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Abstract: In this paper, we study the formation control of multiple Euler-Lagrange systems
with nonautonomous leaders, which means the leaders have bounded unknown inputs. Firstly,
adaptive distributed observers to the leaders’ input bounds and states are designed for every
follower. In addition, a discontinuous function in the adaptive distributed observer is applied to
make up for the influence of the leaders’ unknown inputs. Secondly, a distributed control law is
constructed using the distributed observer to accomplish the formation control. Our control law
achieves not only affine maneuver control but also containment control performance. All agents
as a whole can rotate, shear and scale, and maneuver to destination safely.
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1. INTRODUCTION

Multiagent control systems, including multiple unmanned
ground vehicles (UGV), unmanned aerial vehicles (UAV),
multiple robot manipulators and so on, have many engi-
neering applications, such as formation control, see Gao
et al. (2018), containment control, see Li et al. (2013),
leaderless consensus Ren (2009) and leader-following con-
sensus Cai and Huang (2015) for Euler-Lagrange (EL)
systems and rigid bodies, among which, formation control
generated considerable interest in researchers for naviga-
tion, moving target enclosing, etc.

Containment control of multiple agents, which aimes to
enforce the followers to converge to the convex hull formed
by the leaders, has been extensively studied in recent years.
The dynamic models of systems include linear systems
Li et al. (2013), EL systems Mei et al. (2012) and rigid
bodies Wang et al. (2019). In their results, the formation
configuration is fixed, and it extremely relies on the
Laplacian matrix of the graphical topology, which limited
its applications. Chen et al. (2017) solved the formation
containment control of EL systems, an important class of
nonlinear system that modes like underactuated surface
vessels and manipulator, without using relative velocity
information.

More recently, affine formation control, which aims to drive
agents to maneuver as a whole such that rotation, scaling,
shear and their arbitrary combinations can be conducted
simultaneously, has attracted wide attention. Zhao (2018)
studied the affine formation maneuver control of multi-
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ple single-integrator, double-integrator linear systems and
unicycle agents. However, the leader system has no control
input, so the signals the leader system can generate is
limited.

It should be pointed out that for the above articles, the
exosystems are autonomous systems (no control input) , no
matter in containment control problem or affine formation
maneuver control problem. It implies they have difficul-
ties in implementing maneuvers to response to external
environments in real time, taking obstacle avoidance as
example. In practice, the leaders should have inputs to
generage more general reference signals. Li et al. (2012)
studied the consensus tracking problems of multiple linear
systems of nonautonomous leaders. As far as we know,
the formation control problem for EL systems with nonau-
tonomous leaders is still open.

Inspired by the above facts, this paper studies the for-
mation comtrol of EL systems of nonautonomous leaders.
The main contributions of our paper are twofold. First, the
leaders have bounded control inputs which are unknown
to all followers and only partial followers have access to
its boundaries. The problem of how to design a control
law to compensate for the unknown inputs is challenging.
Second, both affine control and containment control can
be obtained so that formation control can be realized in
cluttered environments and the whole system can reach to
destination safely.

Notation: 15y € RY is a vector with all entries being 1.
Iy € RV*N is the identity matrix. Kronecker product is
denoted by ®. ||z|| denotes the Euclidean norm of a vector
x. A(A) means the eigenvalues of matrix A.
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2. PROBLEM FORMULATION AND ASSUMPTIONS

We consider a group of N EL systems described by the
following dynamic equations:

M;(q:)Gs(t) + Ci(qi, 4i)Gi(t) + Gi(qs) = Ti(2),
i=M+1,- M+N (1)

where M is the number of the leader systems, for ¢ =
M+1,--- ;M + N, ¢;,¢i € R" denote the vector of
generalized position and velocity, respectively; M;(g;) €
R™*" is the symmetric and positive definite inertia matrix;
Ci(gi,¢;)Gg; € R™ is the vector representing the Coriolis
and centripetal forces; G;(g;) € R™ is the vector of
gravitational force; 7; € RY is the vector of control torque.

