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Abstract: In this paper, we examine the maximal delay range for robust consensus by using PID-type
control protocol for linear first-order multi-agent systems subject to time-varying delays. We derive
explicit lower bounds for guaranteed robust consensus of first-order unstable agents collaborated
with each other under PID-type control protocol with time-varying delays, which provide a priori
the range of delay over which the multi-agent system is guaranteed to obtain robustly consensus by
proportional (P) and proportional-derivative (PD) protocols for undirected graphs respectively. The
results show how the agent dynamics and graph connectivity may fundamentally limit the range of
delay tolerable. They also indicate that the derivative control protocol provides an added benefit to
increase the allowable delay range by incorporating the delay variation rate. Finally, the numerical
examples are used to illustrate the effectiveness of the proposed theoretical results.
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1. INTRODUCTION

Multi-Agent Systems (MAS) have increasing consideration
in the distributed coordination and optimization in recent
years. Consensus problem, as a central problem in the analy-
sis and design of MAS, has been studied extensively. However,
due to the agents communication to their neighbors via a
communication network with limited bandwidth, the infor-
mation transmission will be inherent delayed. Another delay
comes from the computation and the execution time of the
agents. These delays are often unknown and time-varying. To
account for the potential degrading effect of such time delays,
one must incorporate delays into consensus protocol design.
Meanwhile, from the control design point of view, it is nec-
essary to address the robustness of the consensus protocol.
As such, it is of interest to develop conditions such that the
MAS may achieve consensus robustly despite the presence of
possibly uncertain and time-varying delays, and to provide
estimation on the delay range so that the consensus can be
guaranteed a priori.

Delay robustness of MAS consensus has been addressed
in the recent literature. Notably, upper bounds on homo-
geneous delay are obtained in Olfati-Saber et al. (2004) to
guarantee the consensus robustness of first-order single-
integrator agents. Heterogeneous delays are considered in
Miinz et al. (2010), where a frequency-sweeping method was
proposed to estimate the delay range for consensus robust-
ness. The method also gives rise to explicit bounds for single-
integrator agents. For second-order agents, robust consen-
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suability problems were studied in Miinz et al. (2010), Yang
etal. (2010) and Wang et al. (2014), which result in conditions
that ensure double-integrator agents to achieve consensus
robustly against delays varying within a range. More gener-
ally, in the presence of time-varying delays, some sufficient
conditions on bounded uniform delays with arbitrarily fast
time-varying are proposed in Chen et al. (2017) by analyzing
the delay-dependent gains. Another maximal admissible up-
per bound on robust consensus of MAS with bounded unifor-
m delays is required to have the eigenvalues on the imaginary
axis (Wang et al. (2014)). In addition, it was shown in Miinz
et al. (2011) that with a nonlinear, adaptive control protocol,
consensus can be maintained for arbitrarily long delays. The
majority of the existing results mainly concern with the de-
sign of consensus protocols of varying complexities, ranging
from simple static state feedback to dynamic, nonlinear and
adaptive output feedback. In this paper we consider agents
under a time-honored and the favored control law (Astrém
et al. (1995)) PID-type control protocol with uniform time-
varying delays, under undirected network topologies. Previ-
ous results on PID-type consensus protocols can be found
in, e.g., Ma, and Chen (2019), though delay consensus ro-
bustness has been seldom addressed. Our objective is to find
the maximal allowable delay range of first-order MASs, within
which the MAS can achieve and maintain consensus robustly.
On the other hand, motivated by the recent theoretical stud-
ies of PID control for delay systems (e.g., Silva et al. (2002);
Ma, and Chen (2019)), we focus on the restricted structure
and complexity PID-type control protocols, and especial-
ly examine the maximal delay range for robust consensus
achievable by P-type and PD-type control protocols. From
the important discovery that we found, PID-type and PD-
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type protocols achieve the same delay robustness (Chen et al.
(2019); Ma, Chen, Lu, & Chen (2019)), it suffices to consider
PD-type protocols to investigate the delay robustness.

