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Abstract: The dynamics of wheel slip plays an important role in generation of traction forces,
responsible for driving a ground vehicle. It is important to take these dynamics into account
while designing control laws, in order to ensure stability of the autonomous vehicle. In this
paper, the longitudinal and lateral slip dynamics are modeled and incorporated in the vehicle
model. The key contribution of this paper is the design of a nonlinear hierarchical controller to
address the trajectory tracking problem in presence of combined longitudinal and lateral slip
dynamics. A Lyapunov based analysis is used to guarantee stability of the closed-loop system.
Simulation results are provided to demonstrate the efficacy of the proposed controller.

1. INTRODUCTION

The study of autonomous ground vehicles has attracted
significant attention in recent years. Particularly, control
design is an important aspect of research related to both,
autonomous ground vehicles as well as wheeled mobile
robot platforms. Typical problems in this context are
trajectory tracking and path tracking. The trajectory
tracking problem involves design of control laws such that
a time parameterized reference (i.e., a planned geometric
path with associated timing law) is tracked, while the
path tracking problem requires the vehicle to converge to
and follow a path without any timing law (Aguiar and
Hespanha (2007)).

Often, the longitudinal (cruise control) and lateral con-
trol (automated lane-keeping) aspects of path or trajec-
tory tracking problem are separately discussed (Rajamani
(2011)), where only the longitudinal slip dynamics is con-
sidered for longitudinal control and only the lateral slip dy-
namics for lateral control. The lateral controller is designed
under the constant longitudinal velocity assumption, for
which a linearized model of vehicle is obtained. Similarly,
a nonlinear lateral controller is designed in Jiang and As-
tolfi (2018), with the assumption of constant longitudinal
velocity. However, this assumption may not be reasonable
for the path tracking or the trajectory tracking problem,
particularly when longitudinal slip is also present. Without
the assumption of a constant longitudinal velocity, the
nonlinear coupling between the longitudinal and lateral
vehicle dynamics complicates the design of a stabilising
controller.

A hierarchical adaptive controller for path tracking prob-
lem involving autonomous vehicles is adopted in (Chen
et al. (2015)), which involves decoupling of high-level dy-
namics vehicle motion from the low-level dynamics of slip.
Although there has been considerable research on the path
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tracking/lane following problem involving autonomous ve-
hicles, few results exist that address the trajectory tracking
problem. Unfortunately, the control design for the path
tracking problem does not trivially extend to the trajec-
tory tracking case, since the trajectory tracking problem
additionally requires to follow a timing law (Aguiar and
Hespanha (2007)).

A non-linear model predictive controller is proposed for
controlling an autonomous vehicle in (Falcone et al. (2007);
Quirynen et al. (2018)), considering longitudinal as well as
lateral slip dynamics. While there is a significant amount
of literature involving MPC based techniques to solve
the trajectory tracking problem in presence of combined
longitudinal and lateral slip, there is almost no attempt
to solve this problem in the framework of Lyapunov based
stability analysis, to the best of the authors’ knowledge.

Introducing the slip dynamics yields a unique coupled
structure of combined vehicle dynamics, which causes dif-
ficulties in designing both feedback linearization as well as
pure backstepping based strategies. The nonlinear, cou-
pled and switched nature of the wheel slip dynamics leads
to further challenges in control design. The key contribu-
tion of this paper is the design of a nonlinear hierarchical
controller to address the trajectory tracking problem for
an autonomous vehicle, in presence of longitudinal as well
as lateral slip dynamics, followed by a rigorous Lyapunov
based stability analysis.

2. DYNAMIC MODEL OF VEHICLE
2.1 Vehicle Body Model

A rear wheel drive electric vehicle is considered in this
study and the dynamics of the vehicle are modeled using
the ‘bicycle model’ (Margolis and Asgari (1991)) given by
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Fig. 1. Vehicle Model in Inertial and Non-Inertial Frames

Fig. 2. Tyre Model for Longitudinal Slip

My = muyth + LF, (1)
mu, = —mugtp + LF, (2)
I = M (3)

where v;,v, are the vehicle linear velocities and XF,
and Y F, are the net forces along z and y directions,
respectively, M is the net moment about the vertical
axis, m is the mass of the vehicle and I is its moment
of inertia about the vertical axis, and % is the yaw rate.
The sideslip angle 8 represents the direction of resultant
velocity of the vehicle and is defined as

8= tan~1 ¥ (4)

Vg

The resultant velocity of the vehicle is given by

v =Vl =y/va® + vy ()

Fig. 1 shows the vehicle model in inertial (X —Y") and non-
inertial (X' =Y, X" —Y") frames. The resultant velocity
v makes an angle 6§ = 8 + ¢ with the the X-axis of the
inertial frame. The velocity in inertial (X —Y) frame is

given by

T cos

M - [sin 9] (6)
where (z,y) is the position of centre of mass of the vehicle.

