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Abstract: This paper considers the formation problem for a group of torpedo-type AUVs
(autonomous underwater vehicles). For each vehicle, there are only three control inputs available
for the vehicle’s 6-DOF motion in the water. So this is a typical underactuated system. For
these underactuated multi-agent system, we propose a sort of virtual structure based formation
scheme. Virtual structure is a graph with each node taken as virtual leader for each specific agent
vehicle. And for the vehicle’s motion control, a sort of path following scheme is used to force
the vehicle to follow the virtual leader’s trajectory. Proposed formation scheme can guarantee
the exponential following in the spherical coordinate frame, and some of simulation studies are
carried out to demonstrated this kind of following performance.

Keywords: Multi-agent system, Formation control, Underactuated system, Path following,

Marine systems, Lyapunov stability.

1. INTRODUCTION

Throughout the past three decades, formation control has
been one of the most intense research topic in the control
community. Reynolds (1987) introduced a distributed be-
havioural model for flocks of birds, herds of land animals,
and schools of fishes. This model can be summarized as
three heuristic rules: flock centering, collision avoidance
and velocity matching. In the formation algorithm, each
dynamic agent was modelled as particle system - a simple
double-integrator system. This kind of agent model has
been inherited in most of the following research works
(Leonard and Fiorelli, 2001; Olfati-Saber and Murray,
2002; Fiorelli et al., 2006; Do, 2007). In addition to the
particle system, nonlinear models were applied for un-
derwater vehicles (Dunbar and Murray, 2002) and for
wheel robots with terminal constraints (Fax and Murray,
2004), in both of which the nonlinear dynamics were fully
actuated. Recently, underactuated nonlinear models were
frequently considered in the formation control works (Li
and Lee, 2008; Li et al., 2009; Cui et al., 2010; Li et al.,
2019; Gao and Guo, 2019). In these literatures, despite the
control targets were underwater flying vehicles, formation
schemes only on the horizontal 2D plane were discussed.
In this paper, we extend the previous works (Li and Lee,
2008; Li et al., 2009) to the 3D space.

In this paper, we assume that there is a surface vessel,
which is equipped with a fully integrated underwater po-
sitioning and communication system, covers all the agent
vehicles in the group. The vessel can simultaneously track
all the vehicles and communicate with them. On the other
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hand, we assume that there is not direct communication
link between any of two vehicles. In our previous works
(Li and Lee, 2008; Li et al., 2009), the formation geometry
was constructed by forcing each agent vehicle to maintain
certain distances with other vehicles. To do so, every vehi-
cle had to know all other vehicles’ position information. In
practice, this might significantly increase the acoustic com-
munication loads between the vehicles and surface vessel
and moreover can cause severe time-delay in the position
update. Under this consideration, in this paper, we propose
a sort of virtual structure formation scheme as mentioned
in Oh et al. (2015). The surface vessel designs a virtual
structure, which is a graph with each node taken as virtual
leader for specific agent vehicle, and then transmits the
vehicle’s tracked position and its specific virtual leader’s
motion information to each agent. The potential function
for the vehicles formation consists of two parts: one is for
each vehicle to follow its virtual leader, and the second
is for obstacle avoidance. This potential function is more
simple than the ones used in Li and Lee (2008) and Li et
al. (2009), where the formation potential contained three
components.

2. PRELIMINARIES AND PROBLEM
FORMULATION

2.1 AUV Model

Usually, for most of underwater vehicles, their gravity
centers are designed to be (much) lower than the buoyancy
centers, and this kind of mechanism can guarantee the
vehicles’ roll dynamic stability in the low speed motion.
Under this consideration, in this paper, we consider the
following 5DOF vehicle kinematics and dynamics (Fossen,
2011; Li et al., 2016)
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where s(-) = sin(-) and c(-) = cos(*); (x4, ¥i,2i),0 =

