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Abstract: In this study, we give necessary and sufficient conditions for well posedness of Conewise Linear
Systems in 3-dimensional space where the vector field is allowed to be discontinuous. The conditions are
stated using the subspaces derived from subsystem matrices and the results are compared with the existing
conditions given in the literature. We show that even we don’t have a fixed structure on system matrices
as in bimodal systems, similar subspaces and numbers again determines well posedness.
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1. INTRODUCTION

Conewise linear systems (CLS) are simply piecewise
linear systems where the entire space is divided into convex
cones. Partition of the space can be done either using bounding
matrices C; or via the vectors {vq,v,,..1;}, as shown by
Farkas-Minkowski-Weyl Theorem — (Schrijver A., 1986).
Each subsystem of CLS is a linear time invariant (LTI) system
and the trajectory moves in the cone y; as C;x = 0. As the
transition between the modes depends on the the states, CLS
can also be regarded as a state depended switched system or
alternatively linear hybrid automata, (Lygeros et al., 2003),
(Shen et al., 2009). Although all the submodes are linear,
behaviour of CLS is quite complex. Existence and uniqueness
of the solution, in other words well posedness (WP), on the
bounds of subsystems of discontinuous CLS has been
considered by many authors, (Imura and Van der Schaft,
2000), (Xia, 2002), (Thuan and Camlibel, 2014), (Sahan and
Eldem, 2015 and 2019) and (Ozguler and Zakwan, 2019). A
detailed investigation for WP of discontinuous dynamical
systems see also (Georgescu et al, 2012). The stability of CLS
is also considered by (Pachter and Jacobson, 1981),
(Araposthatis and Broucke, 2007), (Shen et al., 2009),
(Zhendong and Shuzhi, 2011), (Eldem and Sahan, 2014, 2016)
and (Eldem and Oner, 2015). However, obtained results are
generally valid for some special subclasses and thus, the issue
of WP is still being investigated by many researchers.

For the solution of WP problem, there exist some special
solution structures in the literature such as Caratheodory,
Filippov, Krasovski, Euler, (Cortes, 2008), (Filippov, 1998).
In this work only Caratheodory Solutions (CS) are considered.
WP is resolved in planar case by introducing the “flow
continuation condition” (Pachter and Jacobson, 1981). On the
other hand, (Imura and van der Schaft, 2000) and (Xia, 2002)
used CS and smooth continuation sets S;'s for WP of bimodal
and multimodal CLS in R™. The structure of the system
matrices of a well posed CLS is given for planar and
multimodal case by (Sahan and Eldem, 2019) and for bimodal
case in R™ by (Sahan and Eldem, 2015), respectively.
Submodes are classified as transitive and nontransitive for a
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class of CLS by (Ozguler and Zakwan, 2019). Roughly
speaking, if all the trajectory starting from a cone changes
mode then it is transitive. Categorization of trajectories in this
way is closely related with WP and can be regarded as a first
step to explore stability.

In this work, we consider a multimodal CLS in R3 and give
necessary and sufficient conditions for WP. We state how the
conditions given in (Imura and van der Schaft, 2000) and (Xia,
2002) are possible. We also relate our results to system
matrices and so generalize (Sahan and Eldem, 2015, 2019) to
3-dimensional space and multimodal cases respectively.

Nomenclature: Throughout this work, we use R" for n-
dimensional real vector space, x for the interior of a cone, I,
for n X n identity matrix, sgn(k) to define the sign of k € R,
|A| for the cardinality of the set A.

2. PRELIMINARIES

Definition 1 : [Zhendong S., Shuzhi S.G., 2011] A CLS is a
differential or difference equation

x=fx)=4x x€y (1)
where Ay, A,, ...A; are real n X n constant matrices, and
X1, X2, )1} is a set of convex polyhedral cones with
Ulcyxi =R"and ) N x) =@ fori#j.

