Preprints of the 21st IFAC World Congress (Virtual)
Berlin, Germany, July 12-17, 2020

Robust Economic Model Predictive Control

without Terminal Conditions

*

Lukas Schwenkel * Johannes Kohler * Matthias A. Miiller **
Frank Allgower *

* Institute for Systems Theory and Automatic Control, University of
Stuttgart, Germany, {schwenkel, jokoehler, allgower } @ist.uni-stuttgart.de
** Institute of Automatic Control, Leibniz University, Hannover,
Germany, mueller@irt.uni-hannover.de

Abstract: In this paper, a tube-based economic Model Predictive Control (MPC) scheme
for systems subject to bounded disturbances is investigated that uses neither terminal costs
nor terminal constraints. We provide robust guarantees on the closed-loop performance under
suitable dissipativity and controllability conditions. Furthermore, we prove practical convergence
to an optimal robust control invariant set, as well as its practical stability under slightly stronger
assumptions. Hence, this work extends the results from nominal economic MPC without terminal
conditions to systems with bounded disturbances by using similar turnpike arguments and a
properly modified stage cost. The results are discussed in a numerical example.
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1. INTRODUCTION

In the past decade, economic Model Predictive Control
(MPC) has emerged as an active field of research, see
(Faulwasser et al., 2018) for an overview. MPC schemes
repeatedly solve finite horizon optimal control problems in
a receding horizon fashion. In economic MPC, the objec-
tive of this optimization problem is a general cost function,
which often is given by some underlying economic consid-
erations such as energy consumption, production amounts,
etc., and does not need to be be positive definite with re-
spect to a desired setpoint as it is standard in conventional
MPC. A common technique to guarantee performance and
stability of such MPC schemes is to add suitable terminal
conditions to the optimal control problem. These terminal
conditions, however, can be difficult to design, lead to
an unnecessary reduction of the region of attraction, and
increase the computational burden such that, in practice,
they are frequently dropped. An explanation of why this
practice is often successful was given by Griine (2013) and
Griine and Stieler (2014); therein, the authors considered
an economic MPC scheme without terminal conditions
and provided practical stability as well as performance
guarantees up to an error term vanishing with growing
prediction horizons.

In the presence of uncertainties, Bayer et al. (2014) show
that the performance of an economic MPC scheme can
be significantly improved if the possible uncertainties are
considered within the cost function of the optimization
problem. Optimal system operation, performance guaran-
tees, and stability results of robust economic MPC have
been considered thoroughly in recent years, see e.g., (Bayer
et al., 2016), (Bayer et al., 2018), and (Dong and Angeli,
2018); all using terminal conditions. In this work, we show
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that terminal conditions are often not needed to provide
similar stability and performance results. The results of
Griine (2013) on the nominal case without terminal condi-
tions do not apply to the robust setting, since the nominal
closed-loop sequence in the proposed tube-based approach
is no trajectory of the nominal system. Hence, there are
no theoretical closed-loop guarantees for such a scheme
yet, only open-loop considerations are provided by Olshina
et al. (2018).

The main contribution of this paper is a thorough analysis
of robust economic MPC without terminal conditions.
Assuming nominal dissipativity it is shown that the ro-
bust asymptotic average performance is no worse than
the robust optimal steady-state (ROSS) performance up
to an error vanishing with growing prediction horizons. If
further a robust dissipativity condition holds, we can show
convergence and stability-like behavior of the nominal
closed-loop sequence. While convergence of the real closed-
loop trajectory to a robust positive invariant set around
the ROSS follows immediately, we need additional assump-
tions to show practical stability of this set. The findings
are illustrated and discussed in a numerical example.

Notations. The set of continuous monotonically increasing
functions « : R>g — R>o with «(0) = 0 is denoted by
K, and by K if additionally a(z) — oo as z — oo.
The set of continuous monotonically decreasing functions
0 : Rsg — Ry with 6(t) — 0 as t — oo is denoted L.
Further, 8 € KL, if B(-,t) € K and S(z,:) € L for all
z,t > 0. For z € R™, Q C R", the point-to-set distance
is denoted ||z||g := inf,eq ||z — y||. The set of all integers
in the interval [a, b] is denoted by {a..b} := Z N [a,b]. The
ball with radius p and center z € R" is denoted by B} (z).

2. PROBLEM SETUP

The setup is mainly inherited from Bayer et al. (2018)
except that the terminal cost and terminal constraints are
omitted. The system to be controlled is of the form
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a(t+1) = f(z(®),ut),wt), 2(0)=z (1)
with f: R™ x R™ x W — R"™ continuous, where z(t) € R"
is the system state, u(t) € R™ is the control input, and
w(t) € W C RY is an external disturbance. Moreover, the
state and input constraints (x(t),u(t)) € Z C R™ x R™
have to hold at all times ¢ > 0.

Assumption 1. The sets W and Z are compact, convex,
have a nonempty interior, and 0 € int W.

The control goal is to operate the system optimally with
respect to a continuous (not necessarily positive definite)
stage cost L : R™ x R™ — R such that the constraints are
satisfied. We follow a tube-based approach, which utilizes
a continuous feedback parameterization

u(t) = w(z(t),v(t)), w:R"xR™ = R™ (2)
and invariant sets, compare e.g. (Mayne et al., 2005)
and (Bayer et al., 2013). With this feedback we can
rewrite the system dynamics, stage cost, and constraints
as fr(z,v,w) = f(z,n(x,v),w), L. (x, v) = L(z,7(z,v)),
and Z, {1(1‘ v)ER"me’xﬂxv € Z}. We define
the nominal system as

2(t+1) = fx(2(t),v(t),0), 2(0) = 20 (3)
and the error between the real and the nominal state as
e(t) = x(t) — z(t). This leads to the error dynamics

e(t+1) = fr(z(t),v(t), w(t)) — fx(2(t),v(1),0).  (4)
Definition 1. (Bayer et al. (2016)). A compact set Q C
R™ is robust control invariant (RCI) for the error system
(4) if there exists a feedback law (2) such that for all
2,z € R" withe =2 — 2z € Q, v € R™ with (z,v) € Z,,
and w € W it holds that et = f(z,v,w) — fr(2,v,0) € Q.