According to Slotine et al. (1991), EL systems (1) have the
following properties:

Property 1: Fori=1,--- | N, (M;(¢;) —2C;(qi, ;) is skew
symmetric for ¥V ¢;(t), ¢;(t).

Property 2: For any x,y € R",
Mi(qi)x + Ci(ai, i)y + Giai) = Yilais ¢i, x,9)0i,  (2)
where Y;(qi, ¢;, x,y) € R™*P is a known regression matrix

and ©; € RP is a constant vector consisting of the
uncertain parameters of system (1).

In our formation control problem, there are M leaders
whose desired generalized position vectors g;(t), for j =
1,---, M, are assumed to be generated by the following
exosystem:
0;(t) = Sv;(t) + Rr;(t), ¢;(t) = Cv;(t), j=1,-- ,JE/I)
3
where v; € R™, and S € R™*™ R € R™*k C € R™™
are constant matrices.

Assumption 1: (S, R) is stabilizable.

Assumption 2: The unknown inputs of the leader system
r;(t) are bounded, that is, there exists a positive constant
7 such that ||r; ()]} < ;.

Remark 1: In Dong et al. (2017), it is assumed that the
exosystems have no control input, ie., 9;(t) = S;v;(¢).
However, in practical systems, like robotic systems, they
should react to the environment changes, avoid obstacles
in cluttered environment, for example. The control input
r;(t) ensures that the leader system can generate more
general reference signals in real time. Furthermore, we
assume that 7;(t) is only known to a part of the followers
to get more near practical situation.

We view the system composed of (1) and (3) as a multi-
agent system of (N+M) agents with (3) as the leaders
and (1) as the followers. Throughout this paper, we use
L ={1,---,M} to denote the leaders, and F = {M +
1,--+ M 4+ N} to denote the followers. Suppose that the
network topology of the multi-agent system is represented
by G = {V,€}. Let A = [a;;]}i 1) € RMFN)*(AIHN)
denote the weighted adhacency matrix of the digraph G,
where a;; = 0, and for i # j, a;; > 0if and only if (j,7) € &,
otherwise, a;; = 0. Let £ = [lz]]%flv € RIMAN)x(M+N)
be the Laplacian matrix of the digraph G such that [;; =
Z;VS{N a;j and l;; = —a;; if i # j. We use G/ to denote a
subgraph of G by removing all edges between the leaders

1,---,7—1,74+1,--- /M and all the followers. That is,
in digraph G7, agent j is the unique leader. We use L’ to
represent the Laplacian matrix of G7. Note that according
to the partition of the leaders abnd the followers, the
Laplacian matrix L7 can be written as

700
LJ:[- }
L Lyy

Problem 1: Given systems (1) and (3), and a digraph G,
find a control law such that for j € £ and ¢ € F, for any
initial conditions v;(0), ¢;(0) and ¢;(0), ¢;(t) and ¢, (t) exist
and satisfy

t—o0

M
lim [jg;(t) = Y mijq;(t)l| < e,
j=1

M

I oy L

Pare ll¢:(t) Zmz]q](t)ﬂ < €2,
j=1

where €; and e are two small positive constants, and

m;; is a constant which will be analysed in the following

section.

Remark 2: Unlike Dong et al. (2017), whose controller
leads to limy—, oo (g; (t) — Zjle mi;¢;(t)) = 0, our controller
attempts to drive the formation error and its velocity to
small compact sets neighboring zero, which is reasonable
and acceptable in reality.

To solve Problem 1, the following assumptions are needed.

Assumption 3: For each follower, there is a directed path
in the digraph G7, and the digraph G is directed.

Assumption 4: All the eigenvalues of S have non-positive
real part, and ¢;(¢) is bounded.

Assumption 5: There exist positive constants km, ki, ke
and kg, such that for all i € F, knly < M;(q;) <
kmn, Ci(gis @i)ll < Kellgill, 1Gi(gi)ll < Ky

Remark 3: Assumption 3 is a standard assumption of
the digraph. Assumption 5 implies the mass, the Coriolis
and centripetal forces and gravitaonal force are bounded,
which is in line with the reality. Under Assumption 4, the
leader systems can generate a large class of signals, such
as step functions, ramp functions, sinusoidal functions and
their combinations.