In this paper, we study the robustness ability of the feedback
control protocol to the time-varying delay and obtain the
explicitlower bound for the rate-independent delay in light of
the small-gain theorem. A sufficient and easy-to-check con-
dition for the guaranteed robust consensus range of the MAS
is established. Furthermore, we try to find that the derivative
feedback protocol offers the extra degree of freedom to obtain
an increased delay range by incorporating the delay variation
rate. As expected, the bounds show how the agent dynam-
ics and graph connectivity may fundamentally limit the al-
lowable range of delay under undirected graphs, if the time-
varying delay is variation rate-independent. In addition, the
allowable delay range will be increased by incorporating the
delay variation rate under the PD-type control protocol with
respect to P-type control protocol.

2. PRELIMINARIES AND PROBLEM FORMULATION
2.1 Mathematical Preliminaries

We begin with a brief review of algebraic graph theory. A
graph of order N can be represented as G = (V, &, A), where
V = {1,..., N} is the node set with each node representing
an agent, &€ C V x V is an edge set of paired nodes, and
A = [a;;] is an N x N adjacency matrix of the graph G. If
an edge (i, j) € &, the jth node can obtain information from
the ith node. The node i is called a neighborof node j. The set
of neighbors of node i is denoted as N; = {j|(j, i) € £}. The
graph G is said to be undirected if forall u, v € V, (u,v) € £
implies that (v, u) € &£. A path from node v; to node vy is a
sequence of nodes vy,..., vy such thatforeach i,1 < i <
k — 1, (vi, vi+1) is an edge. A graph is said to be connected
if there exists a path from any node to any other node, and
complete if every pair of distinct vertices is connected by an
edge. Throughout this paper, we assume that the graph under
consideration is undirected and connected. The adjacency
matrix A = [a;;] of a graph § satisfies the conditions a;; = 0
anda;; > 0if(v;, v;) € £,a;; =0if (v}, v;) ¢ Eforalli, j €
V. The degree of node i is defined as d; = Zj.vzl aij,i,j €V.
Then for the graph G, the degree matrix of G is defined by
D = diag{d;, d,, ..., dy}, and the Laplacian matrix £ =
D — A.Denoteby 1y = [11 --- 1]T. For a connected graph,
it is well-known that £ has zero row sums, or equivalently,
L has an eigenvalue at the origin with the eigenvector 1y,
i.e., L1y = 0. Furthermore, the Laplacian matrix £ admits
a unitary decomposition £ = WAWH, W = [w, w; --- wy]
is a unitary matrix. In particular, for an undirected graph,
A is in general symmetric and nonnegative definite, so that
A=diag{7tl, Az, s, AN}WlthOZAI < Az S S AN.

2.2 Consensus and Protocol

Consider a MAS of continuous-time first-order linear agents

xi(t)=axi(t)+ui(t), i=1,..., N, )
where a > 0 represents the unstable dynamics of the agents,
u;(t) are the control inputs, and x;(z) are the states of the

agents. Note that for a first-order system, the state coincides
with its output. Since the existing communication delay and
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the self-delay, with the network graph represented by its ad-
jacency matrix .4, we consider the following consensus pro-
tocol

N
wi(t) = —K(s) Y ailxi(t — 7(1)) — x;(t — 7(1)], @
j=1
where K(s) is a linear time-invariant feedback control, which
in general is a dynamic output feedback control law, 7(¢) is a
time-varying delay, satisfying that
0<17(1) < Tm, 3)
0<[i() <p <1, 4)
where 7, is the maximal delay range and p is the maximal
variation rate of the delay.

In this paper we are particularly interested in PID-type
control protocols. Specifically, we focus on the subclass of
proportional-derivative (PD-type) control protocols

Kpp(s) = kp + kas, 5)
and the proportional (P-type) control protocols
Kp(s) = kp. (6)

For any finite initial state x;(0), the MAS (1) achieves consen-
sus over the graph G if and only if

||Xj(l')7xi(t)H =0, VZ, ] =1, ..., N. (7)

lim
t—+00
Furthermore, with the delayed control protocol (2), for some
delay value T > 0, we say that the MAS (1) achieves ro-
bust consensus over the graph G if for any finite x;(0), i =
1, ..., N, the condition (7) holds for all 7(¢) € [0, T).