1,--- ,n is the ith vehicle’s position in the navigation
frame, 6; and ; each denotes the pitch and yaw angle;
(ui, vi, w;) is the velocity vector and ¢; and r; are pitch
and yaw angular rates, all in the ith vehicle’s body-fixed
frame; fu;(-) € C* with a € {u,v,w,q,r} indicates the
ith vehicle’s nonlinear hydrodynamics including damping,
inertial, Coriolis, and gravitational terms each in the
surge, sway, heave, pitch, and yaw dynamics; surge force
Tui, pitch moment 74, and yaw moment 7,; are three
only available control inputs with nonzero constant gains
bui7 bqia and bri~

For torpedo-type AUV, there is only one thruster provid-
ing surge force, and therefore to activate the vehicle’s pitch
and yaw dynamics, it has to possess a considerable forward
speed. On the other hand, if 6; = +7/2, ¢; = r/cosb; is
not defined and therefore there is a singularity problem.
Under these considerations, in this paper, we make the
following assumption on the vehicles’ motion.

Assumption 1. In (1) and (2), u; > 0 and |6;] < 7/2.

Remark 1. For the convenience of discussion, in this paper
we do not include any of uncertainty terms in the vehicle’s
dynamics (2). Indeed, known bounded or even unknown
bounded uncertainty terms still can be properly handled
using appropriate control methods (Li et al., 2016, and
references therein).

2.2 Spherical Coordinate Transformation

For torpedo-type AUVs, the sway and heave forces are
unavailable, and therefore the most difficulty in the path
tracking is how to properly handle these sway and heave
dynamics. To tackle this problem, in this paper, we intro-
duce the following spherical coordinate transformation in
the vehicle’s body-fixed frame.

wy = \Jui + v +w?, O =0;+04i, Vi =Vi+Ya, (3)
where 0,; = —atan(w;/\/u? + v?) and . = atan(v;/u;).
Since u; > 0, 0,; and 1,; are both well defined in the
domain (—7/2, w/2).

Using the spherical coordinate (u, 6, ), the ith
vehicle’s kinematics can be rewritten as

&; = uycosbycosiy;,

Ui = uyicosby; siniy;,

2 = —wysinby;, (4)

For the vehicle’s path (z;(t), y:(t), z:(t)), it can be embod-
ied by (u;(t), vi(t), w;(t), 0:(t), 1;(t)) through the kine-

matics (1), or by the spherical coordinate (uy;(t), 61 (t),
13 (t)) using (4). In this paper, we apply the latter method.

Given a reference path (24;(t), yai(t), zai(t)), the range
error is defined as following

Tei =/ ‘rgz + ygz + Z?m (5)

where Te; = Tai — Ti, Yei = Ydi — Yi> Zei = Zdi — i
Using (4), the time derivative of range error can be
expanded as
Tei = Wdi[c08014;c080p;c08(Wq; — p;) + sinbg;sinby;]
— uy; {cosby;co80p;[cos(y; — p;) — 1]
+ cos(0; — Owi)} s (6)
where 6y; and ; are defined as

0y; = —atan <zei/ z2, + y;) , Vb = atan2 (Yei, Tei) -
(7)

2.8 Control Problem

Given the range error dynamics as (6), the trajectory
tracking control problem is that: properly steer the vehicle
S0 as to re; — ¢; with ¢; > 0 constant, while keeping the
vehicle’s attitude (6;;, 1¥;) matching with certain desired
one (0, vP). 1t (68, yP) is chosen as (0;4;, 114:), then it

1io Vi li Vi
is the path tracking problem; and if (05, ¥£) = (04i, ¥r:),

then it becomes the path following case (Li, 2016, and
references therein).

In this paper, we apply the path following scheme in the
vehicles’ formation. Substituting (6;;, ;) = (05, ¢fF) =
(Ovi, Yw;) into (6), we have
Tei = g Ai — i, (8)

where A; = c088;4;c080p;c08(V1a; — Vi) + $inbiq; $inby;.
Proposition 1. Consider (8). If uy; is chosen as

wi = uf] = waiAi + kri(rei — ci), 9)
with kg;, ¢; > 0 design parameters, then we can guarantee
the exponential convergence of r.; — ¢;.