3. ADAPTIVE DISTRIBUTED OBSERVER OF
LEADERS WITH UNKNOWN INPUTS

Because the states of the leaders are only known to
part of the followers, an adaptive distributed observer
using information disseminated from neighbors needs to
be designed. It can be shown that the distributed observer
used in Dong et al. (2017) is no longer appliable to our
problem due to the unknown inputs of the leader systems.
If the follower systems do not know the bound of r;(¢),
Jj € L, i.e. vy, a distributed observer for 7; is needed.

We assume that the leaders’ dynamic matrices S, R, and C'
are known to all followers. Consider the following dynamic
compensator:
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= (Y ain(y (1) =7 (1)) + aiz(y; =2 (1), (4)
keF
i (t) = Sl (t) = REI (1) + (2] (1) + )R] (1), (5)
iteF,jel
where ¢ (t) = .z aun (n(t) = ] () + @ (05 (8) = ] (1)),

p and p are any posmve constants, ¢/ is a constant that

> 1
satisfies ¢/ mm{Re(/\( T

RTQj(t) T j
B O e
1) = IR 0] -
0, otherwise
K/ = —RT(P/)~! and P? > 0 is a positive-definite

solution of the linear matrix inequality (LMI)

SPi+ PiST —2RRT <. (7)
Under Assumption 3, all eigenvalues of Li} 7 have positive
real parts, so ¢/ exists. Assumption 1 is the necessary and
sufficient condition on the existence of a positive-definite

solution to the above LMI, see Li et al. (2013). Next, we
have the following lemma.

Lemma 1: Given digraph G, under Assumptions 1-4, for
any p, p > 0, and for any initial conditions v/ (0) and
77 (0), we have

hm(’yj() 73) =0,

exponentially.

Jim (7 (1) = 0;(0) =0 (8)

- 'yf (t), then we have

— W) + W) ()

Proof: Denote 7 (t) = ;i
1) = —n( X a3 )
keF
Let 47 = [('ﬁ/[H)T, e ,(%W_N)T]T, then system (9) can
be put into the compact form:
’L}/j(t) = _ﬂLff’Y (t).

Then for any p > 0, limy_,o, 57 (t) = 0, exponentially.

(10)

Next, we show that lim; .. (17 (t) — v;(t)) = 0 exponen-
tially.

To begin with, let 7/ (t) = 0] (t) —v;(t), 7 (t) = 1y @74(t),

ﬁZ(t) = ’S/zj(t)szj(t% Xj = [(X%J+1)T7 e 7(XJ{4+N)T]Ta
for X =10, f, II, and ¢. Then we have

i} (t) =S (t) — & BEIS (t) + (; + p)RF (1) —
— TR ().

Then, the compact form of (11) is as follows,
i () =(Iy ® )’ (t) = (Iy ® RK?)J! ()~ (In ® R)7;()
+ (35 + p)In @ R) 7 (t) = IV (2). (12)

Since ¢7(t) = —(L?cf ® I,,)77 (t), it holds for (12) that
() =(In @ S+cL}; @ RK?)S! (t)~(vtp) (L @ R)f(1)
+ (L @ R)F;(t) + (L, @ L) (). (13)
Now, we show that (Iy ® S + ch;f ® RK7) is Hurwitz.

Rr;(t)
(11)

Consider the system
@(t) = (In® S+ L}, @ RK?)w(t).

Under Assumption 3, all the eigenvalues of E?f have
positive real parts. Then, there exists a unitary matrix
U7 € RN*N that (U7)" L}, U7 = A, where A7 is an upper-

i =1,--- N, as its diagonal
®I,)w(t). Then it follows from

triangular matrix with )\{,
entries. Let & (t) = (U7)H
(14) that

@(t) = (In® S+ N @ RKI)a(t). (15)
It is clear that (15) is asymptotically stable if and only if
the following N systems

@i(t) = (S + N RK)@(t), i=1,--- ,N.  (16)
are all asymptotically stable. Let P’ be a positive-definite
solution of the LMI (7), then it follows that

(S+ N RKI)P? + PI(S + I\ RKY)T

= SP? + PIST 4 2¢7 Re(N))RK? P?