Define 6;(t) = x;(t) — x1(¢), i =1, ---, N and write 6(t) =

[61(2), 82(t), ..., 6n(1)]T. For the PD-type control protocol (2)

with (5), it follows that

(1) = ab(t)— (L —1np7) (kpb(t — T(1)) + kad(t — 7(1))),
®)

where BT is the first row of £. Evidently, the consensus con-

dition (7) is satisfied if and only if tErP 6(t) = 0.In addition,

let 5(t) = WT6(t)and 6(t) = [62(2), ---, dn(1)]". Itis easy
to see that tll)rll o(t) = 0, i.e., the consensus is achieved if

and only if . gin 6(t) = 0, where by simple algebraic manip-

ulation using the property of WV in the preliminaries, §(t) is
found as

5(t)=abd(t)— A (k,,S(t — () + kab(t — T(t))) L

with A being a diagonal matrix, whose diagonal elements
consist of the eigenvalues A,, ---, Ax. Hence, for the time-
varying delay 7(t) > 0, the MAS (1) achieves consensus
under the protocol (2) with (5) if and only if the system (9)
is asymptotically stable. It achieves robust consensus under
the protocol (2) with (5) for all 7(¢) € [0, T) if and only if (9)
is robustly stable for all 7(¢) € [0, 7).

It is worth pointing out that the equation (9) defines a neutral
delay system. The stability of this system (Gu et al. (2003)) can
be ensured only if the discrete part of the system

6(t) + kg Ad(t — 7(t)) =0 (10)
is stable. Compared with the constant delay case, in the p-
resence of a time-varying delay, the stability of the system
(9), albeit more sophisticated, can be analyzed using a small-
gain criterion. Toward this end, we introduce the linear time-
varying operator

AS(1) = 6(t — (1))
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The system (9) can be described by the block diagram shown
in Fig. 1. Define I' = {2,3,---, N} and by employing the
small-gain condition (Zhu et al. (2018)), we assert that the
system (10) is stable provided that

pkaA) = |ka| max|2;| <1, 1n
where p(-) denotes the spectral radius of a matrix. Note that
to achieve robust consensus, it is necessary that the system
achieves consensus for 7(¢) = 0; that is, the system (9) with
7(t) = 0 is stable, or equivalently, the polynomials

I+ 2Aikg)s +(Aiky —a)=0, ieT (12)
are all stable. It follows that with an undirected graph G, the
system (2) are all stable whenever |k;| < 1/Ay and k, >

a/2,.Hence, the feasible parameter set for (k,,, k) under the
undirected graph G is found as

1
o = ks ka): by > 1 [kl < 5.
? J 1/s )
e — Y
A
A — k(s) [e—

Fig. 1. Diagram of the system (9)

Similarly, the MAS (1) achieves robust consensus by P-type

control protocols (2) with (6) if and only if
5(1) = ab(t) — Ak,b(t — (1)), 13)

are all stable.

Evidently, the control parameter set for the P-type control
protocol under undirected graphs is found as

a
Qu_pz{kpl kp > A_Z}

3. DELAY CONSENSUS MARGIN AND LOWER BOUND
ACHIEVED BY P-TYPE AND PD-TYPE CONSENSUS
PROTOCOLS

3.1 Delay Consensus Margin

In this section our primary objective is to determine the max-
imal delay range so that consensus can be achieved robustly.
Firstly, let us revisit the constant but unknown delay (Ma,
Chen, Lu, & Chen (2019)). This amounts to determining the
delay consensus margin (DCM) achieved by PD-type control
protocol (2) with (5)

Tep—pp =sup {u > 0: There exists Kpp(s) such that
consensus is achieved for V7 € [0, u).}

and the DCM achieved by the P-type control protocol (2) with
(6)

Tcep—p=sup{u > 0: There exists Kp(s) such that
consensus is achieved for V7 € [0, u).}.

For conventional single-loop feedback systems, the delay
margin has been well studied with general linear time-
invariant controllers (Qi et al. (2017)) and PID controllers (Sil-
vaetal. (2002); Ma, and Chen (2019)). As for the DCMs of first-
order agents (Xu et al. (2013)) and second-order agents (Ma,
Tian, Zulfigar, Chen, & Chai (2019)) under the proportional
control protocol, the exact expressions have been derived.
However, for the time-varying delay, it is a rather difficult
problem to obtain the exact DCM. It is generally impossible
to obtain necessary and sufficient stability conditions for the
time-varying system. As such, in this section we will derive
the lower bounds on the allowable delay range Try_p and
Trv—_pp, respectively.