Proof. Consider the following Lyapunov function candi-
date 1

V=3 (re—a). (10)
Differentiating (10) and substituting (8) and (9) into it,
we can get V. = (rg — ¢)(waild — uy) = —kgi(rei —
Ci>2 = —2kg;V. O

For ith vehicle, the trajectory tracking control objective in
this paper is to force the vehicle to follow (ug, 95, l?),
instead of directly tracking (uig;, 6iai, 1a;)- Consequently,
the vehicle’s path following model can be expressed in the
form of spherical coordinate (uy;, 65, ;) as following
Tei = WaiAi — uy; [c0801;c080p;(cosWie; — 1) + cosbiei]

) D
elei == eli - eai — i,

i o
Yies = Y75 — VYai — 135eC;,

Ui = futi + buic0504:€05YaiTuis

q.i = fqi + bqiTqia
75 = fri + briTri,
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where 0e; = 0F —01; = 0p;— 01, 1e; = lﬁﬁ?—wli = i =i,
and fu;; = fuicos04;c050q; + fuic0804;8tna; + fuisindy;.

3. FORMATION RULES

Consider a group of n AUVs, all of which have the
same kinematics and dynamics as (1) and (2). There is a
surface vessel, which is equipped with a fully integrated
underwater positioning and communication device such
that can simultaneously track all the vehicles and also can
exchange information with each of them. Moreover, there
isn’t communication link between any of two vehicles. For
this kind of marine vehicles group, we propose a sort of
virtual structure formation scheme as in Oh et al. (2015).
The surface vessel designs a virtual structure, which is a
sort of graph with each node taken as virtual leader for
specific vehicle. The formation rules can be summarized
as: virtual leader following and obstacle avoidance.

3.1 Virtual Leader Following

As aforementioned, given the ith vehicle’s virtual leader
information (x4;(t), ya4i(t), za:(t)), which can be embodied
using (uig; (t), 014i(t), ¥i4i(t)) through (4), the control ob-
jective is to force the vehicle to follow (uf? (t), 07 (t), ¥f (1))
instead of directly tracking (ujq;(t), 014:(t), ¥iai(t)). For
this reason, the corresponding Leader Following potential
function is chosen as following

WiLr :VaJrVg, (13)
with
1 & 1 &
3 Y r(re =), V= B} > Daufy = wi)?
i=1 i=1
76 (05 — 0u)* + v (W — vu)?],
where uf is chosen as (9), and 68 = 04, VE = vui;

Yu, V6, Yy > 0 are weighting factors.
3.2 Obstacle Avoidance

For each AUV, there is a FLS (forward looking sonar)
mounted in front of it. Using this FLS, the vehicle can
detect the obstacle(s) around it. In this paper, we only
consider the position fixed obstacles and apply the same
obstacle model as in Li et al. (2009). For each detected
obstacle block, it is modeled as a point from which to
the vehicle is the shortest distance. Vehicle’s obstacle
avoidance is guided by the following potential function

Voa=Y_>" flllPig = Pill,ay,b,),

i=1 qeQ

(14)

where f,(§,a,b) is a smooth potential function which is
defined in Definition 1 in Li et al. (2009) with 0 < a <b
design parameters; F;, is the modeled obstacle point
detected by the ith vehicle and P; is the vehicle’s position;
Q(P;,t) is a subgroup of obstacles included in the ith
vehicle’s sonar covered 3D space up to time ¢ > 0, and
[| - ]| denotes the vector Euclidean norm.

Remark 3. For smooth potential function fp(§,a,b), if a =
b, then f, = 0 (Li et al., 2009). From obstacle avoidance
point of view, there is no need to have cohesion between
the vehicle and the obstacles. With this consideration, in
(11), we set by, = a5.

Remark 4. If there are multiple obstacles around the ve-
hicle, then it is well known that the smooth potential
function as (11) cannot always guarantee the global mini-
mum. In case of local minimum, which means the vehicle
is trapped by the obstacles, there may be several counter
plans applicable in practice. One is that the surface vessel,
which is monitoring all the vehicles in near the real-time,
can design a new virtual leader for this trapped vehicle
and guide the vehicle to escape the local minimum. Also,
the vessel simply command the trapped vehicle up to the
surface and recover it, while the other vehicles are still
in their missions. How to deal with the local minimum
problem in practice is out of the scope of this paper.