A discussion how to find such an RCI set Q is, e.g.,
provided in Bayer et al. (2016). Henceforth, we assume
its existence in the following.

Assumption 2. There exists an RCI set € for the error
system (4) such that Q and

Z:={(2,v) € ZLn|Ve € Q: (24 €,0) € Zr} (5)
are compact and have a nonempty interior.

This assumption implies that the real system under the
feedback (2) stays in a tube around the nominal state
z(t) € {z(t)} ® Q for all times t > 0 if e(0) € Q. A further
implication is Z @& Q C Z,, i.e., if the nominal system
satisfies the tightened constraints (z(t),v(t)) € Z, then
robust constraint satisfaction (z(t),v(t)) € Z, follows.

Bayer et al. (2014) pointed out that for robust performance
considerations it is not reasonable to take only the nominal
stage cost into account and instead proposed to use an
average cost over the possible real states

LM (2, 0) = /Q La(z+€,v) de. (©6)

As an alternative to the average, Bayer et al. (2016)
suggested a worst case stage cost

L™ (z,0) = max L. (z+¢€,0). (7)
€c

Due to this selection, we generally denote the stage cost
by ¢, which may be e.g., L, L™ or [max,

Assumption 3. The stage cost ¢ : Z, — R is Lipschitz
continuous on Z, with Lipschitz constant k, € R, i.e. for
all (z1,v1), (22,v2) € Z, it holds

[(z1,v1) = £(z2,v2)| < ke l[(21,01) = (22,02)[| . (8)

The optimal control problem (OCP) that we propose to
solve in each step of the tube-based MPC scheme is similar
o (Bayer et al., 2018), however, without any terminal
conditions, as these are often omitted in practice. Hence,
the nominal initial state is also a decision variable - an idea
that traces back to (Mayne et al., 2005) and improves the
performance. Therefore, we will denote the OCP in two
steps: First, given zg € R™, the nominal OCP is

VN (zo) = (n)m% : JN (zo, v()) (9a)
z(k+1) = (z(k:),v(lc),O)7
Z(O) = 2p, (9b)
(z(k),v(k)) € Z, (9c)
for all k € {0..N — 1},
N—1
with In(z0,v(-)) = 0(z(k), v(k)), (9d)

k=0

with the minimizer 2% (-;20), Second, given

z(t) € R™, the robust OCP is
Vn (2(t))

v (45 20)-

= H;(I)Il Vn (z0) (10a)
s.t. z(t) € {20} & Q, (10b)

where the minimizer is denoted by z§(z(t)). Further, we in-
troduce the convenient notations 2z} (+|t) := zx (+; 25 (z(¢)))
and vi (+|t) == vx (4 25 (z(t)). We can use the OCP (10) in
order to define the feedback law by the following MPC
iteration. At each time instant ¢ we perform the steps

(1) Measure the current state x(t) of the system,

(2) Solve OCP (10) to get vy (k|t), k € {0.N — 1},

(3) Apply the feedback u(t) = w(x(t), v} (0[t)),

such that we obtain the closed-loop dynamics

z(t+1) = f(z(t), m(z(t), vy (0[t), w(t)). (11)
The sets of all possible next nominal and real states of the
MPC controlled closed-loop system are denoted by

24 (2) = {z (@)|=d € {fw(z i (052),0)} @ Q},
XA (@) == { fr (2, 0} (0; 25 (z ‘w €W} (13)

Moreover, we denote the set of all initial states for which
there exists an infinite horizon admissible input by

Xeo = {2z €R"F(2,0): N—= Z: 2(0) = 2 (14)
Ni(k+1) = f=(2(k),0(k),0),Vk = 0}.

In our analysis, we will compare the performance to the
one at the robust optimal steady state (ROSS) defined by
arg min 0(z,0). (15)
(2,0)€Z,2=fr (2,0,0)

Note that z (and vs) depends on £. Thus for the specific
choices £ = L, L™, or LM we write 2L, 20t or zmax,
Assumption 4. The ROSS lies in the interior of the con-
straint set, i.e. there is p3 > 0 with Bg+"(zs,vs) CZ.

(2, 0s) 1=

For dissipative systems, Griine and Stieler (2014) have
shown that economic MPC schemes without terminal
conditions are converging and satisfy closed-loop perfor-
mance bounds. Compared to their work, we will assume
a slightly stronger dissipation inequality that was used in
(Faulwasser et al., 2018) as well to simplify some of the
later proofs, see Remark 3.1 therein for a discussion on
different dissipation inequalities.
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Assumption 5. The nominal system (3) is strictly dissipa-
tive on Z with respect to the supply rate s(z,v) = £(z,v)—
0(zs,vs), 1.e. there is ay € Ko and a bounded storage
function A : R” — R such that for all (z,v) € Z it holds

A(ZT) = A2) < s(2,0) — ar(ll(z,0) = (25, 09)])  (16)
with 2+ = fr(2,v,0).

Further, we need some reachability and some local con-
trollability of z, compare (Faulwasser et al., 2018) and
(Griine and Stieler, 2014).

Assumption 6. The ROSS (z, vs) of system (3) is exponen-
tially reachable, i.e. for all z € X, there exists an infinite
horizon admissible trajectory (¢, v) : N — Z and constants
¢1 > 0,p1 € ]0,1) such that ¢(0) = z and for all kK > 0 it
holds (£ + 1) = £2(C(K), »(k),0) and

1(¢(R), v(k)) = (25, v5)]| < c1pf- (17)
Assumption 7. System (3) is locally controllable at (zs, vs),

i.e. there exist po > 0, M € N, and ¢y > 0 such that for
all y,z € B, (25) there is vi {O M — 1} — R™ with the

correspondlng nominal state trajectory ¢ : {0..M} — R"
satisfying (3) and for all k € {0..M — 1}
GO)=y, (GM)=2= (18a)

165 (k). v (k)

Remark 1. The constants ci1, ¢, p1, p2, p3, ke, M, and
the Ky function «y are unique throughout this paper.
Whenever, for example, there appears ps in the manuscript
it will refer to the local controllability Assumption 7
without further referencing.