Before giving the main results, we consider the general delay
system as follows
x(t) = Ax(t) + Bu(t — 7(t))
y(1) = Cx(1),
where the time-varying delay 7(¢) satisfies the conditions (3)
and (4). Assume that (A, B) is controllable and (C, A) is ob-
servable. Let Py(s) = C(sI — A)~' B be the transfer function
matrix of the delay-free system. Denote K(s) to be a LTI out-
put feedback controller, i.e., u(s) = K(s)y(s), that stabilizes
Py(s). Define the complementary sensitivity function of the
delay-free system by

To(s) = Py(s)K(s) (I + Py(s)K(s))~". (15)

The following lemma (Ma, and Chen (2019); Qi et al. (2017))
is provided to be used in what follows.

(14)

Lemma 3.1. Denote by || - || oo the 7o, norm of a stable trans-
fer function. Let K(s) stabilize Py(s). Then the system (14) can
be robustly stabilized by K(s) for all 7(#)

@ Ifo < 7(t) < 7prand

[|Tams To(s)||o, < L. (16)
() If0 < 7(r) < 7, 0 < |2(1)] < p < 1and
TMmS 2 —
ﬁmm(sm(s) <55 a7
o0

where W, (s) is some stable and minimum phase rational
function such that

T(jw .
VO, G0)| 2 puw), Vo0 B
1+ =5
with 12, e
| 2sin(tw/2), |Tw| < T,
<) = {2, |Tw| > 7.

3.2 Lower Bounds Achieved by P-Type and PD-Type Control
Protocols

Armed with the small-gain stability conditions given by Lem-
ma 3.1, we now present our main results, which consist of
lower bounds on the DCM of the MAS (1) achieved by P-
type and PD-type control protocols subject to time-varying
delays, respectively. These bounds constitute sufficient con-
ditions for the MAS (1) to achieve robust consensus with re-
spect to time-varying delays subject to the conditions (3) and
(4).

Theorem 3.1. For an undirected graph G, the following state-
ments are true.
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(DThe MAS (1) achieves robust consensus by the control pro-
tocol (2) for all 7(z) satisfying (3) with Kp(s) = k, and a/A; <
kp, < 1/(7mAn). Furthermore,

Az
Trv— P>— Tl
N

(IT) The MAS (1) achieves robust consensus by the control
protocol (2) for all 7(r) satisfying (3) , (4) with Kpp(s) = k, +
kqs and k, > a/As, |kq| < 1/Ay, and one of the following
conditions

(19)

. 2|kd| 27LN|]C,1| [27[)
(l) ™ < kp ) 1+)t k || (S)Hoo < 2 ’
.. 2|kd| TMkpAN 2—p
> , W, i
(ii) Tm > k' T+nks Wz ($)loe <4/ —
hold. Furthermore,
24/2 — P Az
TTv—pDp = , (20
2V2[|[We, (8)loo — V2= p v

where W;,(s) is a certain stable, minimum phase rational
function satisfying the condition (18).

Proof. Under the undirected graph G, the system (9) is fully
decoupled and its stability reduces to the systems

51(1) = abi(t) =i (kpbilt — T(1) + kadilt — 7(1), i € T.

21
For each i € I', we define
A
Pyi(s) = ——,
s—a
Pyi(s)K,
To(s) = D (s)Kpp(s) ’
1+ Ryi(s)Kpp(s)
with
To(s) = diag{ Io(s), ---, Tn(s)},
Py(s) = diag{Ps(s), ---, Pn(s)}.
Consequently, we find that
T = max [2ars Tl
and
1+TMS W (S)TO(S* = maXH s W.,($)Toi(s)
With the P-type control protocol (2) w1th (6), we know that
T(s) = ik,
0iS)= S —a+ Ak,

The H ., norm of 7,5 Ty;(s) is found as
| Tms Toi(8)]| o = TMAiKp.
As aresult, for the undirected graph G, we have
| 7ms To(8)]| o
According to Lemma 3.1, the systems in (21) will be stable

whenever TyAnk, < 1. This together with the condition
k, > a/A;, gives the range

= TMANkp

@ <k,< 1

Az g TMAN
that guarantees the stability of the system (21). In what fol-
lows, we try to find a sufficient condition to achieve the con-
sensus. Since

. a

there will exist a Kp(s) = k, to achieve the consensus provid-
ed that T, A N% < 1. This leads to the condition (19).