Using the partition above, the family of the polyhedral
cones forms a conic subdivision for R™. The polyhedral cones
and bounding matrices can be defined precisely as follows,
(Scholtes, 2012), (Shen, 2010).

xi={x: Cx=>0},i=12,..,land C; € Ri*™ )

N1
Ci=[ : l,nijERlxn,l SjSli,CieRlixn. (3)
nili

Conventionally, it is assumed that [; is minimum, in other
words, the description is not redundant.

The borders of the polyhedral cones for 2-dimensional
spaces are just two lines. However, the borders of a cone in
R? are planes and lines passing through the origin. Seperators
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of polyhedral cones may be more than two and may have more
different formations. This is a well known and a widely
studied issue in Geometric Combinatorics, (Scholtes, 2012),
(Schrijver, 1986) and (Ziegler, 1998).

We assume for a uniform partition of CLS that the system
is memoryless, (Iwatani Y. and Hara S., 2006). So the interior
of each pairwise intersection is empty, i.e. x? Ny, =@ for
i # k and that y; U x, U ...x; = R™. Since the existence and
uniqueness of the solutions are to be considered especially at
the boundaries of the cones, we first define and classify the
borders formally and give more detailed definitions about
geometric structure of the polyhedra.

Definition 2: (Schrijver, 1986), (Bremner et.al.2009)
Consider the CLS defined by equations (1)-(3) in R® and its
conic subdivisions.

. Ti’j- is a k-dimensional face of x; if and only if
Ff={x € yilnyjx =0} c Ker(n;;), k=12. (4
o A facet of x; is a maximal face of dimension k = 2. We do
not mark dimension if it is a facet.

o Faces of dimension 0 are called vertices and faces of
dimension 1 are called edges (or extreme rays).

Two modes are said to be adjacent if they share a
common face. We also define £5(X) as the set of the indices
which is active on the set X < F;;, (Shen, 2010).

A trajectory may start on a face and stay on it. In order to
eliminiate these kind of trajectories, i.e. sliding modes, we
assume throughout paper that “All the (ni]-,A,-) pairs are
observable”. So all the trajectories that we consider are
crossing-boundary or invariant types. That is, when a
trajectory touches a face either it changes mode or turn back
its own mode. Otherwise, the system may stay infinitely long
in a single co-dimension-one part of the boundary between two
modes.

Example 1: Consider 8 octants of R3. Each octant is bounded
with 3 facets which lie in Ker(e;) planes for standard basis
{e;} in R3. So we have F,;;,F;, and F;; facets for the Ist
octant for C; = I3. Also edges for each octant, i.e. ?—"l-lj’s, are
half of coordinate axis x, y and z and origin is the only vertice.
Thus, for a CLS in R3, F;;’s (facets) and F};’s (edges) are a
portion of a plane and a line through origin.

In order to explain the problems which may arise for a
CLS in R3, let us consider the simplest case, which is Bimodal
System, (Sahan and Eldem 2015), (Eldem and Sahan, 2016).

Remark 1: Consider the bimodal CLS

. {Alx, if cTx>0

274 =

We only have one face Fi, = Ker(cT). Note that
Ker(c")nKer(c"A;) and Ker(c")nKer(c"A,) are

seperating lines for 1™ order derivatives. For WP, these lines

must coinside on a line L. If these lines do not coinside, they
may induce some ill posed (IP) regions on the face Fi, =
For = Ker(c") (Fig (1) ).

The first order derivatives are equal to zero for the initial
conditions on the line L. It also seperates the trajectories
starting from Ker(cT) that have positive (P*) and negative
(P~) first order derivatives at t = 0, i.e. cTA;xy > 0 for x, €
P and cTAixg < 0 for x, € P~.

KET(ET)nKET(L‘TAZ) ’> ,}

A\ N
/

«

y

Ker(cr) r\Kerl:crAl\ Q

P~ half plane

Fig.2

In addition, since the first order derivatives are zero for
X € L, we need to check second order derivatives. For one
part of the line L, the second order derivatives are positive
(L*), for one part they are negative (L™), i.e. cTA?x, > 0 for
Xo €LY and cTA?xy <0 for xo € L™. So the smooth
continuation sets for each mode are disjoint, (Fig (2)) and
their union gives R® which is equivalent to WP conditions
given by (Imura and van der Schaft, 2000), (Imura, 2002).