3. PERFORMANCE BOUND

The goal of this section is to derive average performance
bounds for the real closed-loop system controlled by the
MPC scheme proposed in the previous section with pre-
diction horizon NV, i.e. to bound

=7 Z Lq A (01)).

Tso(@(0 )7N)=11msupT_>ooJT( (0),N).  (20)
To this end, we will first derive bounds on the nominal
closed-loop performance With the modified stage cost ¢

Ze (0[t), vx (0]1)),

I (2, N) = - SUP7_ 00 Ji (2, N) (22)
by exploiting the so-called turnpike property, which follows
from dissipativity and exponential reachability.
Proposition 1. Let Assumptions 1-3, 5, and 6 hold. Then
the OCP (9) satisfies the turnpike property, i.e. for all
N eN, e >0, and z € Xy, it is #Q:(N,2) > N —
with

Q:(N,z) ={k € {0..N — 1}]
123 (ks 2), v (K3 2)) — (2, vs) | < €}
where c3 = kper(1 — p1)7™ ! 4+ 2 max and Apax =
SUP(z,0)eZ ‘)‘(Z)| < 0.

— (25,05)|| < e2 max |7 — 2. (18b)
7€{y,2}

TE (a( (19)

(21)

ae(E)

(23)

Whenever clear from context, we will write Q. = Q. (N, 2)
in a slight abuse of notation. A proof of Proposition 1
can be found e.g. in (Faulwasser et al., 2018, Proposition
4.1). To derive a performance bound, we follow the steps in
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(Griine, 2013). However, the main difficulty with the tube-
based setup is that the nominal closed-loop sequence is no
longer a trajectory of the nominal system, since 2% (0[t) is
a decision variable. Still, we can modify Proposition 4.1 in
(Griine, 2013) such that it extends to this setup.

Proposition 2. Let Assumption 1 and 2 hold and assume
there exists Ny € N, §1,d2 € £ such that for all N > Ny
and for all z € X, there exist P € {0..N} and On(+;2) :
{0..N} — R™ with the corresponding nominal trajectory
in(k; z) for k € {0..N} satisfying the nominal dynamics
(3) and (2n(k; 2), On (k; 2)) € Z such that
N
(i) JIn(z):= (2N (k; 2), o (K; 2)) < Viv(2)+01(N)
k=0, k£P

(i) €(2n(P;2), 0n(P;2)) < €(2s,v5) + 62(N).

Assume further that 23 (0|0) € Xo implies 2} (1]t) € Xoo
for all ¢ > 0. Then for all z = 2%(0]0) € X and all T € N
it holds with e = 6; + 2 € L

JH(z,N) < £Vn(z) — 2V (25 (0|T)) + £(2s, vs) (24)
+ 61(N - 1),

J (2, N) < l(z,v5) + €1 (N = 1). (25)

Proof. The idea of the proof is to relate the closed-loop
performance J$ (2, N) to the open-loop value functions
Vn(z) and bound them with (i), (ii). The main difference
to the proof of Proposition 4.1 in (Griine, 2013) is that
due to the robust setup we have zx(0[t) # zx (1]t — 1).
Nevertheless, we know from the optimality of z} (0[t) that

Vi (23 (0]) = Vn(2(t)) < Vi (2x (]t —1))  (26)
since 2} (1]t—1) satisfies (10b), i.e. z(t) € {2} (1]t—1)}BA.
Step 1: We relate J%l(z N) to Vn(z) as follows

TJ§H(2,N) = S (25 (0[), v (O[t))
e 1( v (25 (0[8)) = Viv—1 (25 (1]1)))

=20 (011))
< E (VN(Z?V(”t ) Vn_ 1(2:?\, 1|t)))
+VN (2 (1T = 1)).
Step 2: Bound Vi Wlth (i ) and (ii). For y € X, it holds
VN () = Vn-1(y)
(Sl) In (v, on-1(59)) = In—1(y) + 01 (N — 1)
=L(2n-1(P;y), on-1(P;y)) + 61(N — 1)

(i)

< l(zs,vs) +02(N — 1)+ 01 (N —1). (28)
Step 3: Merge the two previous steps. If we insert (28) with
y = zxn(1]t), t € {0..T — 2} into (27) and then use again
(28) with y = 2z3(1|T — 1) we obtain

(27,28
1) (€(25,v5) + 02 (N — 1) + 81 (N — 1))

TJ$(z,N) < %T*
+ Vn(2) = V-1 (25 (1T — 1))

(27)

(28)
S TE(ZS, Us) + T62<N — 1) + T(Sl(N — 1)

Vi (2)— Va (4 (1T~ 1)
Tz, v) + To(N — 1) + T (N — 1)
+Vn(2) = Vv (23 (0/T)).

Since ¢ is continuous and Z is compact, we can bound
Nlpax > Vn(z) > Nlpiy. Dividing by T yields for T' — oo

I5o(2,N) < (2, 05) + 02(N = 1) + 6 (N —1). O
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In the following theorem, we will use the turnpike prop-
erty and local controllability to show that indeed there
exists a candidate solution satisfying the requirements of
Proposition 2; thereby proving recursive feasibility and
the performance bounds (24), (25) for the proposed MPC
scheme.

Theorem 1. Let Assumptions 1-7 hold. Then, there exists
Ny € N and 1 € £ such that for all N > Ny the OCP
(10) is feasible for all times ¢t > 0 if it is initially feasible
with z§(2(0)) € X. Further, the performance estimates
(24) and (25) hold for all z € X and T > 0.