In order to establish the bound (20), we follow the idea of Ma,
and Chen (2019) to evaluate that

™S
Tt o To(s) H—ws
o0

where now with a PD-type control protocol (2) with (5). Ty;(s)
is found to be

Toi(s) =

)

Toi(s)

_maXH

(oo}

Ai(kp + kgs)
A+ Aikq)s +(Aiky, — @)
For this purpose, we notice that

Consequently, we find that

TMS
1+TMS

Ailky + kqgs)

— 5 Loi($)
T+

<

o0

TMmS
I+ Aikag)s +(Aiky, — a)

o0

™S _ ™M
(14 2ika)s + (Aikp —@)| . 1+ Aikq
and
2‘kd| M
. » k|l > —kp,
Hxl(lkith;ds) =A; ™ | d| TZM p
2 00 kp, |kd| S 7](3’;
Hence, we have
2 kd ™M
Ty | |, |ka| > —kp,
) S O
a\ kp,  ka|l < Tkp'
(22

By the monotonicity of the right hand side of (22) in 4;, we
obtain that

2| kal TMk

TMAN |kd‘

—_— M
- 1+},de kp

P

™
o, -
H“FTMS Ikd\< Yk,

(23)
Furthermore, by the monotonicity properties of |ky4|/(1 +
Ankg)and 1/(1 + Ay k,) with respect to k;, we know that

inf{ 2|ka|An
1+ Anky
—inf TMICpQLN
- { 1+ Anky
_ ™M kp AN
1+ DkyAy
It is then easy to find that the right hand side of the inequality
(23) achieves its minimum as

™
: |kd‘ > 7](?’0}

T™m
: |kd‘ < 7kp}

’L'M(Z))LLN

1+ (TM/Z)aA_IZ

at (kp, kq) = (£, %),
In conclusion, in view of Lemma 3.1, the MAS (1) achieve
consensus robustly by some Kpp(s) for all 7(¢) satisfying (3)

and (4) if

Ay
’7.'1\/[a)L2

< 2-p
1+ (ty/2)a%t 2

This gives rise to the lower bound (20), hence complete the
proof. |

[Wer, (8] oo
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Remark 3.1. Inlight of Lemma 3.1, it is interesting to see that
the bound in (19) is always less than or equal to that the case
of the constant delay achieved by P-type control protocol in
Xu et al. (2013). This, of course, is expected, since

[ 2%
A _ _ 1 arctan A—gfl
— | <Trv—p<Tcp-Pp=— | —F0—
AN a P
-
2

1

a 1

In the limit, however, when Ay — A, i.e., when the graph
tends to be complete, these bounds coalesce to
_ _ 1
Trv—p =TCD-P = —-
a
Moreover, the gap between the two cases becomes monoton-

ically decreasing as the ratio Ay /A, decreases.

Remark 3.2. Similar to its constant-delay counterpart, the
lower bound in (20) indicates that inclusion of derivative con-
trol action can improve the delay consensus margin. This im-
provement is gained by incorporating the extra information
furnished by the delay variation rate. Indeed, when W;,,(s) is
appropriately constructed, specifically when

2\/2—p

>
2V2|We, (8)oe — V2= p
the bound in (20) always improves that in (19). The improve-
ment can be significant for a small value of p. In the limit
when p — 0 and ||W;,(s)|| = 1, the bound in (20) may
double that in (19).
Remark 3.3. In practice, most of the derivative control is im-
plemented by using a low-pass filter. As such, the PD-type
control protocols can be given in the form of
de

1+ TfS’
where T; > 0is the filter constant. Similarly, it is to determine
the DCM by the corresponding PD-type control protocols
with the filter possibly. In general, the DCM is decreasing with
the filter constant increasing.