Definition 3: Consider mode i and its j*™* face Fij. We define
Lij = ker(nij) n ker(niin). (6)

Note that different £;; spaces (lines through origin) can be
defined for different active modes and corresponding 4;’s on
Fij. We'll simply use the terminology “L;; spaces on F;;” for
them.

Definition 4: Consider mode i and its j*" face Fij. We define
a0 (%0) = nyjAgxy and afi(xo) = n;Arx,

Jor points x, € F;.
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Thus, the numbers ailj(k) (x¢) and aizj(k) (xo) are 1t" and
2™ order derivatives determined by k" system matrix and j"
row vector of C;. We do not mark order if it is 1. We also
generalize the regions P* and P~ on the faces. We do this to
seperate the regions on a face as the ones where mt" order
derivative is positive or negative.

Definition 5: Consider mode i, and its j** face Fij and
assume that k € fS(TL-J-).

.’Pl-T}".(’,:) = {x, € Fyj: allu (Xo) = nAitxg > 0},m =1,

?7;‘(’,;) = {xo € Fij: ai’;‘(k)(xo) = ;AR xy < 0},m =1,2.

L
3. WELL POSEDNESS OF CLS

Now let us consider the main result of (Sahan and Eldem,
2015) and adapt it to CLS. (We do not use affine terms in CLS)

Theorem 1: Consider the following bimodal CLS

. {Alx, if cTx=0

“Uow, if cx < 0},A1,A2 eER™cT=[0 .. 0 1]

where Ay and A, are as in equation (2) of (Sahan and Eldem,
2015). The system is well posed iff the following hold.

1) The structure of Ay is such that a;; = 0 if i = 3,4,...,n
and j = 1,2, ...,1 — 2, or equivalently the following hold
N3_oker(cTAY) = Ni_gker(cTAY) fors =12,..,n—1.

2) The entries of Ay which are below diagonal are positive,
ie Qipq;>0fori=12,..n—1

If we state the Theorem 1 in R® and in terms of the
terminology we used in Definitons 3-5, the first item is
equivalent to say L;; = L,; where n;; =n,; =[001].
ker(n;;) N ker(n;;A;) N ker(n;;A?) is the origin and there is
no more NS_, ker(cTAl) subspaces. For R3, the line £;; =
L,, divides the face F;; = F,, = Ker(c") into two regions
'{P1+1(k) and Pr; (). Secondly, the origin divides £,; = Ly, into
two parts 7312 1’"(Lk) and SD12 izk) for k = 1,2. The second item states
that £, and origin divides F;; into such regions that direction
of the solutions are the same, as well. Consequently, two items

pL+ _ plt P2+ _ p2t
state that { i = P g [P0 = P g
P11(1) = Pu(z) P11(1) = P11(2)

is resolved. For simplicity, we give a special name for this
situation as following.

Definition 6: Consider a CLS in R3 defined by (1)-(3), the
mode i, its j* face Fij and @ # X < Fyj. If we have either

1+ __ 1,+
{P i = Pijo

Pt pL-

~ ' }onXCTijor
J@ T i)
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2+ __ 2,+
i@ = Pijto

aijaX) =0 =>{ ER } vk € £5(X),
) — Tijle)

and disjoint union of PLT(:)/ " regions give X, then we simply

state that “ ?:;l(z)/ " regions match on X”.

Depending on the Definitions 3,4 and 5, we state that L;;
subspaces (lines) may divide the initial conditions on a face F;;
into two parts: P/j) and P;j. But, L;; subspaces may also
lie out of Fyj, ie. L;; € Ker(n;;) — Fy;. Here, ?L.T}l(';) (or
?L-T(‘,;)) defines the set of initial conditions on a face F;; such
that @}, (xo) (dot product of n;; and mt" order derivative

vector with respect to mode k) are positive (negative).