2.2 Tyre Model

For a tyre of radius r, rotating with angular velocity w
and moving with velocity viong as shown in Fig. 2, the slip
ratio A is defined as (Rajamani (2011))

W —
—— w 2 Vlong andwzvlong #0

— A%
A=1Q rw— Viong (7)
— Tw< Vlong andw: Viong 7é 0
Vlong

Considering the wheel coordinate axes (Xypeer — Yuwheel)
as shown in Fig. 3, the force exerted by the wheel may
be represented as Fuwheel = [Flong Flat)? and the wheel
velocity may be represented as Vwheel = [Viong Vlat]®
where vjong and vie: denote the longitudinal and lateral
components of the wheel’s velocity. For the rear tyre,
Viong = Vg, since the rear tyre always remains aligned with
the longitudinal axis of the vehicle.

Fig. 4. Free Body Diagram of Vehicle

The force exerted by the tyre, Fi,pheei, is given by Pacejka’s
tyre model (Bakker et al. (1987); Rajamani (2011); Falcone
et al. (2007)). For the sake of simplicity, it is desirable to
restrict the slip ratio in the region |A\| < A, where the
longitudinal force-slip ratio relationship is almost linear,
so the longitudinal force may be expressed as (Rajamani
(2011))

Fiong = Cx A (8)
where C, is called the longitudinal stiffness of the tyre.
Similarly, the lateral or cornering force exerted by the tyre
depends on a quantity called ‘slip angle’. The slip angle «,
as shown in Fig. 3, is defined as Rajamani (2011)

a = tan~t 24t (9)
Vlong

For || < @, the lateral force-slip angle relationship
is almost linear. In this case, the lateral force may be
expressed as Rajamani (2011)

Flat = —CyOé (10)

2.3 Vehicle Dynamics

A free body diagram of the vehicle is illustrated in Fig.
4, where F,.., = C4v,2 is the aerodynamic drag force,
Flong1,Fiong2 are the longitudinal forces exerted by the two
rear tyres and Fjq;1, Flat2, Flats, Flata are the lateral forces
exerted by the corresponding tyres shown in the figure.
The longitudinal and lateral forces exerted by each tyre
may be found using (8) and (10). Since the vehicle is a
rear-wheel drive, only the rear wheel’s longitudinal forces
are considered in Fig. 4. Considering the bicycle model, the

slip angle for each rear wheel is : a3, ay = _(1@”;1)71)) , and

for each front wheel is : ay, 0 = 6 — (%) The lateral
force exerted at each wheel (Flat1, Flat2, Flats, Flata) may
be evaluated by substituting the corresponding wheel’s slip
angle in (10).

Combining the vehicle body model and the tyre model,
assuming small value of steering angle (4), evaluating
slip ratio and slip angle at each wheel and finding the
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Fig. 5. Block diagram of the proposed nonlinear hierarchical trajectory tracking control system

corresponding tyre forces, the equations of motion for the
autonomous vehicle are obtained as

. 20,
Uy = Uyth — Cqvg? + g A (11)
. 2(b— )4 2
U-y:_vx¢+wi_&ﬁ+&5 (12)
m Vg m m
. 2Cya _ 20,(b—a) . 2C,(a®+b?) ¢
V=0t 7 I Uy (13)
o= ren (14)

J
where Cy is the coefficient of aerodynamic drag, ¢ is the
steering angle input, T is the torque input to each wheel,
J is the moment of inertia of the wheel.

Differentiating (4) with respect to time yields
B _ Vg Uy — UyUg

2 2
vx—i—vy

(15)

Differentiating (7) with respect to time and substituting
(11) and (14) yields

1 Cd 2 QCw
—— (1= _ e
- - Sz 4 20
C,r? 9 r 9
A1 =N+ —(1 =N T A>0
A= (16)
. Cq oy 20,
——la — 42
@ oy - Sz 4 20
Cpr? r
A T A<0
+=—5 :|+Jvm <

Although the right hand side of (16) is a switching func-
tion, it is still continuous. Equations (11), (12), (13) and
(16) comprise the plant dynamics for control design.