= SP7 + PIST — 2¢/ Re(N)RR"

<SP/ +P/ST —2RRT <0, i=1,--- ,N.
That is, (In ® S + ch;f ® RK7) is Hurwitz, then there
exists a diagonal matrix P = diag{pMH_, o+, DM4+N } With
pi > 0 (i € F) such that P(IN®S+¢/ L} ;@ RK7) + (In ®
S+ CjL'j;-f ® RK))TP = —Q where @ is positive definite,
see Qu (2009).
Construct the following Lyapunov function candidate,

V(s?) = (7 (1) P (1). (17)

The derivative of V(¢7) gives
V() == (1)) " Qs ()27 (1)) " P(v;+p) (L}, @ R) (1)

+2(c/ (1)) T P(L), ® R)7y(t)

+2((8))"P(LY; @ L) (1), (18)
According to the definition of f7 (¢ ) (6), (I (1)TRF (1)

IRTS ()], and (5] ())"RfL() < |R"s j( WIAGN <
|RT¢! (t)]], for k # i, k € F. Then, it follows that

= 2( ()T Py + p) (L @ R)fj( )
M+N
= > 2y +opils TR(Zam VHORNHO)
i=M+1
—ag (1) < =205 +0) > payl BT ).
i=M+1
(19)
Under Assumption 3, we have
2(¢ (t))TP(L;'f r Z 2piai; (s TRTJ( )
=M1
M+N 4
<2y Y piag| R @)
i=M+1
(20)
Substituting (19) and (20) into (18) gives
V() < (M) () =20 Y piayll BT ()]
i=M+1

+2(c7 (1)) P(L), ® LI (1)
< —(1)TQ (1) + 2(7 (1) "P(L%; ® I,)TF ()
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1PN g
< —nin(@) = — L) [C O + el ()7 (21)
J 2
Let € = %, then we have
. 1 . iy
V() £ =5 Amin(Q) <7 (O + €|l ()]
)\min(Q) i 17 2 22
< _Lminl%) 1y I (22)
< 2Amax(P)V(g )+ €l[IF ()]
= -MV() +el[lF@))? t>0
where \; = )‘m”‘(( P)) By Comparison Lemma (Lemma 3.4

of Khalil (2002)),
t
V(7)) < e MV (¢1(0)) —I—/ e M|V (7)||2dr. (23)
0
Since T(7) = F/(ORf(r), |F/ (M) < 1, and 7/ (¢)
converges to 0 exponentially, ||II7(7)||? also converges to
0 exponentially. Then, there exists a positive constant As
such that - o
el (7)|* < [T (0)[|Pe~ " (24)
Without loss of generality, we assume 0 < A2 < A;. Then,
we can get

t
| e e o)) ar
0

t
</ e M=) |17 (0) 26" dr

0
< IV (0)]|2e 221, 25
< el o)Pe (25)
Substituting (25) into (23), it holds that
V(e?) <eMV((0) + e|[ T (0) %=
Al — As
_ - (26)
< (V(7(0)) + e[| TF (0) ][ )=
A1 — A
We see that lim;_,oo V(gj ) = 0 exponentially. Thus, we
conclude that lim;,.¢?(t) = 0 exponentially, which

means lim; o, 77 () = 0 exponentially because L?cf is
nonsingular under Assumption 3.

Remark 4: Equations (4) and (5) are adaptive distributed
observers for each follower to estimate input bounds and
states of the jth leader, using the information of their

neighbors. In our control law, the nonlinear term (%J (t) +

p)Rf!(t) is used to make up for the influence of bounded
unknown inputs of the leaders. Similar to Su and Huang
(2011), in distributed observer (5), the eigenvalues of the
Laplacian matrix of the graph is a priori condition for the
followers.

In (5), the discontinuous of the nonlinear term f7 () will
cause chattering to the control input. Next, to avoid this

situation, we replace fij (t) by ff (t), a continuous function,
= — e
' IRT] ()] + #]

where &7 is a small positive constant.