Consider a CLS in R3, its mode 1 and its face F;;. (See
Figs.3 and 4). Let the adjacent mode on F;; — Fi; be mode 2.

In view of Theorem 1, fP;;/(I) and fP;;/(;) regions must match
on F;; — Fi, for WP. This means that the trajectories starting
from x, € F;; — F have the same sign for both modes. This
is depicted in the Fig.3 for the case £,; € F,;. Here, £;; =
Ly s ?lzf(rl) = Plzf(rz). If we have the same decomposition on
each mode & face F;j, then CLS is well posed.

My Ker(ni;)
?11

LY =Ker(ny) nKer(ny, 4,)

Fig.3
(Although the blue and red regions are actually same they are
shown as separated just to show the related vectors and
angles clearly)

Let us remember the smooth continuation sets for the
mode i as S;, [Imura and van der Schaft, 2000]. Now, we give
the only WP condition for a CLS in R" that we know (Xia X.,
2002).

Theorem 2: Consider the CLS defined by equation (1) and (3).
The system is well posed if and only if
o UR,S;=R"and S;NnS, ={0} for each different
mode i,k wherel < i,k <m

The condition of Theorem 2 uses the same idea in [Imura
and van der Schaft, 2000] and try to divide the entire space into
distinct smooth continuation sets. In what follows, we’ll give
the conditions under which this kind of a disjoint union is
possible. Before that, let us see the WP problem in R3, with
the following example.
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Example 2: Consider the following CLS in R3 where 4, =

ki ky kj ai1 aiz ais
1 0 O0|andA; =]|a};, ab, abs|fori=234,5.
0 10 ay, ab, aj;
1 0 0 -1 0 0
¢G,=[0 0 1], ¢G;=|0 1 0, C3=]0 1 O,
0 0 -1 0 0 -1
1 0 0
Co=—-IandCs =|0 -1 0 [.Define the vectors n;; and
0 0 -1

the faces Fj; as given in (3)-(4), respectively.

Note that 1** mode is upper side of the z = 0 plane, the
remaining 4 modes are the octants under z = 0. The face F,,
is Ker(n;;) and it has intersections with faces F;; C
Ker(n;3) = Ker(ny,), i = 2,3,4,5. (Fig.4)

b
de 3

Fig.4
Now consider an initial condition x5 = [y1 y. 0],
¥1,V2 € R and also vectors A;x = [kiv1 + kava vi V2l

Aixg = [alyyy +atay,  aiys + @by, ahiys + asayel’s

i = 2,3,4,5. The solution with respect to 15tmode continues in
mode 1 ify, > 0, but continues in mode 4 and 5 fory, < 0 on
corresponding regions. Because the line £,; = Ker(n;;) N
Ker(n,;A;) is x — axes and it divides the face F,; into two

parts: Py 4y and Pry 4y, (Fig.5).

Ker(ng;) NKer(n,A,),

Fig.5

Thus, initial conditions on this face must point out the same
direction for any active mode of it. According to mode 1, the
directions of the solutions on the face F;, are fixed because of
the canonical form which A; has. Hence, the directions of the
solutions w.r.t. adjacent modes also must point out the same
direction, too. As a result, we must have the following for the
adjacent modes there.
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Xo € {F11 N Faz}

= an(xy) >0, i =23
xo € {F11 an-'33}} 1w %)

or if ay4(5(xo) = 0, then ajy(;(x,) must be positive. In a
similar fashion, we also must have

