = {(4,1)]ai; < 0}. Moreover, agent
j is called a neighbor of agent i. N; = {(j,71) € £,j # i} is
used to represent the neighbor set of agent i. A path from
node v; to node v; is a finite sequence of edges in the form
of (vivvim) ) (Uikuviw) LA (Uikwvj)’ i # ]

Define the Laplacian matrix L of a signed graph as
L=diag<z laskls Y laskl,-- D |ank|> —A
keNy kEN> keN,

Then, the eigenvalues of L can be indicated by a decreasing
order

)\n(L) > 2 /\Q(L) > )\1(L) =0

Given any signed graph G, if there exists a bipartition
with V; and V,, that satisfies ViUV, =V, Vi NV, = 0.
When a;; > 0 for Vv, v; € V(¢ € {1,2}) and a;; < 0 for
Vv, € Vg, v € Vr,q # 1(g,7 € {1,2}), G can be regarded
to be structurally balanced, otherwise G is structurally
unbalanced.

The following three lemmas are introduced to facilitate
subsequent proofs and analysis.

Lemma 1. (Meng et al. (2015)). For a structurally bal-
anced signed graph G, there exists a diagonal matrix
D = diag{o1,09,- - ,0,} such that the entries of DAD
are all nonnegative, where o; € {1,—1},Vi € V.

Lemma 2. (Bhat and Bernstein (2000)). Suppose that a
function V(¢) : [0,00) — [0,00) is differentiable and
satisfies the condition

%f) < —KV(t)*

where K >0 and 0 < o < 1.

Then V(t) reaches zero at the convergence time 7', and

V(t) =0 for all t > T, where t = ‘;(((Ol)i;;.

Lemma 3. (Lick (2012)). Given any &p,&2,---
0 < p <1, the following property is applied

n p n n p
(ZQ) <> g <nl? (Z&)
i i=1

75’” > 07

i=1
2.2 Problem formulation

For a signed graph G, consider a group of n single-
integrator agents modeled as

i (t) = ui(t),i €V (1)

where 2;(t) € R and u;(t) € R are the state and the control
input of agent ¢, respectively.

Suppose that n agents are classified into two antagonistic
groups Vi and V,, where Vi U Vo, = V, Vi NV, = 0.
Obviously, it is better to describe the interaction network
as a structurally balanced signed graph G.

Then, the bipartite consensus for MASs is defined as
follows

Definition 1. (Finite-time Bipartite Consensus). Given
a structurally balanced signed graph G, a distributed
control protocol wu,(t, z;(t)),i = 1,2,...,N is designed to
converge to the finite-time bipartite consensus for system
(1). Namely, there exists a settling time 7" such that

lim x,;(t) = o;¢,Vi € V1
t—T
and
th_}rr% xj(t) = —0jc,Vj € Va

where o; € {1,—1}, and c¢ is the same absolute value of
the final consensus states of all agents.

2986



Preprints of the 21st IFAC World Congress (Virtual)
Berlin, Germany, July 12-17, 2020

2.8 FEvent-triggered control consensus protocol

Traditional finite-time bipartite consensus control protocol
is given as

u;(t) = Z aigsgn (z;(t) — sgn(aij)zi(t))
|z (t) — sgn(aiz)xi(t)|

where 0 < o < 1, and sgn(+) is the sign function, which is
defined as

(2)

1, x>0
sgn(z) =40, x=0
—1,z<0

Note that the control protocol (2) needs to be updated
continuously, which leads to a waste of unnecessary trans-
mission energy and communication bandwidth. In order
to solve this problem, an event-triggered strategy is ap-
plied to avoid unnecessary assumptions. Particularly, the
controllers of agents only update at discrete event instants
in the scenarios of continuous communication, which indi-
cates that the controllers are regarded as zero-order holder
between every two event-triggered instants.