Proof. To prove this result, we will use Proposition 2. We
start with showing recursive feasibility, which is assumed
therein. To this end, we show Z7(2) C Xy for z € X,
which implies z(t) € X, for all ¢+ > 0 if 25(z(0)) € X
and thus z(t) € X, @ Q for all ¢+ > 0 such that the OCP
(10) is feasible for all ¢ > 0. First, let 6 € £ be

5(N) = o (524,

for N > M and choose Ny € N large enough such that
§(Ny) < min{py,c; ' p3}. Then we know by the turnpike
property from Proposition 1 for NV > Ny and z € X, that

#@6(N)(Naz)2N*m:N*%+l. (29)

Without loss of generality we can assume M > 2 since
M = 1 implies that local controllability also holds with
M = 2. Thus, there exists P € Qs(n)(NN, 2z) with P > 1.

Due to our choice of Ny we know §(N) < min{ps, c; 'p3}
for N > Ny such that we can use the local controllability
input to go from z}(P;z) to zs since §(N) < py and
that this trajectory is feasible since c2d(N) < ps. This
renders 2y (k;z) € X for all k € {0..P} and in par-
ticular for £ = 1. In the proof of the turnpike property
of optimal solutions starting at z € X, in Proposition
4.1 in (Faulwasser et al., 2018) we see that z € X
is only needed to give a constant upper bound on the
value Viy(z) via exponential reachability. The same up-
per bound holds for Vv (23 (0;z7)) since 2% (1;2) € Xy
and Vy(25(0;21)) < Vn(2%(1;2)) due to optimality of
25 (0;27) and the fact that 2} (1;2) is a feasible point for
the OCP (1 ) because the subsequent real system state

x] satisfies 2] € {2%(1;2)} @ Q. Therefore, we conclude
that optimal traJectorleS starting at z"[ satisfy the turnpike
property and as We have seen this implies that z; can be
reached and thus 2z} € Xo.. The assumption 2} (1]t) € X
in Proposition 2 follows dlrectly

Now let us construct a candidate solution of length N + 1
that satisfies the assumptions (i) and (ii) of Proposition 2.
Combinatorial arguments and (29) yield that there are M
consecutive points {P..P + M — 1} € Qs(ny(N,2), P € N
in a 6(N) neighborhood of (zs,vs). To see this, assume
for the sake of contradiction that no such P exists, then
there must be at least one element in each of the L%J
disjunct pieces of length M in {0..N} that is not in Qs
ie. #Qsn) < — L%J, which is a contradiction. Due
to {P.P+ M — 1} C Qgsu)(N,z), we can replace the
middle piece {P..P + M — 2} of v} (-;2) with the input
v72(-) from the local controllability for z; = 23 (P;2) and
29 = 2 (P + M —1; 2), since both 21, 25 € By, (z) due to
P,P+ M —1¢€ Q) and 6(N) < po, ie.

vy (k; 2) for k € {0..P — 1}
on(k; z) = ujf(k —P) forke{P.P+M-1} (30)
vn(k—1;2) forke{P+ M. N}.

This input yields the open-loop nominal trajectory

2y (k; 2) for k € {0..P — 1}
in(k;z) = CG2(k—-P) forke{P.P+M-1} (31)
z2y(k—1;2) forke{P+ M.N+1},

which has length N + 1, and is feasible because of
Bl ™ (2,v5) € Z and ¢26(N) < p3. To show the condition

(i) of Proposition 2 we use

JIn(z) = Vn(2) k—O%kgépé(éN(k; z), 0N (k; z)) —Vn(z2)
M—1 7 P+M—2
= kZ::1 E( jf(k),yjf(k)) — kgp Z(z}”v(k:;z),v}‘v(k;z))
< (M —1)(ca 4+ 1)ked(N)

where k¢ is the Lipschitz constant from Assumption 3. Set
01(N) := (M —1)(ea 4+ 1)ked(N) to obtain (i). Further, we
have due to the local controllability for P
L(ZN(P3z), 0N (P3z)) = £(21,72(0)) < £(zs,vs) +rec2d(N).
Set §3(N) = caked(N) to obtain (ii).
Proposition 2 to conclude the proof. O

Finally, apply

The performance bounds in Theorem 1 are only valid for
stage cost ¢ of the nominal system. The control goal,
however, is to minimize the stage cost L, of the real
system. Depending on the choice of £ we can derive the fol-
lowing statements on the closed-loop average asymptotic
performance of the real system, the transient performance
bound (24) can be shown analogue.

Corollary 1. Let Assumptions 1-7 hold. Then there exists
Ny € N and g1 € L such that for all N > Ny and all

x € Xoo @ 2 it holds for ¢ = LIra*

Tz, N) < [max(pgmax ymax) 4 o (N — 1) (32)
and for ¢/ = L,
TNz, N) < Lp(2E 0E) + ki maxH I +e1(N=1). (33)

Proof. In the case of { = LF'®* we can directly estimate
L(z(t),v(t)) < L2a*(z(t),v(t)) since z(t) € {z(t)} & Q
which yields 7 (z, N) < JS (2, N) for z € {2} ® Q. In the

case of £ = L, we see that L. (z(t),v(t)) < L(2(t),v(t))+
KL, max.cq ||| since z(t) — 2(t) € Q.

Remark 1. We can conclude that the robust performance
guarantee (32) resulting from ¢ = LI** is better than
(33) resulting from ¢ = L, due to LIax(zex pax) <
Lmax(zLoly < Lp(zF,vF) + Kk, maxceq|le]]. The im-

provement can be quite large as the motivation example
in (Bayer et al., 2014) shows. On the other hand, using
¢ = L ig computationally more involved such that in
some applications L, might be the only viable choice. For
¢ = LI it is not easily possible to derive a bound on
T (z, N), however, in this case (25) provides a bound on
the performance averaged over the tube of possible closed-
loop trajectories.