Xo € {F11 N Fyz}

= an(xy) <0, i =45
Xy € {Tll N 3:53}} 11(1)( 0)

or if ay1¢;y(xo) = 0, then alzl(i) (x,) must be negative. Let’s
investigate the sign of @;;(;)(x,) in detail. Depending on the
entries of A,, the line £,; may change on Ker(n,;). Now
assume that the entries are a3; = —a3, = 1. Then £,5 lies on
F,3 and it has a positive slope, (It’s actually y = x line in R?).
As a result, while Pf,jincludes whole {F,3—F33}U
{F,3 N F33} U {F33 — FL} for mode 1 (as depicted in Fig.5),
L,5 divides F,; into two parts Pf'l(z) and Ppy(z).This fact
destroys WP on this face. For instance, consider x, =
[3 1 0] and assume again that a3, = —a%, = 1. Then
Aixg =[x x 1] and Ayx, =[x x 2]. Hence, the
trajectories starting from this initial condition goes to mode 1,
which is consistent with WP. However, when we consider
x=[1 3 0], then A;xo=[x x 3], Ayx,=
[x x —2]'. Then the trajectories starting from x,
according to both mode 1 and mode 2 go to their own modes.
Thus the solution is not unique, which again destroys WP.
Hence, the subspace £,3; must be same with £;,. As a result,
we must have a3;a2, > 0. If one of the entries a2,,aZ, is
zero, then L, lies on x-axes or y-axes. Then, the remaining
nonzero one of a3, a%, must be positive.

Similar computations should be done for F;; N Fs3. L33
must be the same as £, or lie outside of F,3. As a result, we
must have a3;a3, < 0 in order to get a nonnegative slope for
L. But in case of a3, < 0, Fy; N [F33 — Faz] is completely
Py for mode 2. Then a3; and a3, must be negative and
positive respectively. But then fPf'l(3) also covers Fy; N Fy3 N
F,3 and we have an interesting situation for this boundary of
Fs3, i.e. forxg € L11 and y, < 0. Here, a;11(1)(xp) = 0. Thus,
we need a7y (1)(%o) again.

xo=[r1 0 0]'andy; >0 = aj ;)(x) >0,
Xo=[y1 0 0] andy; <0= “121(1)(x0) <0.

Consequently, £;; is decomposed into 3 parts: ?121'?1) U

2,- 2,4+/-
{03 U P (. Here, P
modes at these regions, i.e. for k € £5(L,,). Therefore, we
must have the followings:

regions must match for active

*xo=1[r1 0 0] andy; > 0= we musthave x, € P/},
and x, € .‘Pﬂ(s). Otherwise, if @;1(2)(xo) = 0, then we must

have x, € Pi(,) and ay1(5)(%0) = 0 = x, € P,
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% —
xo = [r1
and xo € Pry4). Otherwise, if a;13)(xo) = 0, then we must

have x, € 7—’121’E3) and a;q14)(%) =0 = x5 € ?121'24) .

0 0] andy,; < 0 = we must have x, € Py (3

Then a%;, =0, a%, # 0 = we must have a%; > 0. When
we regard xo =[y1 0 0] and y; <0, then a;,(3)(xo) =
a3,y:. We must have a3; > 0. But remember that if a3; > 0
and xo € Fyq N [Fa3 — Fi3] then ay4(3)(xp) = a3 vy + adzy,
may be negative for some x,. Thus, it leads to have a3; = 0.

Similar computations should be done for the rest of the
modes taking into account the cautions mentioned above. For
example, in Fig.6, £,; and L3, both lie in the same face but
not equal. This causes IP again.

Ker(ng,) NKer(ng;A;)

Kﬂ(ﬂal)”f(ﬂ@al“lﬂ-\ A

v
4 A N Mdde 3
\ S
Mode 5 / Mode 2 R
‘/ ~
\
X /
Fig.6

Remark 2: Note that for R", Lf; = Nj-oker(cTA})
subspaces divide the previous space into two parts. For
instance, in R3, the subspaces Lizj = ker(nij) N
ker(n;;A;) N ker(n;;A?) = {0} divides L;; into two parts. In

R", for each s we have 2 parts on ij_l
)th

which have positive

and negative signed (s — 1) order derivatives. This idea
should be used for generalization of WP of CLS to R™.

Remark 3 : We have seen above that WP for discontinuous
CLS induces a fixed ratio between some entries, makes some
entries zero and fixed sign. On the other hand, continuity
causes much more restrictions. Now let us show this. If we had
assumed that the system is continuous, then we would have the
following.