Denote an increasing sequence té, i, ey tfc, ... as the event
instants of agent i, such that ;(t) = z;(t}) is the state
of agent ¢ at the k-th event instants. In the network
with antagonistic interactions, an event-triggered control
protocol can be designed as

’U,l't: aijsnijtfsnaijg%it
()j;1 gn (&;(t) — sgnlai;):(t))) 3

|2 () — sgn(ai;)&:(t)|*,t € [t thy1)

The state measurement error between the states of the last
event instant and the current state is defined as

ei(t) = (&:(t) — 2:(6)"/  t € [th thys) (4)

Then we get

el (t) = &(t) — xi(t) ()

Substituting (3) into (1), the closed-loop form of agent ¢
can be written as

i’it: aijsnijtfsnaijﬁcit
();1 gn (&;(t) — sgn(ai;):(t))) ©)

|2;(t) — sgn(ai;)@;(t)|*, t € [ths thyr)
3. MAIN RESULTS

For simplicity, intermediate variables are introduced as
zi(t) = oux;i(t) and ey(t) = Z(t) — z;(t). Then, (6) is
rewritten into

2it: aijsnéjt—éit
(t) ; gn (%(t) = 2:(t))) o

12;(t) = Zi()]*, t € [thythya)

Denote z(t) = 13" | 2(t), since the Laplacian matrix

—n
L has a single zero eigenvalue and the corresponding
eigenvector 1,,, we can get

n

)= Y a0 = 10 =

where Lp = DLD and D is the same matrix as described
Lemma 1.

Let 6;(t) = z(t) — L 30 2i(t) and eZ(t) = bi(t) — 6;(t),
thus, (7) can be rearranged as

3i0) = D agsgn (5:0) = 5:0) 150 8.0l

t € [ts,2541)
where 6;(t) = 8;(15) and 6;(t) = &, (2s).
Considering e%(t), (9) is rearranged into

0i(t) = Z aggsgn (8;(t) — 6:(£))) 6;(t) — d:(£)|

+e%i(t),t € [ts,0541)

(10)

It is apparent that 0;(¢) = 0 implies lim; o0 2;(t) =
o limy_ o 2;(t) = 0,2(t). For system (1) and the designed
control protocol (3), the event-triggered circle formation
control for the distributed MASs can be solved according
to Theorem 1.

Theorem 1. Consider a MAS (1) and control law (3) over
a structurally balanced signed graph G, the finite-time
bipartite consensus is achieved when the event-triggered
condition is designed as

fi(t,ei(t), 0:(t)) = [les(t)]]

(1+a)/2\ 1/ 1
_<M(4A22—(E/—)2)/2 ) ||6i(t)‘|()

where W = [w;;] € R™™ w;; = (a;;)% ) and 0 < p <
1.

Moreover, the convergence time T satisfies

4V (0)(1=)/2
LS T @)1 = a)

(12)

At the same time, the positive lower bound of the inter-
event times tx4+1 —; is given as

1/(e)g
1
— 13
i = L+ ailed) "
(14+a)/2 1/a
where 0 = (%) .
Proof.
Consider a candidate Lyapunov function as
1
V() = 507 (15(1) (14)

Then, the derivative of the Lyapunov function (14) along
of the trajectories of the system yields to
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= zn: 8:0;
=1
= Z 0; (Z a;jsgn(d;(t)
i=1 =1
=D 6y assgn(d;(t)
i=1 j=1

—6:i(1))10;(8) = ()" + 622)

3i(£))10; (1) = 6:(8)[* + 256

1 n
=5 O aiy(Bisgn(8;(t) = 8.(0)]; (1) — (D)
i,j=1
o+ 8ysgn(6:(0) - 8(1))|8:(0) +Za
1 n
=—5 > @ildit) — () £ 0
‘,j 1 i=1
= 3 (PO 1) — 8, 4 Y b
i,5=1 i=1

(15)

From 0 < a < 1, we can get 0.5 < (1 + «)/2 < 1. For
clarity, (15) is separated into two parts
1 = « «
S1(6) = =5 D (@) 1+ (8,0 = 8:(6)2) /2 (16)

ij=1
(17)

n
2 t) = Z&e?i
i=1

By Lemma 3, (16) is calculated as

o (14+a)/2
Sit) < -3 (Z (i) H) (6,(t) — 5i(t))2>

1[0 a2 () a2\
‘_2< >0 V“”)
1 (46TL(W)S (1+e)/2
=73 (mv(t))
< S AL )+ 2y (421
(18)
Then, (17) is written as
:Zn:(sie(;i
— ST < OO
8 le= ()]|7V O+/2(t)
(19)

