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Abstract: Time/energy optimal trajectory planning for a Segway model (inverted pendulum on
two independently actuated wheels) is addressed. Basis for this planning is the dynamical model
for this under-actuated, non-holonomic multibody system. In order to reduce the calculation
effort for the optimization, an input/output transformation is applied, which leads to a control
system in strict feedforward form. The full system state can thus be described by two outputs,
which are parameterized by two B-splines. The system is required to move on the ground within
a predefined area. For the optimization the control points of the B-Splines serve as optimization
variables and the cost functional is comprised of the overall energy of the robot and the terminal
time. Additionally to the maximum motor velocities and torques, the maximum ground reaction
forces give rise to the constraints. The latter are crucial to ensure that the wheels do not slip.
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1. INTRODUCTION

Segway-type mobile systems have attracted attention not
only for leisure activities but also for logistic applications.
Since this under-actuated non-holonomic mechanism, is in-
herently unstable, the use of model-based control is crucial
for reliable operation. There exist quite a number of contri-
butions addressing the derivation of the nonlinear dynamic
model, e.g. Ghaffari et al. (2016) focuses on the effect of
the nonlinear coupling terms, and the control of such a
system. Without any claim to completeness a few of them
are listed here. The linear control problem is addressed in
Salerno and Angeles (2004), Kim et al. (2005) and Albert
et al. (2018), while various nonlinear control algorithms
are examined in Pathak et al. (2005), Cui et al. (2015) and
Kim and Kwon (2017). Worth mentioning is, that in Albert
et al. (2018) structure-preserving trajectory optimization
is performed using variational integrators. In this paper
time/energy-optimal motion planning of the Segway model
in Fig. 1 is addressed using a direct approach to optimal
control. Since it has so far not been possible to find a flat
output for the Segway model, which would substantially
simplify this task (Levine (2009)), a partial feedback lin-
earization (Isidori (1995)) is applied. It is shown that the
resulting system has a strict feedforward structure. The
latter allows expressing the system trajectory in terms of
the outputs of the associated transformed system. In con-
trast to differentially flat systems, the strict feedforward
structure involves a cascaded integration chain to deduce
the state from the outputs. To the best of our knowledge no
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effort has been made so far to exploit this special structure
in order to reduce the calculation effort while optimizing
trajectories. The chosen two outputs (heading and rolling
angle) are described with B-splines. The optimal control
problem then becomes a constrained optimization problem
in terms of the B-spline parameters. Constraints account
for the geometric bounds of the area the Segway is allowed
to move and for the limits on velocity and motor torques.

2. MATHEMATICAL MODELING

2.1 Dynamic Model

In order to describe the dynamic behavior of the Segway
model, consisting of 3 rigid bodies, shown in Fig. 1, the
equations of motion are needed. Therefore the generalized
coordinates q = (z y v 0 & 17)T are introduced, with the
position z, y and the orientation «y in the horizontal plane,
the inclination angle @ of the basis, and the relative rota-
tion angles £ and 1 of the wheels. Since ideal rolling of the
wheels is assumed, non-holonomic constraints (constraints
at velocity level) have to be considered. This leads to the
kinematic relation ¢ = H(~)$ with the matrix

cos(y) 0 0

sin(v) 0 0
0 1 0
H(y)=| o 0 1 (1)
2 _2aw _ 1
M Tt
Dw Dw

and the vector of minimal velocities § = (vg, ¥ é)T, with
the longitudinal velocity vy, and the angular velocities 7
and 6. The dimensions ay and Dy are indicated in Fig. 1.
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Fig. 1. Segway with reference frames, minimal coordinates
and important dimensions

The generalized coordinates and the minimal velocities
can be combined to the vector of states x = (q' ST)T.
Likewise the driving torques can be combined to the
vector of inputs u = (M; MQ)T. Furthermore the dynamic
properties collected in Tab. 1 as well as the positions of
the centers of gravity Cg, Cw, and Cyy, indicated by cp,,
cp, and ¢y, in Fig. 1 have to be considered. Using these
definitions and by applying synthetic methods proposed
in Bremer (2008) the equations of motion in configuration
space representation