Without loss of generality, in this paper we make the
following assumptions.

Assumption 2. For any given obstacle(s), after a certain
period of time, all virtual leaders always move away from
the obstacle(s).

Assumption 3. After a period of time, if it finds out that
kth vehicle is still trapped by obstacles, then the surface
vessel sets the vehicle’s uﬁc as uﬁc = 0.

4. FORMATION CONTROL DESIGN

In this section, we apply the virtual structure concept and
propose a formation control algorithm for a group of n un-
deractuated AUVs, each of which has the same kinematics
and dynamics as (1) and (2) with Assumption 1~ 3. From
(11) and (12), we can see that the vehicle’s path following
model is in a three-input-three-output second-order strict-
feedback form, so the formation problem is solved using
general backstepping method (Krstic et al., 1995).

Step 1. As aforementioned, the formation rules consist of
virtual leader following and obstacle avoidance. So, the
following Lyapunov function candidate is considered in
this step.

Vi =Vo+ Vs +71,Voa, (15)
where v, > 0 is a weighting factor.

Differentiating (15) and substituting (13) and (14) into it,
we have

E FYR Tei — Tez

Ofp(Tgei, nyy Tig— T, . .
) Il e CTRE

i=1 qeQ Orgei T'qei
yz,q Yi, . . Ziq T Ri . .
+ (Wig — 0i) + ——(%i,q — %)
sq sq
Tqei Tqei

37 [l = wi) @l = i) + 0 (08 ~ 00)(6F — b1:)
+ e (E — ) @8 — )] (16)
Pi|.

As aforementioned, in this paper we only consider the
position fixed obstacle( )- S0 &ig = Yiqg = %iq = 01in

(16). Furthermore, substituting (11) and (12) into (16),
can get

where rge; = || Pi g —
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n
Vi =R Y (rei — i) {waiAi — uf} + ] — w;
i—1
— [cos@licosﬁbi(cosmei — 1)+ cose; — 1]}

+ 7y Z [Am Uj; cos@h COS’(/Jh ulicoselicoswli)

D
+ Ayl (ull cosOf sinpt) —

D
— Azi (ull 57,77,9”

Z |:’7uulez ulz Ulz) + ’790162 (9l1 ell)

=1

ulicosf)lisinwli)

— U4 sm@li)}

+ ot (BF = )] + Ay (a7)
where
n
i=1
. o ei o el
with Azi =3 eq Tﬁf;w Ayi = Dgeq 6r€2 racy Az =

Ofp Zgei
20e9 Brpes oci-
Substituting (9) into (17) and further expanding it, we can
get
n
- Z kRi (rei - + TR Z Tei - {ulez
i=1
0.
+ 2uy; [cos@licosebisinZ w;m + sin? l; } }

n
+ 7y Z {A“ {uleico,sHl[i)cosq/Jl?
i=1

0P + 01 . O
o sin—g

wlei
2
+ Ay [uleicoseﬁsmd)ﬁ
0P + 0, . O
— 2uy; (sim/)l?sin”—i_l in—

9 Sin 9
w ¢lz

wlei
2 2
0P + 0, 0
— A (uleisinﬁﬁ + 2ulicos%sin l;)}

+)° {’}’uulei(ﬂl[; — i) + 7001ei (0] — O1i)

— 2uy; (coswl’?sin
’(/} wlz
2

+ cosbl;sin—+——

— cosbcos—+——

+ %N/fza(%? - 1/’11)} +A,
= Z kri(rei — Ci)2
i=1

+ Z (Avitiei + Noibrei + Ayithiei)

1=1
+ ) [uttiei (0f] = futi = buicos0aicostaiTui)
=1
+ ’709lei<él? - éai
+ rywwlez(wl[; - wai — Qupj + eri):| + A'y)

— Qgi + €q;)

(18)

where oy = ¢; + eq; and o,y = 7r; + e,; are stabilizing
functions (Krstic et al. 1995) for ¢;, and r;, and

Ayi = Yr(Tei — &) + 74 (Amcosﬁﬁ?coswﬁ

+ AyicosOf sinyf —

sinbie; /2
O1ci/2

D .
— YU (Awicosmi sin

Azisin@?) ,
led
2
0F + 0, 0° + 0,
lz_2|_ li —‘rAziCOS lz;— li

Ag; =

[mun(rei — ¢;)sin

0P + 6y
+ Ayisim//l?sin“;lﬂ ,

SinYyei/2
wlei/z

D )
— Yyugicosly; <Amsinw

D .