Remark 1. The slip ratio dynamics in (16) are jerk-level
i.e. one order higher than the acceleration-level dynamics
in (11), so it is reasonable to use acceleration v, as
feedback for the control design.

Assumption 1. v, > v, > 0. This also implies from

(4) that g # 7.

Assumption 2. Slip ratio |A\| < X and slip angle |o| < &,
so that the longitudinal force-slip ratio and lateral force-
slip angle relationship are linear.

Assumption 1 is required for controllability of the system.
A similar condition is also encountered in (Oriolo et al.

(2002)), where a singularity may arise in the controller,
when a wheeled mobile robot attains zero velocity. As-
sumption 2 implies that (8) and (10) hold.

3. CONTROL DESIGN
8.1 Objective

For the given reference model :

Z, = v, cos b, (17)
Yr = U sin 6, (18)
0, = w, (19)

with v,-(t) > vmin > 0 for all time ¢, the objective is for
q=[zy0)T to track q, = [z, y, 0,]T.

Assumption 3. Reference speed v,.(t) and reference yaw
rate w,(t) are bounded.

8.2 Hierarchical Control Design Procedure

A nonlinear hierarchical controller is proposed as illus-
trated in Fig. 5; the outer loop kinematic controller assigns
a desired linear velocity v. and angular velocity 6. based
on position error feedback, which are then fed into the
lateral and longitudinal subsystems. The lateral subsystem
involves an angular velocity controller, which assigns the
steering angle input J, while the longitudinal subsystem
involves a cascade with two loops. The outer loop linear
velocity controller of the longitudinal subsystem assigns
the desired slip ratio Ay, which is then used by the inner
loop slip ratio controller to generate the torque input 7'

The tracking error in vehicle frame is given by

e co.sﬁ sinf 0 €, — &
eq=R(qr —q) = [621 — | —sinf cosf 0 [y,. —y
€3 0 0 1 97’ -0

(20)

where e3 € [—m, 7], since it is the orientation error. Then
the orientation tracking problem may also be expressed as
the problem of regulating sin(%*) to 0. In order to find the
kinematics, differentiating (20) with respect to time yields

962 + v, coseg 10 "
~ ool e
wy 01

€q = | —0e; + v, sines

6420



Preprints of the 21st IFAC World Congress (Virtual)
Berlin, Germany, July 12-17, 2020

Step 1 : Auzilliary Velocity (Kinematic) Control Inputs

The auxilliary velocity inputs stabilising (21) are defined
as Kanayama et al. (1990)

Ve| a v, coses + kieq

0. |wy + kovrea + kgsines
with ki,k9,k3 > 0. The error e4 for the virtual linear
velocity control is defined as

(22)

es 2 v -,
After substituting (22) and (23) in
expression for €g is obtained

(23)
(21), the following

962 — kl €1 — €4
—961 + v, sines
—kov,.eo — kgsineg
Considering the following Lyapunov function candidate

(24)

€q =

k
Vi=ki(e+ed)+ Qk—l(l — coses) (25)
2

The time derivative of V; after substituting (24) is found
to be

Vi = —2k2e2 — 2k;€k3 sin?

es — 2kieieq (26)

2

A virtual control for §, was not considered here because
it is possible to perfectly track 6., which gets clear in the
subsequent analysis. For this purpose, an error variable e,

is introduced for 9C,
69‘ = 9 - éc (27)
Since the right hand side of (27) contains 0, an expression

for 6 is obtained by differentiating 6 = 8 + 1 with respect
to time and substituting (15),

S Ugly — Uyl
b=b6+v vZ + vZ
since the right hand side of (28) contains v,, which is
related to the steering angle control input ¢ in (12). At
this stage, ¢ is designed as

+ 1) (28)

m , )
——(uq ) —(b—a)— +2
s ey +vet) = (b= a) - 428
where 1, is a control term yet to be designed. Substituting
(29) in (12) yields

5= (29)

Uy = Uqy (30)
Since it is desirable to design ugy such that the remaining
terms get cancelled in (28), u,, is designed as
vfj + Uj
Vg Uz

where ug is a control term yet to be designed. Substituting
(31) in (15) yields

Vy Uy

ug (31)

uay ==

B =ug (32)
Designing ug as

ug = 71# + 0,
yields = 6,, and therefore e; = 0.