Ayxyg = Asxp forany xo = [0 v, v3]' € X =Fp — Fay

2 2. _ 3 3
= ajY, + aizyz = aixyY2 +aizyz

It leads to take the entries a?, = a3, and a?; = a3;. The
only difference between system matrices remains a?, and a3;.
Also note that we just regard one part of boundary. Thus, it
requires to have more identical elements, even equal system
matrices for some modes. This shows that continuity for CLS
is rather restrictive.

Consequently, it is observed that if we apply a
transformation and put one of the system matrices into some

special canonical forms as in the work [Sahan and Eldem,
2015] and as we considered in Example 1 above, then it forces
its adjacent modes to have fixed proportional entries.

With the help of these notations and assumptions, now we
give our main result.

Theorem 3: Consider the CLS defined by equation (1)-(3) in
R3 and assume that the vector field is not necessarily
continuous. The system is well posed if and only if one of the

following conditions hold.
m,+/—
D Py Jr
their each indices j where 1<i<l, 1<j<l;, k€

s (Fij).

2) Either a;jy)(X) # 0 for all k and sgn(a;ju (X)) are all

same or i (X) = 0 for all k and sgn (aizj(k)(X)) are
all same for k € £5(X), X c Fy;.

regions match on X c Fy;, for all modes i and

Proof : Consider mode i and an initial condition x, € C;. If
Xo & Fj, then the WP is clear as it’s already an LTI system.
Hence we explore WP for x, € F;;. Assume that the system is
WP. There are two alternatives for x: Either x, € {T = Tilj
or xy € F.

1) Let x € {F;; —F;} =:X. For R3 [€s(X)|=2. Let
£5(X) = {i, k}. We naturally two alternatives for two £;; lines
on X, as well. They either both lie in X or both lie outside.
Otherwise we have IP as in Example 2.

a) If they both lie inside, then they must coincide because of
WP assumption. Otherwise some IP regions occur between
them. Thus, they divide X into two sides and PJ(/L; and PJ(/k_)
regions must match on X — L;;, (see Fig.3) . Here also
a;jy(X — Ly;) and ;) (X — L;;) are nonzero and must be
same sign. If they have different signs, we have IP here. In
addition, for x, € L;;, we have a;;(; (Lij) = a0 (L) = 0.
We thus check second order derivatives. sgn (a’izj(i) (Li ])) and
sgn (aizj(k) (Ll-j)) must be same for WP and so whole £;; is

either ?5-'5) = ?5-’5() or 735-’(_1.) = ?5-'(_,(), (same with Fig.3).
b) If both L;; lines outside of X, then neither a;;;)(X) nor
@i (X) change sign throughout X and they must be same
sign. So whole X is Pf;y = Pijey of Pijiy = Pijky -

2) Now, let x, € Tilj. Note that F;; has actually two borders
and assume without loss of generality that we choose one of
them. This time X is an edge and so |€5(X)| = 2. There exists
another row, say p‘", of C;. We define X = Fij 0 Fip.
Because of WP assumption, smooth continuation is possible to
any mode in £5(X). Let that mode be i*"*. Then we have
@ijiy(X) , Aipiy(X) = 0. If one of L;; and L, lies here, then
that derivative is zero. It means ?J(i) = @ here. This requires
to check corresponding second order derivative. But because
of smooth continuation to this mode i, that must be positive.
For a consensus on X, we must have ?5-'5{) =X for all
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k € £5(X). This also implies that a;;4)(X) =0 and

sgn (aizj(k) (X)) are all same.

The inverse implication should be easily proved in a
same way.l]

CONCLUSIONS

In this work, we investigated the WP conditions of
CLS. It is shown that while WP forces some entries of
subsystem coefficient matrices to have some fixed ratios
continuity causes much more restrictions. But we do not
conjecture that a similar structure with WP bimodal system for
system matrices is possible also for CLS. But we showed that
location of Lf; :== N7_,ker(c"A}) subspaces and sign of
ailj(k),aizj(k)... again determines WP as we have in bimodal
systems.
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