T;Z)lei

Ayi = ['yRuli(rei — ¢;)cos0;;c080y; sin 5

2

According to (18), the control laws in Step 1 are chosen
as following

- b sec@azsecz/im [ulz fulz + ryu (kululel + A l)] ’
1

(19)
agi = 05 = Oai + 75 " (koibiei + o) , (20)
i = V8 = Pai + 75" (kypithiei + Ayi) (21)

where ky;, koi, ky; > 0 are design parameters.

Remark 5. Since w; > 0, it has 04;,%.; € (—7/2, 7/2),
from which we can guarantee that cosf,;coswq; > 0.
Substituting (19)~(21

n

Vi=—> [kni(rei—

i=1
+y901ciCqi + Yo reieri] + Ay

) into (18), we have
¢i)® 4 kuitiie; + keibi; + kypitis;
(22)

Step 2. Rewrite the vehicle’s pitch and yaw dynamics in
(12) as following
éqi = dqi - fqz' - bqiTqia
éri = dri - fn -b

(23)
(24)

73 T«

In this step, we consider the following Lyapunov function
candidate

‘/2 (’761 Z eqz + fY'f Z 6”> I (25)

where 74,7, > 0 are design parameters.

Differentiating (25) and substituting (22 (24) into it, we
get

Vp = —Z (kRi(rei —
i=1

+799leieqi + "waleieri + Yq€qi (aqz - fqi -b
+7reri (am - fri - bri'rri)] + A’y~

¢i)* + Kuitije; + koibie; + kpithie;
¢iTqi)
(26)
According to (26), we choose the following control laws
 =by; Y (Ggi — foi + 75 " (kgieqi + v00ei)) (27)
Tri = b,«il (i — fri + 77" (krieri + Ypthier)) (28)
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where kg, ky; > 0 are design parameters.

Substituting (27) and (28) into (26), have
n
Vo= =3 [kri(rei = ¢i) + kuitije; + koibi; + kyitie;
i=1
+kqi€3i + kriezi} + A,Y. (29)
After a certain period of time, all virtual leaders always
move away from the obstacle(s) (Assumption 2). So, if
the vehicles still follow their corresponding virtual leaders,
we have fp,(rgei, @y, by) = O0fp/Orge; = 0. Otherwise, if
one or more vehicles are trapped by obstacles, the surface
vessel will set corresponding ul? as zero (Assumption 3).
As a result, after a certain period of time, we can always
guarantee that A, = 0. Consequently, after that period of
time, (26) can be rewritten as
n
Vo == [kri(rei — i) + kuitify; + koibr; + kyithie,
i=1

+kgiel; + krieZ;] < —AVa, (30)

where \ :=min{2kg;, 2k, ', 2k9i7;1, 2/%1'7,;1, quﬂq_la
kvt i=1,--- ,n}.

Thoerem 1. Consider the formation control of a group
of n underactuated AUVs, each of which has the same
kinematics and dynamics as (1) and (2) with Assumption
1~3. If the control laws are chosen as (19)~(21), (27), and
(28), then we can guarantee the exponential convergence
of Vi, re; — ¢3, 0 — Opi, Y1 — ;.

Remark 6. The design parameters ¢; > 0 can be chosen
arbitrarily small, so as for the AUVs formation also can
be arbitrarily close to the given wvirtual structure.

Remark 7. For trapped vehicle(s) by obstacles, after being
rescued, we can still control the vehicle(s) to exponentially
follow the corresponding leader(s). As for how to rescue the
trapped vehicle(s) is out of the scope of this paper.