Remark 2. In nominal economic MPC, the dissipativity
Assumption 5 implies optimal operation at steady state,
which means that no trajectory can achieve better perfor-
mance than the steady state, see e.g. (Faulwasser et al.,
2018). Given the performance bound (25), this yields to a

convergence of J& (z, N) to £(z,vs) up to 1 (N — 1). In
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the robust setting, however, this does not hold anymore
since two consecutive closed-loop nominal states z3 (0[¢)
and 2% (0t+1) do not satisfy the nominal system dynamics
(3). Bayer et al. (2018) have shown that robust optimal
operation at steady state follows if the closed-loop nominal
sequence obeys the dissipation inequality

AMzd) < A(2) + s(z,05(0;5 2)) (34)

for all z € X, and for all z] € ZI(z), which is
generically satisfied for Q-robustly dissipative! setups.
This is a rather strong dissipativity formulation and often
not satisfied, however, (34) can be enforced by the MPC

design as Bayer et al. (2014) presented:

(i) The inequality (34) can be implemented in the OCP
(10) to constrain the initial conditions z. Alterna-
tively, (34) follows by the constraint

Azx (0]t + 1)) < A(zx (L)1) (35)

due to the nominal dissipativity of Assumption 5.
(i) Fixing zg = 2(t) = 2§ (1|t — 1) in the OCP (10) to be
consistent with (3) yields (34) due to Assumption 5.

Given (34), it follows J&(z, N) > {(z,vs). Together
with the derived performance bound of Theorem 1 this
yields that the closed-loop average performance J%l(z, N)
converges to the set [€(zs,vs),l(zs,0s) + €1(N — 1)] as
T — oo for N > Nj.

4. PRACTICAL CONVERGENCE

In many applications, we do not want the closed loop to
behave unpredictably and are interested in the optimal
steady-state operation. Therefore, we investigate in this
section for what class of problems the nominal closed-
loop sequence converges to zs, which implicitly includes
convergence of the real closed loop to the set {z5} @ Q. As
the performance bound (25) comprises the error 1 (N —1),
we only expect convergence to a neighborhood of z; that is
shrinking with growing IV, so-called practical convergence.
To this end, we assume strict dissipativity of the nominal
closed-loop sequence compared to dissipativity (34), which
is required for convergence of the performance.

Assumption 8. Let Assumption 5 hold. For all z € X
and 2] € Z7(2) the following dissipation inequality holds
)\(z;'[) < Az)+ s(z, un (0; z))

— ag([| (2,03 (05 2))

If this assumption is not satisfied, it can be induced by
constraints in the OCP as discussed in Remark 2.

_ (zs,vs)H). (36)

Griine and Stieler (2014) have shown practical asymptotic
stability for nominal economic MPC without terminal
conditions by establishing the rotated value function

% (=
N(ZO) v(+),z(+) mln (9b,9¢) z::

with the minimizer zN(-, 20), Ux(+;20) as practical Lya-
punov function, where the rotated stage cost is defined by

U(z,0) = £(2,0) — £(25,v5) + AN2) — AM(fx(2,0,0)). (38)
This rotated value function is also crucial in the stability

proof of economic MPC with terminal conditions, see
(Amrit et al., 2011) for the nominal and (Bayer et al.,

(37)

1 Q-robust dissipativity requires the dissipation inequality Azt) —
A(z) < s(z,v) to hold all feasible subsequent nominal states 2zt €
Z:I(z), see Bayer et al. (2018).

2014) for the robost case. However, an essential difference
to these works when omitting terminal conditions is that
the minimizer of the rotated OCP is generally not identical
to the minimizer of the original OCP.

Remark 3. If the strict dissipativity condition (Assump-
tion 5) holds for the original OCP (9), then it also holds
for the rotated OCP (37) with respect to the rotated
supply §(z,v) = £(z,v) — €(2s,vs) = €(z,v). This follows
immediately from (16) with the rotated storage A = 0 and
ay = ay. Thus, we can show the turnpike property as in
Proposition 1 for the rotated OCP with the same constant
c3 and the same function «y.

We will heavily exploit the similarity of optimal solutions
following from the turnpike property. In particular, we will
exploit that two solutions of the same OCP have end pieces
with similar costs and that two solutions with the same
initial condition but one of the original and one of the
rotated OCP have start pieces with similar costs as stated
in the following Lemma, which is inspired by Lemma 7.3
and Lemma 7.5 in (Griine, 2013).

Lemma 1. Consider the two OCPs
Vi = i JIn(z0,v(:)) + F(z(N
N (20) oD e ~(20,v(-)) + F*(2(N))
differing in their terminal costs F* : R® — R, for i € {1,2}
and let the trajectory of the corresponding minimizer be
denoted (2% (+;20), v (+; 20)). Let Assumption 1-4 and 7 be
satisfied. Then, for ¢z = M (ca+1)k¢, p4 = min{pa, C;lpg},
and 4,5 € {1,2} the following statements hold:

(i) For all y, 2z € Xo, all 6 € (0, py], and all P € N with
{P.P+ M} CQ4(N,z)NQ%(N,y) it holds
[VA_p (2N (Py) = VR_p(2 (P 2))] < 30 (40)

(ii) For all z € X, all § € (0, pal, and all P € N with
{P.P+ M} CQ4(N,z) NQA(N, z) it holds

| Tp (2,05 (52)) — 2))| Sesd (41)

The set Q4(N, z) is defined analogue to (23) but for the
optimal sequence of OCP (39).

(39)

Jp(z, UN(

Proof. To show (i) we use the local controllability As-
sumption 7 to go from z§(P;y) € BP(zs) to 28 (P +
M;z) € By (zs) and the Llpschltz continuity of ¢ to obtain
Vi p(zn(P5y)) < Vi_poy (25 (P + M; 2))
+ MU(zs,vs) + Mcaked
< Vi p(ZR(P;2)) 4+ M(cy + 1)k
where the last inequality holds due to {P..P + M} C

Q%(N, z). Interchanging y and z yields the absolute value.
For verifying (ii) we use the local controllability to go from
2% (P;z) € Bs(zs)™ to 28 (P + M;z) € Bs(z)™ and the
Lipschitz continuity of £ to obtain

Vi (2) < Jp(z, vN( 2)) + MU(zs,vs) + Mcaked

+Vi_pm(ZR (P + M; 2))
< Jp(z, ’UN( )+ Vi p(2%(P;2)) + M(co + 1)k

where the last inequality holds since {P..P + M} C
Q%(N, z). Noting that

Tp (2,05 (52)) = Vi (2) = Vi_p (2§ (P 2)),
leads to the desired inequality without the absolute value,
but interchanging ¢ and j completes the proof. O
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Remark 4. We can recover the original OCP (9) Vi (z) =
Vn(z) with F!(z) = 0. The lemma can also be used for
the rotated OCP (37) with F?(z) = —\(z) if one considers
that V2(z) = Vi (z) — A(2) + N{(z,vs). The minimizers
0% (+;2) and v3¥(+; 2) are the same since the cost functions
only differ by a constant depending on z.