(27)

Lemma 2: Given digraph G, under Assumptions 1-4, using
the continuous function f;(¢) in (27) for the distributed

observer nf(t) in (5), then for any p, p > 0, and for

any initial conditions 'yg (0) and n{ (0), the estimation error
777 (¢) is uniformly ultimately bounded.

Proof: The Lyapunov function candidate is the same as
(17). Similar to the proof of Lemma 1, (s/(¢))TRf? (t) =
RTI ()12
T and (JE)TRA() < IR @)). 16 can be

verified that
= 2( (1) P (v +p) (L} O R) F (£)+2(< (1) P(L} ;@ R)7

M+N M+N
7]+p Z bik ( Z a’Lk‘+a'Lj>'

=M1 k= ]V[+1

(28)

. M+N
Denoting ¢ = 2(v; + p) S ity ikt (S pnrsr Gik + @ig),

then the derivative of V(s7) along (13) satisfies

V(<)) < —((0)TQ () +2(7 (6)) TP(Lf; @ L) TP (t) + 0.
(29)
Based on the Comparison Lemma and (26), we have

V(&) < (V((0) + xsgell TV (0)[e 2! + o/As. Thus,
V(s7) is ultimately bounded with the upper bound ¢/A1,
and it means that ¢; (¢) and n/(¢) are ultimately bounded.

In the definition of ¢, since v;, p, p;, a;; are constants,
¢ is a linear combination of x!. If k] is small enough, ¢
is also small enough. Because V(¢7) = (¢7(t))" P’ (t) is
ultimately bounded with the upper bound ¢/A1, ¢7(¢) is

ultimately bounded with a small enough constant, so is
¢(t) and 7 (t). Therefore, the estimation error 7 (t) can

be as small as desired by setting appropriate value for x.
[

In the following section, we use the continuous term fJ (t)
instead of f7(t) for the distributed observer n/(t). In
addition, fJ (t) guarantees the existence and continuous of

nf (t), which plays a key role for the design of the followers’
control law.

4. FORMATION CONTROL OF MULTIPLE EL
SYSTEMS

In this section, the adaptive distributed observer (4), (5),
and (27) are applied to synthesize a distributed control law
for multiple EL systems to achieve the formation control.

To begin with, we define a new variable,

M
qri(t Z Mij an ai(t) — Z myj Cﬁf (t)) (30)
j=1
where « is a pos1t1ve constant. It follows that
M
qm Z msj 0771 t) - Z mljcng (t)) (31)
j=1

Accordmg to (5), we have
i} (¢) = Si () +REIS] (6)+3] (ORF] (8) +(+]

where 'yzj(t) is deﬁned in (4), ¢/ (1) =
77 (£)) + aij (05 () =7 (1)), and

B = FLOURTS 0]+ )
(BTG @ + #7)?

J()+p)RF (1)
32

S er ain(i(t) —

—
~—

—gl(t)

(33)
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where
J(r) = BL O W) TRRTG (1)
I1RT< ()]
Then, we define
si(t) = Gi(t) — gri(t), i€ F. (34)

By Property 2, there exists a known matrix Y;(q;, Gi, Gri, ¢ri)
and an unknown constant vector ©; such that
M;(q:)Gri(1)+Ci(di, Gi)4ri () +Gi(qi) = Yi(qi, i Gri qm'z(aij
35
The distributed control law we proposed is as follows,

.Ti(t):_K's’() () ()’ ieF, jEL, (363)
0,(t) = =AY ()si(8), (36b)
(1) = 1(D_ am(f (8) =7 (1) + ayj (35 — 7 (1)),
keF
(36¢)

i (t) = Sl (t) = JREI (1) + (4] (t) + )RS} (1), (36d)

where K; € R™ ™ and A; € RP*P are two symmetric

and positive definite matrices, O, denotes the state of the
dynamic compensator (36b).

Theorem 1. Given the followers in (1), the leaders in (3),
and a digraph G, under Assumptions 1-5, Problem 1 is
solvable by the control law composed of (36a)-(36d).