V(1+e)/2(t)
5@ e (l|ov a2
2—(1+0)/2||5(¢) || 1+
8@ lex )|V At /2 (1)
a 9—(1+a)/2

) and (19

Combined with (18 ), (15) can be rearranged as

dv (t)
dt
(Ada (W) (I+e)/217 (1+0) /2 1)
- 2
6(8)|| = |es (£)]| @V /2 (1)
9—(14a)/2
< (1@ le=(®)[1* _
o 2—(1+a)/2

(4>\2(W))(1+a)/2> y(+a)/2
2

According to the triggered condition (11), we obtain

(A (W) T+ 2|53 (1) ||

||ezi(t)||a < 9—(1+a)/2 (20)
Therefore,
av(e) 1 . .
WO < L= Daraw 2y o)

By Lemma 2, V (t) reaches zero in a finite time. Besides,
the settling time T" meets

1 ()02
WP (1)

s

Consequently, the MAS can achieve distributed finite-time
bipartite consensus via the event-triggered condition (11).

To rule out Zeno behaviour, we further prove that there
exists an positive lower bound at the inter-event times
tg+1 — tx. Furthermore, the time derivative of s;(t) =

Hew &)/ 16:()] s
d(le= 1/ 15:01)
dt
T (1)6:(1)
e 50
e 150
= Jea @l Io:00

- llezi(t) [6:(t)]]
< 6.0t >||6 ]

le=OIN 1Ll (le=®1 + 1501
: <” 6i<t>||> 150

B llezs(8)]\?
= ILol (1 ol )

From (22), we derive

ST @0)di() Jlexi ()]
161> [19: (&)l

10: ()| le=i ()]

16: (O 1l0: @)l

$i(t) < |ILpll(1 + 54(t))?

Solving the difference equation (3), we get

|| Lpl|

Ti7O:
Wm0 = T

From (20), we have

u(4>\2(W))(1+a)/2>1/ «

Y(73,0) < ( 9~ (1Ta)/2 (24)
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Fig. 1. Communication topology.

Thus, we can obtain the positive lower bound of interval
between two event instants

‘ul/ae
ILpll(1 + u'/*0)

(25)

Tmin =
The proof is complete.

4. SIMULATION EXAMPLE

Consider a MAS with six agents, the communication
topology of which is shown as Figure 1.

From Figure 1, the corresponding Laplacian matrix L is
given by

1 0-10 0 0
01 -10 0 0
L_|-1-13 100
=10 0 1 2 -10
00 0 -12 -1
00 0 0 —11

The initial values of the MAS are randomly generated as

z(0) =[-2035-31 ]T. To ensure the condition (11)
holds in real-time control, the permitted range o and u
are set to 0.3 and 0.2, respectively.

Simulation results are shown in Figure 2. Figure 2 (a)
shows the trajectories of event-triggered state z;(t%) for
1 =1,2,...,N, Figure 2 (b) reveals V(t) is exponentially
to 0 when h = 0.01s. The results indicate that the finite-
time bipartite consensus can be asymptotically achieved
in T = 2s under the event-triggered control protocol.
Since the controller of each agent updates at the triggered
instant, the resource utilization is higher.

5. CONCLUSION

In this paper, the finite-time bipartite consensus prob-
lem of MASs was studied via the event-triggered con-
trol method. Comparing with the continuous-time control
methods, the proposed event-triggered control scheme was
proven capable of reducing the frequency of control up-
dates. Moreover, a link between the convergence time and
the event-triggering condition was derived, which shows
that the event threshold brings a tradeoff between the
control updates cost and the time performance. Moreover,
Zeno behavior can be ruled out. Simulation results show

that the desighed controller has better disturbance rejec-
tion properties and can achieve bipartite consensus faster
compared to an asymptotic controller.
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Fig. 2. Simulation results of bipartite consensus for MASs: (a) The evolution of z;(¢%). (b) The evolution of the Lyapunov
function V(t) in Theorem 1 for ¢ = 1,2, ..., N when h = 0.01s.
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