M(0)8 +g(0,8) = Bu (2)
can be obtained. The derivation can be found in Ap-
pendix A. The symmetric positive definite mass matrix

M171 0 Ml)g(e)
M(0) = 0  M(0) 0 (3)
M 1(0) 0 M; 3

consists of the constant entries
My =mp+2mw + vaz (Jw, +ic*Jnr) (4)
Mss = Jp, +mp (cp,>+cp.”) (5)

and the state dependent entries
My 3(0) = M3 1(0) = mp (cp, cos(d) — cp, sin(d)) (6)

M 2(0) = Jp, cos(0)? + Jg, sin(6)?
+mz (cp, cos(8) + cp. sin(h))?
+2 (Jw, + mwew,?) + 8“"" (Jw, +ic®Inm) . (7)

The state dependent generalized forces are collected in the

vector
g1 (9, S)
g3 (97 S)
with the entries

- ("yz + 92) mp (cp, cos(f) + cp, sin(h))

+ (UL%W - 9%) (d1 + da) —yaw (d1 — da2) (9)
g2(0,8) = vpymp (cp, cos(f) + cp, sin(d))

+ QﬁéchBchz (008(0)2 — sin(@)Q)

+ 246 (JB, + mpep.?) cos(0) sin(0)

— 240 (JB. + mpep,?) cos(0) sin(0)
W (dy + dy) + (éi;lw — oy s )(dl ) (10)

93(0,8) = ¥*mpep, cp, (sin(0)* — cos(0)?)
— 4% (Jp, + mpep.?) cos(0) sin(0)
+ 4% (Jp. + mpep,?) cos(9) sin(6)
+ <9 - 'UL%) (dy + da) + Y38 (dy — da)
—mpg (cp, cos(f) + cp, sin(h))
and the constant input matrix is

(11)

2 2
By Pw
j— \%%4
B= |2 B (12)
_1 —

Since the mass matrix is invertible, the equations of motion
(2) can be transformed into the state space representation

a\ _ H(y)s 002
(&) = (e Ya0.) * [y s w 09
which is leading to the expression
x =f(x) + G(x)u
v, cos(7y) 0 0
v sin(7) 0 0
g/ 0 0
0 ' 0 0
= | oy bz —Faw) =0 | + | O 0 u (14)
5 (v +Faw) — 0 0 0
f2(6,s) Gr7(0) Gr(9)
fs(0,s) Gs(0) —Gs(0)
fo(0,8) [Go(0) Go(0) |
with
0. = MOnesagos
fs(6,8) = — 222 (16)
fo(0,8) = Mg s an)
—Dw My 5(6)—2Ms 3
G7(0) = DW(J\Z 1M3(3 = Mi,5(0)2) (18>
GS (9) DWM2 2(9) (19)
Go(0) = —Dw M, 14+2M, 3(6) (20)

Dw (M1,1Ms 3—M; 3(0)?)"

Equation (14) are the (non-linear) motion equations in
control-affine form, i.e. linear in the control vector.

2.2 Ezact Input/Output Linearization

As the name implies the exact input/output linearization
results in a linear subsystem relating a chosen (virtual)
output and the resulting new inputs of the transformed
system. Since there exist two inputs to the original system,
two virtual outputs can be chosen. Because (3) to (11)
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Table 1. Dynamic model parameters of Segway

Symbol  Description
g gravitational acceleration
mp mass of basis including stators of motors
myy mass of a wheel including rotor of motor
JB, moment of inertia of basis about pxz-axis
JB, moment of inertia of basis about py-axis

JB, moment of inertia of basis about pz-axis

Jw, axial moment of inertia of a wheel (about py-axis)
Jw,. radial moment of inertia of a wheel