We can use the rotated value function Vy to show con-
vergence of the nominal closed-loop sequence up to an
error term vanishing with growing N using Lyapunov
arguments.

Theorem 2. Let Assumptions 1-8 hold. Then there exist
N1 € N and g5 € £ such that for all N > N;j there is
B € KL with

23 (0[t) — 2| < max {3 (|2} (0[0) — [, ) ,e2(N)} (42)
for any sequence z} (0t + 1) € ZJ(25(0]t)), t > 0 with
initial value 25, (0|0) € X

Proof. We will show that Vy is a practical Lyapunov
function w.r.t. d3(IN), which means that there exist
a1, an, a3 € Ks such that for all z € X it holds

ar(llz = z|) < Vv (2) < az(llz = =) (43)
and for all 2] € Z7(z) it holds
Vi (2) < Viv(2) —as(llz = =) + 65(N).  (44)

Then, we can conclude for all sequences z} (0lt + 1) €
Z4 (25 (0]t)) C R4 convergence in the sense of (42) w.r.t.
e2(N) = a7 (az(az ' (63(N))) + 63(N)) as stated e.g. in
(Griine and Stieler, 2014). Due to Assumption 5 it holds

Vn(z) = o L(z(k), v(k))

min
v(+),2(+),s.t. (9b,9¢)
. N—
> (i Snso el (z(k), v(k)) — (26, vs)])
s.t. (9b,9¢)

> ag(|lz = zl) = aa(llz — zl)-
To construct an upper bound we distinguish 2z € B}, (2s)
and z ¢ B} (2s), pa = min{py,c; ' p3}. For z € Bp, (2s) we
can use the local controllability since ps < p2 to construct
a candidate solution that is feasible since ps < ¢; 'p3 and

steers the system from z to zg in M steps. Since (zs,vs)
is a steady state, the candidate solution can stay there
with £(zs,vs) = 0 for N — 2M steps and finally the local
controllability can be used again to steer from z; to z in
the last M steps to cancel out the storage function in the
rotated costs

V(z) < S (¢ (k) vz (k) + oms
< 2Mkgpes ||z — 25]| -

For z ¢ B,,(z) we define M’ € N such that ¢;p} < py,
which is the number of time steps needed for the exponen-
tial reachability to reach B,,(2s). In this neighborhood of
zs, we can reach zg within M steps without violating the
constraints. Thus, with K = M + M’ we have

¢ (k) vZ (k)

Vn(2) < Klmax + 2 max — Kl(zs,v5) =: C < ¢ |z — 2] -
P4

In summary, we can conclude for both cases

Vn(z) < max {QMK,eCQ, f} |z = zs]| =: aa(]lz — 2s]|)-
4

As next step, we verify the decrease (44) up to 6(IV), 6 € £

of the practical Lyapunov candidate V. To this end, we
want to show that there exists d3 € £ with

Viv(2) =V (23) + 83(N) = s(2,03(052)) = A(zd) + A(2),

(45)

for all 2} € Z7 () such that with (36) we directly obtain
(44) with a3 = ay and § = 63(N). We will exploit
the turnpike property of the five trajectories 2z} (:;z),
(52), 2 (hzd), ZN(, z), and zx(520) with 2] =
f=(z,v%(0; 2),0). Hence, in order to use Lemma 1, we have
to choose N7 € N large enough7 such that for all N > N;

there exists P € N with {P..P + M} C Q’, where
Q= Qs(N, 25) NNye,oty (RN, 1) NQs(N, ). (46)

Thus, if we choose 6 = §(N), i.e. 6 € L, as
—1 (5es(MA+1
J(N)=ay" (%)

then there exists P such that {P..P + M} C Q' holds. To
see that, assume for the sake of contradiction that no such
P exists, then there must be at least one element in each

of the LLJ pieces of length M + 1 in {0..N'} that is not

M1
: /
in Q/, ie. #Q' < N — M+1

the turnpike property for each of the five trajectories that
#Qs(n) (N, y) 2N -

and thus #Q' > N — 1 + 1, which is a contradiction.

Now choose N; € N large enough such that §(N7) < py to
ensure feasibility. Having established the requirements of
Lemma 1, we can use it in the sense of Remark 4 to begin
showing (45)

. Further, we know due to

N 1
5o s

A = Vn(zh) = Vn(2) + A(2) — A=)
40)
(e T 28) — T (28 (12) + esd ()
2x(41)

< Jp(zh, o8 (i 2h)) — Jp (2,08 (5 2)) + 3esd(IN).
Since 2z = argmm{ylm yEQ} Vn(y) and 2] — 21 € Q we
know that Viy(z}) < VN( ). Using (40), this implies
Tp (2 vh(i2d)) < Jp(2d, v (i 2)) + csd(N).
Thus, we arrive at
A< Jp(zfon(28h) — Ip (2, vk (5 2)) + 4esd(N).
In order to relate Jp (2}, vy (s 24)) with Jpy1 (2, vx (5 2))

we have to use the candidate solution vy (+;2) from (30)
for P + 1 instead of P to obtain in a first step

Viv(za1) < I (24 (UN(k?Z))ke{l..N})
< Jp( z3, (U?V(k;z))ke{l..PJrl}) + M(zs,vs)
+c30(N) + Vv_p-m (25 (P + M; 2))
< Jpya(z, 05 (5 2)) = £z, 05 (03 2)) + Vv (2)
— Jp(z, 05 (55 2)) + 2c36(N)
< U(zs,vs) — L(2,uN(0; 2)) + VN (2) + 3e30(IV).