Proof: Substituting (30) into (34) gives
M '
=Y myCn (1))
j=1

Since a > 0,
tem in (g;(t)

Zmqu si(t).

(37)

(37) is a stable first order linear sys-

- Z;Vil mi;Cnl(t)) with input s;(t). If

limy,o0 5i(t) = 0, then both (g;(t) — 37, mi;Cnl (1))

and (¢;(t) — Zﬁl mijCﬁf (t)) converges to 0 as t tends
to infinity. Next, we show that lim;_, . s;(t) = 0.

+ (gt

To this end, substituting (36a) into (1) gives
M;(q:)Gi(t)+Ci(ai, 4)di (1) +Gi(qi) = —Kisi(t)+

= 0(t)

Yi(1)0(t).
(38)

Let ©,(t) — ©;. Combing (34), (35) and (38) gives
Mi(qz‘)éi(t)-f-ci(%,ql‘)fz( ) =—Kisi(t)+Y;(t)0i(t),(39)
Oi(t) = —A; YT (t)si(t).  (40)

Define the following Lyapunov candidate,
M+N

i=M+1
By (31) and (34), since $;(t) exists, so is V'(¢). Taking the
derivative of V(¢), by Property 1 of the EL systems, we
have

Vi = Y ST 0Ma)si(t) + 6T ()AG:(1). (41)

M+N

V= S (TOMa)3(0) + 5T (0N (g0)s:(0)

i=M+1

+ 67 (1)A05 (1))

M+N

= Y (ST Culas d)si(t) — Kisi(t) + V()0 (1))
i=M+1
+ 2 sTON(a)si(1) + 6T ()A6:(1))
M+N
=— Y sT)Kisi(t) <0. (42)
i=M+1

Note that (42) implies that both s;(t) and ©,(t) are
bounded. To show V(t) is uniformly continuous for all
t > 0, we need to further show that $;(¢) is bounded. To
this end, from (39), because M;(g;) is positive definite, we

need to show C;(g;, ¢;) and Y;(t)O;(t) are bounded.

By (37), both (4:(t) — 3250, myCi] (#)) and (qi(t) —
2?4:1 mi;Cnl (t)) are bounded because of the bounded-
ness of s;. According to Lemma 2, where we modify the
discontinuous f7(t) in Lemma 1 to a continuous term f7 ()
n (27), 77/ (t) is bounded under Assumption 4, then by (5),
7! (t) is also bounded. Thus ¢;(t) is bounded, which implies
Ci(gi, ;) is bounded.

By (35), Yi(t)©;(t) is bounded if and only if ¢.;(t) and
Gri(t) are bounded. ¢,;(t) is bounded from (30), because
we have shown that both 7/(t) and 772( ) are bounded.

Considering the right hand of (32), ¢/(t) and ¢/(t) are
bounded based on Assumption 4 and the boundedness of

nl (t) and 7/ (t). So from (27), fi(t) is bounded. Therefore,
Gri is bounded.

Up to now, we have shown that lim; ., s;(t) = 0,
which means lim;_,o(g;(t) — Z;Vil m;;Cnl (t)) = 0 and
limg—, o0 (Gi(t) — Z;\il mijCﬁf(t)) = 0. On the one hand,

by Lemma 2, since 7! (t) = 717 (t) — v;(t) converges to a
small bounded compact set neighboring zero. Then, we
have

me(b
Zngc’l};
M . .
=l a6 = Y 0) =)

Z mi; O] (1) + lim IIZm

hm Ilg:(t)

= hm llg: (t)

2

< [lim flgi(t)

_ 1 ~J
= Jim | Zn (1
]:

Therefore, there exists a small constant e; such that
limy o0 ||gi(t) — Zj”l mi;q;]] < e1. €1 can be as small as
desired by turning ] small enough in (27).