’

Kph(s) =k +

4. SIMULATION RESULTS

In this section we provide an example to illustrate the main
results.

Example 4.1. Consider six agents coordinated with an undi-
rected communication topology, whose Laplacian matrix is

3 -1-1-10 0

-12 -1 0 0 O

co|71-13 0 0 -1

/-1 0 0 2 -1 0

0 0 0 -1 2 -1

0 0 -1 0 -1 2
The matrix £ has one eigenvalue at the origin and the re-
maining five eigenvalues are A, = 1,A3 = 1.5858,4, =

3, A5 = 4, A = 4.4142. With this undirected graph, the feasi-
ble design parameter sets under P-type and PD-type control
protocols are found as

Qu_p= {kp > a/l}
and
Qu_pp = {kp > a/l, |kq| < 1/4.4142}.
respectively. Let us consider the time-varying delay
7(t) = a(l — sinbt),

which indicates 75, = 2a and p = ab. Set a = 0.5. We first
examine the lower bound in (19), which is achieved by P-type
control protocols. Based on Theorem 3.1, we know that the
MAS (1) can achieve consensus by P-type control protocols
regardless of the delay variation rate p whenever

1 A

T < — - — =0.453.

a QLN
Fig. 2 confirms this assertion: For 7,; = 0.3 < 0.453, the
consensus can be achieved for

- <k,=075<
A, P

0.3y

20 30 40 50 60
.
t/s

Fig. 2. Consensus achieved at 7, = 0.3: differences of state
versus x1(t).

Next, we consider the PD-type control protocols. In this case,

we choose the following rational functions (Qi et al. (2017)

and Ma, and Chen (2019)) satisfying the condition (18),
wi(s) = 1.216,

0.1791(7s)? +0.70937s + 1

0.1791(7s)? +0.57987s + 1’

e 0.02952(c ) +0.210172(r 5)° +0.70763( 5> +1.318875+1
T ©70.02952(r 5)*+0.191784(r $3+0.64174(r 92 +1.1952827s+1°

W(s) =

By direct computation, we find that |[W"(s)||oc = 1.2160,
[ W2(5)]| oo = 1.0908, and || W.®)(s)||oc = 1.0831, respectively.
For a = 0.5, choose one pair of (p, Try) = (0.6, 0.5702)
within the consensus region given by the rational function
VVT(S)(S). Fig. 3 shows the relationship between 77y, and p
with different || W ”(s)||o. In addition, Fig. 4 indicates that
the consensus region achieved by PD-type control protocols
can be larger possibly than that achieved by P-type control
protocols if the variation rate of the time-varying delay is in
a small value. Select (k,, kg) = (0.68, 0.14) together with
Ty = 0.4 < 0.5702 satisfying the condition (i) of Theorem
3.1. Fig. 5 gives consensus under PD-type control protocols.

5. CONCLUSION

Based on the small-gain theorem we have derived the explicit
lower bounds of delay consensus margin of first-order MAS
under PID-type control protocols with time-varying delays
under the undirected graph. Unlike the upper bounds ob-
tained elsewhere, which can be used to determine the range
of delay where the MAS cannot achieve robustly consensus,
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W s =1 216
W25} nc=1.0008 | |

(s c=1.0831 |

L L L | | L L L L
o 01 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1
Iz

Fig. 3. Relationship between 77y and p

——FDype
P-type | |

Consensus Region

05

0.45F <3

0.4 * : * * * * * * :
0 01 02 0.3 0.4 0.5 0.6 07 0.8 09 1
0
Fig. 4. Consensus region achieved by PD-type control proto-
cols v.s. P-type control protocols.

0O 5 10 15 20 2 30 35 40 45 50
t/s

Fig. 5. Consensus achieved at (p, 7)) = (0.6, 0.4): differences
of state versus x;(t).

the lower bounds obtained herein serve an opposite purpose:
they provide a priori the ranges of delay over which the MAS
is guaranteed to obtain robustly consensus by a PID-type
control protocol. The lower bounds show explicitly the con-
sensus robustness depend on the graph connectivity (A,/Ay)
and the agent dynamics. It is more general to consider the

different time-varying delays between the communication
delay and the self delay. This will be investigated in our future
work.
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