Now we can use (40) to get rid of the end pieces of the
trajectories and obtain

JP( olva( ) 01)) < g(z%v‘i) - Z(’2’71)7\/'(0; Z))
+ Jp(z, 05 (5 2)) + 4esd(N),
which finally leads to (45)
A < l(zs,vs) — €(z,vN(0;2)) + 8czd (V)
with 63(V) = 8¢3d(N) and completes the proof. 0O

7184



Preprints of the 21st IFAC World Congress (Virtual)
Berlin, Germany, July 12-17, 2020

Remark 5. Due to the convergence of the nominal closed-
loop sequence (42), the real trajectory satisfies

||‘T(t)||{zs}®ﬂ = ||I(t)||{z(t)}@ﬂ + [12(t) — |
————
=0, due to Q RCI
< max {B([|z3(0[0) = =], 1), e2(N)},  (47)

which proves that the trajectory x(t) converges to {zs} B
up to e2(N) as t — oo.

5. PRACTICAL ASYMPTOTIC STABILITY

The convergence of z(t) to {zs} & @ up to e2(N) does
not yet prove practical asymptotic stability of {z} @
Q, since [|2%(0]0) — 25| is not necessarily proportional
to [[#(0)[|;,.1n- Nevertheless, we can prove practical
asymptotic stability with respect to e3(N) > e3(N) if we
assume that the storage function is continuous and has a
maximum at z.

Assumption 9. There exists ay € Ky such that for all
z € R™ the storage function A satisfies the inequalities

Azs) = A(z), (48)

A(zs) = A(z) < ax(llz — 2z|). (49)

This Assumption is similar to the one required in (Bayer,
2017) to show asymptotic stability of robust economic
MPC with terminal conditions and is needed to ensure
that there are no directions from which z4 can be reached
cheaper than it costs to stay at z(0) = zs. If this were the
case, even z(0) = zs could cause z(0) # zs and thus z(¢)
could leave {25} @ Q). However, with Assumption 9 we can
conclude closed-loop practical stability of the real system.
Theorem 3. Let Assumptions 1-9 hold. Then there exist
N7 € N and a function €3 € £ such that for all N > N;
the set {zs} @ Q is practically asymptotically stable w.r.t.
e3(N) under the closed-loop dynamics (11), i.e. for all
z(0) € X & Q it holds

lz(®)ll2, a0 < max {B(12(0)]. e0.t) e3(N)}  (50)
for any trajectory z(t + 1) € X} (z(t)), t > 0.

Proof. For this proof, we use a more general version
of the Lyapunov characterization of practical asymptotic
stability that also allows for an error in the upper bound
of the Lyapunov function and modify it for stability of
a set. This is possible, since the proof for estimating
the sequence ||x(t) — zs|| does not change compared to a
sequence |z(t)([;,. yp0- In particular, we define the rotated

value function for the real state as

Vn(z) = Vi (z(2)) (51)
where 2§ (x) is the minimizer of (10). We show for all
z € Xoo ® Q and all 2] € X (2) that

(|2l ye0) < V(@) < as(lellyae) +0(N)  (52)
Py () < Un (@) — as(lzl o yon) +I5(N) (53)
holds to obtain practical asymptotic stability of the set

{2,}@Q for the real closed-loop trajectory w.r.t. e3 = a; "o

(g0 (aztods+03)+04+03), see (Faulwasser et al., 2018,
Proposition 4.3). For the first inequality of (52) it is easy
to see that

Un(x) = Vi (25(2)) > aa(l|25(2) = =) = aa(l|zl .y a0)-

To show the second inequality of (52), we have to distin-
guish z € By, (z5) ® Q from x ¢ B,,(25) ® Q. In the first

case we define zyin = argming, |, _.cqy |2 — 2|, for which

a feasible trajectory exists since ||zmin — 2s|| < pa < po
allows to construct a trajectory with the help of the local
controllability that steers in M steps to zs and stays
there, where the feasibility follows from ps < c5 1p3.
We will use Lemma 1 to bound Vy(z) = Vi(2§(z))

w.r.t. Vn(2min). Note that the trajectories z} (-; z§(x)),
N Giz5(x)), 2% (5 Zmin)s and 2% (+; Zmin) satisfy the turn-
pike property and that N7 was chosen large enough such
that any five trajectories share at least M + 1 consecutive
points in an §(NN) = d3(N)/(8¢cz) neighborhood of z. In
particular, this holds for these four trajectories, thus, there
exists P € N such that {P..P 4+ M} C Q'. Therefore, it is
41

Ip(z5(2), 05 (5 Zé(w)))(S)JP(ZS(w),v?v(ﬂ 2(x))) + c36(N)

(40,55)
S JP(ZmiIM U?V(7 Zmin)) + 2835(]\7)
41
(g)JP(Zmina 6;\7(7 Zmin)) + 3035(N)
(54)
where we used the optimality of 2} (z)
Vi (75(2)) < Vi (Zmin) (55)

at the marked inequality. Thus, we have with V2 from
Remark 4 and due to Assumption 9

Vi (25(2)) = V(25 (2)) + Mz () — Nb(z4, v5)
40,54
( < )JP(Zmirn {)7\[(’ Zmin)) + )\(zg(x)) — N€(2'57 'Us)
+ VR_p (25 (P; 2min)) + 4e36(N)
= V]%l(zmin) + AMz5(x)) — Nl(zs,v5) + 4e3d(N)

(48)

48) _
< VN(Zmin) =+ )\(2’5) — )\(Zmin) + 403(5(N)
< @2(||zmin — 2|1) + aa(||zmin — 2s|)) + 4czd(N).
Deﬁnh}g g = g + ay and dy = 4c3d(V) it follows
Vn(z) = VN (75 () < cu(llzll (. 00) + 04(N).
For x ¢ B}, (z) © Q we can show