On the other hand,

7] (1) = 95 (t)
= Sl () +REKIS] (L (7] () +p) RFI (t) —
= Siil (1) + REKI] (t)+ (v +p) RS} (t)—Rr; (t1+

(43)

(S’Uj (t) +R7"j (t))
¥ ORF (1),
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since ﬁzj (t) and gij (t) converge to a small bounded compact
set neighboring zero, ||f7(¢)|| and |lrj(t)|| are bounded,
and 7/ (t) decays to zero exponentially, (17! (t) — 0;(t)) also
converges to a small bounded compact neighboring zero.
Similarly,

M
Jim [l (t) — Zl mjq;(t)||
j:

mi; O] () — (i () — (1))

M=

— lim [i(t) -

t—o0

.
Il
-

mi; O] (¢)]]

-

Il
-

<t e (s
< Jlim {[¢:(t)
J

M 4
+ lim || Zmijc(mj'(t) —0;(1))||

t500
M

= fim 1 25 myCE0 =5, (44)

Therefore, there exists a small constant €5 such that

limy o0 [|63(8) = 35724 mis Cis (1) < 2. u

Remark 5: Theorem 1 shows that both the formation error
(43) and the velocity error (44) depend on lim;_,o 7/ (¢),
which depends on the combination of Iig , as Lemma 2
shows. Therefore, the formation error and the velocity
error finally converge to small bounded compact sets
neighboring zero by setting nz small enough. And it can be
shown that x/ makes f7(t) continuous, which guarantees
the continuity and boundedness of 7/ () and 7 ().

Remark 6: In our control law (36a) and (36b), agents
have the freedom to set values of m;;. In affine formation
maneuver control and containment control, the tracking
error limg o0 07(t) = limy—oo (pf(t)—l—(L;;Lﬂ@In)pl (1) =
0, where p¢(t) and p;(t) are column vectors composed
of states of followers and leaders, respectively. Then, by
setting m;; = _(L;}Lfl)ij7 our control law implements
the same results as affine formation maneuver control and
containment control.

5. AN ILLUSTRATIVE EXAMPLE

In this section, we consider a group of two EL systems,
each of which describes a fully actuated mobile robot
Cheah et al. (2009), whose motion equation is :
M;Gi(t) + Cigi(t) = 7(t), i=4,5

where ¢; = [x;,vy;]T represents its position in the 2D
horizontal plane, M; denotes the mass, C; is the damping
constant, and 7;(t) stands for the force applied to it. In our
example, M; and C; are unknown to every agent, so ©; =
[M;, C;]T. Their actual values are 1kg and 0.5, respectively.
Thus the actual value of ©; is ©4 5 = [1,0.5]T. By Property
2, since Y; satisfies (43), we have Y; = [§ri, Gri]-

The three leaders are single-integrator agents:
with p; and v; being the position and velocity, respectively.

By Assumption 2, v; is bounded. In our example, we
assume ||v;(¢)|] < 2. In our example, the leader systems can

generate proper trajectories automatically using carried
sensors, but it is beyond the scope of our research.

The graph topology of the system can be found in Fig.
1 (a). Parameters in our example are: u = 2, p = 2,

¢ =2, k] =0001, a =2, A; = 0.02;, K; = 301,
1017321 0 . .

K; = 01 0 17321 for j = 1,2,3 and ¢ = 4,5. It

can be verified that Assumptions 1-5 are satisfied.

In our example, the set of m;; is designed as follows:

Table 1. Values of m;; in different time periods

t\my; m41 M4z M43 M3l M52 Ms3
0<t<77.5s -1 1.5 0.5 -1 0.5 1.5
T75s <t<1075s 1/3  1/3  1/3  2/3 1/6 1/6
t > 107.5s 0.5 0.5 0.5 0.5 0 0.5

The change of formation shape at t = 77.5s and t = 107.5s
can be seen in Fig. 1 (a).

As illustrated in Fig. 1 (d)-(e), the accuracy for formation
and velocity are 10~2m and 10~3m/s, respectively, which

has the same order of magnitude as s, and it implies
the formation error and velocity error converge to small
compact sets neighboring zero. Note that the huge change
of the formation error in Fig. 1 (b) and the velocity error in
Fig. 1 (c) at t = 77.5s and ¢t = 107.5s is because of change
of formation shape, and the existence of abrupt velocity
error in Fig. 1 (¢) at t = 17.5s is due to the sudden change
of the leaders’ velocity for avoiding obstacles.
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