5. NUMERICAL SIMULATION

In this section, some of simulation studies are carried
out to demonstrate the effectiveness of proposed forma-
tion scheme for multiple underactuated AUVs. 6-DOF of
REMUS AUV model (Prestero, 2001) is applied in the
simulation. It is worth to mention that in the simulation,
the vehicle’s maximum stern and rudder angles are set to
20 degrees, and there is not any restriction added to the
vehicle’s surge force.

In the simulation, we consider the 4 vehicles following
a virtual structure which is chosen as Vi € {1,---,4},
T4 =14c08019C08Y1d, Ydi=1ac0801q5iNY 14, Zai=-u1451n01q
with uld:3m/s, and Zf 0< t <120, gld:¢ld =0, else, 014=-
15deg., 1/')1(1:-3/ 50rad/s. Virtual leaders initial position is
set to [50, 30, 18; 50, 0, 1; 65, 0, 27; 35, 0, 27], and the
vehicle’s initial condition is X (0)=[55, 1, 1, 0, 0, 7/2, 0.5,
0,0,0,0,0; 35 1,1, 0,0, w/2, 0.5, 0,0, 0, 0, 0; 95, 1, 1,
0,0, 7/2,05,0,0,0,0,0; 5,1, 1,0, 0, #//2, 0.5, 0, 0, 0,
Oa O] with X(’L,):[J?, Y, %, ¢a 9) 1/)7 u, v, w, p, q, T]' The
design parameters are selected as that: Vi € {1,---,4},
kRZ':l.?, kuz:425a kgi:kwi:255, qu:k”:425, CZ':?),
Yr=50, 7,=500, v9="y=125, v,=0.015, v,="7,=10. For

EERRLVE}
VL2
via
e VLe
— AUVt
——Auv2
AUV3
AUV4

Fig. 1. Virtual structure trajectory and the vehicles for-
mation following with obstacle avoidance.
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Fig. 2. Exponential convergence of the vehicles’ path
following errors.

the smooth potential function f,(¢,a,,b,) in (14), the
parameters are set as a,=b,=16, c,=2, and h=0.99.

Simulation results are shown in Fig. 1~4. Fig. 1 shows
the virtual structure trajectory and the vehicles path
following with obstacle avoidance. And corresponding path
following errors are shown in Fig. 2, from which we can
see all these following errors exponentially converge to
zero as mentioned in the previous section. In the case of
path following, main concern is how to force the range
error to converge to the arbitrarily desired value, and
the vehicle’s desired attitude is directly taken as the
orientation angle from the vehicle to the target point
such as (07, ¥ )=(0pi, 1vi). However, as in the case of
trajectory tracking, especially in the path tracking case,
the vehicle’s motion (uy;, 6y, 1y;) is force to exactly track
the reference path (wig;, €idi, 14:). So it is interest to
investigate the tendency of (82, ¥2)=(0y;, 1p;) with the
proposed formation scheme in this paper. Fig. 3 shows
the convergence of (6, ¥ )=(0yi, 11;) in both cases of
the straight and screw lines. And very interestingly, we
can see that all vehicles’ motions (uy;, 64, ¥1;) converge to
the given virtual leaders’ reference pathes in the spherical
coordinate frame. In addition, we also investigate the
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Fig. 3. Convergence of (i, 01i, ¥1i) to (wia, O1a, Y1a)-
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Fig. 4. Convergence of (u;, 0;, ¥;) to (w4, 014, ¥id)-

vehicles’ following motions in the cartesian frame, and find
that all (u;, 0;, 1;) have the very similar converge tendency
with the given (uiq, 0;4, ¥14) as shown in Fig. 4.

6. CONCLUSION

In this paper, we have presented a virtual structure based
formation control method for a group of underactuated
underwater vehicles. Formation potential for each vehicle
consists of two parts, one is for virtual leader following and
the other one is to obstacle avoidance. According to the
underactuated mechanical restricting conditions, for each
vehicle’s motion control, we have proposed a sort of path
following scheme to force the vehicle to follow the given
trajectory. Proposed formation scheme can guarantee the
exponential convergence of all of following errors in the
spherical coordinate frame. Through simulation studies,
we have found out that the presented path following
method also has the similar tracking performance with the
path tracking scheme.
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