(33)

Step 2 : Regulating ey

6421

The time derivative of e4 from (23), is
(34)

where a, is the virtual control for acceleration and es is
the corresponding backstepping error, defined as

€4 =0V — V.= a, +e5 — Ve

A .
es =0 — ay

(35)
The virtual control for v, stabilizing (34) in subsequent
analysis, is
Ar = Uc — ]{3464 + 2k1k461 (36)
with k4 > 0, where v, is obtained after differentiating (22)
with respect to time.
U, = U, COS €3 — V€3 8in ez + k€1 (37)
At this stage, consider the following Lyapunov function
candidate
1
Vo=Wi+ ——e}
2 1+ %1 €1

The time derivative of V2 after substituting (36), (37) and
(35) is expressed as

(38)

. kik 1
Vo = —2k%e? — 2 1% gin? ez —e2 + —eqes
ko k4

(39)
Step 3: Regulating es

Since e5 involves © in (35), it is required to find v, so (5) is
differentiated with respect to time and (4) is substituted
in the resultant expression. Then

U = Vg cos B + vy sin 3 (40)
Substituting (11) in (40) yields
0= (vy¢ — Cava? + =2 X)cos B + Uy sin 3
" (41)

= (vy¥) — Cyv. + ?(UA +ey)) cos B + vy sin 8

where wu) is the virtual control for A and e, is the
corresponding backstepping error, defined as

ex = A —uy (42)
At this stage, u) is designed as
. 1

uy = QZI (Cqv2 — vy + @(—v’y sinf+a,)) (43)

Substituting (43) in (41), and the resultant expression in
(35) yields

2C

es = —2ey cos B (44)
m

The time derivative of es, obtained after differentiating
(44) with respect to time is

x

2C,
€5 = excosfB— ——eyfsinf (45)
m
In order to find e), (42) is differentiated with respect to
time.

(46)
Since (46) contains A on the right hand side, it may be
recalled from (16), that A depends on the wheel torque
T, which is the actual control term. Since (16) consists
of a switching function, the wheel torque input 7' is also

designed appropriately as a switching function, to cancel
the switching terms.

e',\z)\—u}\
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Jvg
(1 — \)2 [UA L (<
Ca o QC;E Cyr
—— U )
m m

)(Uzﬂ/}

A@—Aﬁﬂ A>0

T:
Jug 1
e O (U N
Cy 2C Cyr
R Y] A<0

(47)
where u; is a control term yet to be designed. It may be
observed that the expression for T in (47) is continuous, if
uj is continuous. In order to find the closed loop dynamics,
substituting (47) in (16) yields

A=y (48)
The closed loop dynamics in (48) does not involve any
switching term. Substituting (48) in (46), and the resultant
expression along with (32) in (45) gives

2C, 20, .
2 20 49
= (us —ux)cosf3 —exug sin 3 (49)
At this stage, u; is designed as
us, = Uy +exugtan B — kses — m&; (50)

where ks > 0. Since the right hand side in (50) contains
uy, an expression for u, needs to be found. Substituting
(36) in (43) gives

2 T (cg? vy¢+m(vc—k4€4+2k1k4el)) (51)

Differentiating (51) with respect to time, and substituting
(32), yields

Uy =

Uy = 5C. {2C’dvmvm — Uy

— kyeq + 2k1kyeq) cos (52)

1 .
+0052 Jé] ((vc
_(U.c — kgeq + 2]{71k’4€1)u§ sin /B)}

The right hand side of (52) contains ¥, which is obtained
by differentiating (37) with respect to time

U, = U COS e3— 20, €5 Sin €3 — v, 63+ k1 €1 —v,€3° cos ez +k1 €1

(53)
Substituting (37) and (53) in (52) gives
. m 1 .
Uy = 50, [QCdevw Uyw + — ey ((UT cos e

—2v,.e3sines — v,.€3 + k1€1 — ’Ur6.32 coses + ki€
—kqeq + 2k‘1k‘4€.1) cos 3 —
+l€16.1 — ]C464 + 2]{31143461)11,5 sin 6)i|

(v, cos e3 — v,.€3 sin ez
(54)

where the expressions for €] and €3 are obtained after
differentiating (24) as follows

€1 = (W + kotres + kov,€s + ks€s coses)ea+
. . (55)
(wy + kovyes + kssines)es — kiep — €y
(56)
These expressions along with (24) can be back-substituted
into (54), and the required control input 7" may be ob-
tained after further back-substituting i in (54) and then
back-subsituting the resultant expression for u; into (47).