8 o C
Vn(r) = Vi (Z5(2)) < P 2]l -y e0 < @2zl e0)

analogue to this case in the proof of Theorem 2. Condition
(52) follows due to as < 4. To show (53), we note that

Vn(xh) = V(= (ed) = V(=)

(44) _
< Vn(z(2) = as(lzll .y p0) + 03(N)

= Vn(e) — as(llz] .y 0) + 33(N).
This establishes that Vy is a practical Lyapunov function
and thus {zs} ®Q is practically asymptotically stable with
respect to eg(N). O
Remark 6. The fact that e3(N) > e2(N) results from
asymptotic stability (guaranteed up to £3) being a stronger
property than asymptotic convergence (guaranteed up to
€3), since it also includes bounds for the transient behavior.
This transient behavior, however, depends crucially on the
choice of the first nominal state 2% (z(0)), z(0) —z5(x(0)) €
Q, such that we needed the additional Assumption 9 to
ensure that z5(x(0)) is close to zs whenever z(0) is close
to {zs} @ Q.
Remark 7. The statement of Theorem 3 does also hold
under Assumptions 1-8, if one modifies the MPC such
that at time 0 the nominal initial state is not chosen as
23 (0]0) = 25 (z(0)) the minimizer of (9) but as zx,(0]0) =
Zmin(2(0)) = argming,,)_.cqy [[# — #s/|. This choice
guarantees that [|z3(0(0) — z| = [[#(0)[|;, ,gq holds and
thus (47) implies (50) even with e5(NV) instead of e3(N).
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Approach Worst case  Average
L= Loax —1.209 —1.403
£=ILmax (35)  —1.205 —1.427
L= Lirt (35) —1.168 —1.447
£ = Lx, (35) —1.143 —1.445

Table 1: Mean and maximum of the real stage cost L(z(t), u(t)) along
the closed-loop trajectory over ¢ € [0,2000] for different choices of
the stage cost £ used in the OCP with and without enforcing (35).

6. NUMERICAL EXAMPLE

Consider the scalar economic growth model from Griine
and Stieler (2014) with dynamics

z(k+1) =u(k) +w(k) (56)
and the stage cost L(z,u) = —In(Az® — ), with A =5
and o = 0.34, where we introduced an additive disturbance
w(k) € W = [—1,1]. The state and input constraints are
Z =10,10] x [0.1, 5]. Since the error dynamic is stable, we
do not need the pre-stabilizing feedback , i.e. w(z,v) = v
such that f = f;, Z = Z, and L = L,. Since the system
is static, the RCI set {2 can be chosen as (2 = W. Lipschitz
continuity of the cost function L on the feasible set Z
is not given in this example as L is not even defined
everywhere in Z. To fix this, we relax the logarithm In(¢)
for £ < 0.001 to a parabola, that smoothly continues In
at 0.001. As discussed in (Griine and Stieler, 2014), the
problem is (nominally) strictly dissipative with the linear
storage function A\(x) = 0.2306z. Thus, we conclude that
Assumptions 1-7 hold such that Corollary 1 provides the
bound (32) on the asymptotic average performance.

Indeed, we can verify (32) in the simulation results shown
in Fig. 1 with prediction horizon N = 10, initial condition
2(0) = z"* and w(k) sampled uniformly from W.
The real closed-loop trajectory (yellow dots) is always in
cheaper regions than LRa*(zMax ymax) = —1.2. However,
since the nominal state sequence (yellow circles) does not
converge to z"®* we conclude that Assumption 8 is not
satisfied. Thus, we implement the dissipativity inducing
constraint (35) in the OCP formulation as discussed in
Remark 2, (ii). We can see in Fig. 1 that this forces
the sequence of nominal states to converge to (stay at)
Z"®* . Surprisingly, the performance values in Table 1
indicate that this additional constraint in the optimization
improves the average cost in closed loop although the MPC
controller has less freedom to choose the control action.
Further, we can see in Fig. 1 and Table 1 that the running
cost is on average over time and in the best case better for
¢ = L, and ¢ = L™ Finally, we verified that using ¢ =
L»** leads to the best worst case performance and using
¢ = L™ leads to the best average performance, although in
this example, the difference to £ = L, is almost negligible.
For shorter horizons, we observed practical convergence
up to an perceptible error (V) as in (Griine and Stieler,
2014). By increasing the horizon to N = 10 this error gets
negligible, such that in Fig. 1 the limit point of the nominal
closed-loop sequence and (zg, vs) are not distinguishable.

7. CONCLUSION

In this work, we have verified that robust economic MPC
can be implemented without terminal conditions if the sys-
tem satisfies suitable (nominal) controllability and dissi-
pativity conditions. We have derived performance bounds
not only on the nominal closed-loop sequence w.r.t. the
modified stage cost, but also for the perturbed closed-
loop trajectory w.r.t. the real stage cost. If the system
satisfies a robust dissipativity condition, or if dissipativity
of the nominal closed-loop sequence is enforced with an

e — L:lr'lax
W= L7, (35)
We=L, (35)

‘ W¢= L, (35)

3 4 5 6
state x(t)

Fig. 1: The state-input domain with levels of the stage cost L (black,
solid), the manifold of steady states z = f(x,u) (black, dashed),
and the Q-tube around it (gray, dashed). As we can see, the optimal
steady state (square [J) depends on the choice of £. The real closed-
loop trajectory (dots ) and the nominal closed-loop sequence (circles
o) converge to {zs} ® Q X {vs} and (zs,vs), respectively, only if
we explicitly enforce robust dissipativity (35) in the OCP, as the
simulations t € [0, 100] starting at the optimal steady state zs show.
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additional constraint in the OCP, then the real closed loop
practically converges to the set {zs} @2, where the system
is robust optimally operated. The error e2(N) vanishes
with increasing prediction horizons N. To summarize, we
have extended the economic MPC framework from Griine
(2013) such that it can handle disturbances and we have
shown that the robust EMPC scheme by Bayer et al.
(2014) can be implemented without terminal cost and
constraints under suitable assumptions.
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