€3 = —kot,.e9 — kov,€9 — k3€3 coses

For analysing stability of the closed loop system, the ex-
pression for €5, found after substituting (50) in (49), is

€5 = ——2kses cos B — ey (57)
m

At this stage, consider the following Lyapunov function
candidate

Vs =V;+ (58)

1
2k4
The expression for time derivative of V3, obtained after
differentiating (58) is

2C €4€5
Vy=Vy— ke kg,escosﬁf k74

Substituting the expression for V5 from (39) into (59),

Vi = —2k2e? — 2k1k3 sin?ez — e — Co L kseZcos B (60)

ko mky

It may be recalled at this stage, that cos3 > 0, since
B € (=m/2,7/2). From (60), V3 is negative semi-definite,
implying that the error vector e = [e; es e3 ey es]? is
bounded. Since e is bounded, it may be observed from (24),
(34), (37) and (57) that ||e|| and ||é|| € Lo, 50 V3 € Lo
Hence V3 is uniformly continuous, and since Vi is lower
bounded and V; is negative semi-definite, by Barbalat’s
lemma, it follows that V3 — 0. Thus from the right hand
side of (60), it follows that [e; e3 e4 e5]T — 0.

(59)

The orientation error derivative €3 is uniformly continuous
as €3 = —koU,es — kov.€y — k3ézcoses € Lo, because
of the fact that |le|]| and ||&]| € Lo, and v, € Ly
according to Assumption 4. Using Barbalat’s lemma, it
follows that €5 — 0. This implies with the use of (24) that
€3 = —kovre9 — kg sinez — 0. Since e3 — 0 and v, > 0, it
follows that es — 0. Thus e = [e; es e3 e4 e5]T — 0.

4. SIMULATION RESULTS

The control design procedure explained in Section III was
implemented in Simulink. The simulation considered a
Formula Style Rear-Wheel Drive Electric Car, used for
Formula Student competitions. The vehicle parameters
were considered as : m = 280,I = 85,Cy = 0.8,a =
1.2,b = 0.8,C, = 30000,C, = 20000,r = 0.235,J =
0.4 The following controller parameters were used in the
simulation : k1 = 50,ky = 2,k3 = 30,ky = 10,k5 =
0.5. A hyperbolic tangent shaped lane change reference
trajectory was considered for the simulation.

Fig. 6 (a) shows the actual and desired trajectories, 6 (b)
the longitudinal tracking error, 6 (c) the lateral tracking
error, 6 (d) the angular error, 6 (e) the torque input
and 6 (f) the steering angle input. It is evident from the
simulation results, that the reference trajectory is tracked
and all the tracking and backstepping errors converge to
zZero.

5. CONCLUSION

A nonlinear hierarchical trajectory tracking controller is
proposed, for an autonomous ground vehicle with com-
bined longitudinal and lateral wheel-slip dynamics. The
stability of the closed-loop system is guaranteed using
Lyapunov analysis, and simulation results are provided to
demonstrate the efficacy of the controller. In this paper, it

6422



Preprints of the 21st IFAC World Congress (Virtual)
Berlin, Germany, July 12-17, 2020

(a) Desired and Actual Trajectories

4 [_ —_—
T2 " -
= 4 ‘ Actual Trajectory
0 /] = = = Desired Trajectory
= ‘
-2
0 10 20 30 40 50
X(m)
(c) Lateral Error e,
1.5
1
E N
~ 05 ~—_
CDN \
0
0.5
0 10 20 30 40 50
Time (s)
(e) Torque Input
€ 100
=3
2 AMAAA
o ASA A
]
—
-100
0 10 20 30 40 50

Time (s)

(b) Longitudinal Error e,

0.1
E
M
| VWY
-0.1
0 10 20 30 40 50
Time (s)
(d) Angular Error e,
0.1
g
= 0
o
()
-0.1
0 10 20 30 40 50

Time (s)

(f) Steering Angle

0.1

-0.1

Steering Angle (rad)
o

Time (s)

Fig. 6. (a)Desired and Actual Trajectories, (b) Longitudinal Tracking Error, (c¢) Lateral Tracking Error, (d) Angular
Tracking Error, (e) Torque Input and (f) Steering Input from the simulation result

is assumed that slip ratios and slip angles lie in a bounded
region such that they have a linear relationship with the
traction forces. It is also assumed that the longitudinal
velocity is greater than some positive constant, in order to
avoid singularity. The future goal of this work is to design
a controller, such that the longitudinal velocity remains
constrained to be greater than some positive constant, the
slip ratios and the slip angles are kept bounded in the
desired region, and the controller is robust to parametric
uncertainty.
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