Jm axial moment of inertia of a rotor of a motor

dy constant of viscous friction between basis and wheel 1
da constant of viscous friction between basis and wheel 2
ia gear box ratio

involve many trigonometric functions of # and v, y =
(7,0)T is chosen as vector of virtual outputs. Since y is
actually put together by state coordinates of (14) its time
derivatives can be easily extracted from (14) and can be

stated by ' |
v=(5w)= () a1

¥ = fs0(6,8) + Ggo(O)u
- (R[G5 e

Since Ggg(#) has always full rank, the linearizing state-
feedback transformation can be obtained by setting y = v
with the new input vector v

u = Ggo(0) " (v —fo(6,8))

1 1 )
3G.(0) 2C.(@) 0,s
] ()
2G5(0) 2Go(9) N
Applying this transformation to the system (14) results in
x = f(x) + G(x)v

v, cos(7) 0 0
v sin(7) 0 0
gl 0 0
0 . 0 0
=| 5y (L —Faw) =0 | + |0 0 |v = (24)
%(U_L'F'VGW)_Q 0 0
F2(0,%,0) 0 G7(0)
0 1 0
0 0 1 ]
with ~ ) oy
F2(0,4,0) = f2(0,8) — Cr@L02) (25)
and ~ Ga(8)
G2(0) = 251 (26)

It should be noted, that in equation (25) the dependency
on vy, has canceled out. This is not by design, but due to
the special structure of the equations of motion.

2.8 Strict Feedforward Structure

Expanding the definition of Tall and Respondek (2005) to
systems with multiple affine inputs, the system
¢=£()+G(v (27)

is in strict feedforward form, if f(¢) and G(¢) have the
form

f~1(<2ac37 cee 7Cn—1a Cn)
f2(G35Case oy Gu1,Gn)
£(¢) = N : (28)
fn—NQ(Cn—I;C’n)
In
and ~
(G1(C2, G35+ Gn1,Gn) |
G2(C3,Ca5 -5 Cn1,Gn)
G(¢) = - : (29)
an2(gn—1a<n)
anl(Cn)
G, i

respectively. This form has the advantage, that with a
given input v the system state ¢ can be calculated step
by step backwards from (, to (i solely by integrating
possibly nonlinear functions, e.g. with quadrature rules.
By comparing f(x) and G(x) in (24) with f(¢) (28) and
G(¢) (29) it can be easily seen, that rearranging the state
X to

T
z = (21 22 23 24 25 26 27 28 29)

—(zyEno,v0706) (30)

leads to the system
7z = :f(z) + é(z)v

25 cos(zg)

z5 sin(zg)
% (25 — 28aw) — 29
5. (25 + zsaw) — 29
= Jr(z7, 28, 29) +
<8
29
0
0

which is already in the strict feedforward form.

O OO O oo Oo

(31)

Q
3
—mooco o000
3
-
<

T
o

2.4 Ground Reaction Forces

The reaction forces at the ground contact points Gy, and
Gw, of the wheels are derived. The total wrench due to
the two reaction forces at point G is

Rz _[ T O] [Res 0 ]( 5fz,
rME 3 ¥elol | 0 Rgp| \BMg,

2
I o]/ rfg,
+2 {ngcwi I] (RMéWi (32)

with
rfi = (Fou Foy Fo.)', rME = (Mg, Mg, Mg.)

RYGCp = (0 0 D?W)TJrRRB (CBI 0 CBZ)T
RrGCW1 = (0 CW?/ D?W)T’ RrGCWz = (0 7CW7/ D7W)T
Here r denotes the skew symmetric cross product matrix.
The rz- and gz-components of the reaction forces at point
G are separated for the two contact points of the wheels
Gw, and Gy, by solving a linear equation system with

the solution

8556



Preprints of the 21st IFAC World Congress (Virtual)
Berlin, Germany, July 12-17, 2020

—1

1o o0
le,m 2 2aw FGJ
Fyw, o % 00 2a1w Fa.: (33)
FWLZ o 0 % 2(11 0 MG,Q?
Fi, - 0ol =1 o | \Mqg.
2 2aw

Due to the collinearity of the points G, Gw, and Gy, the
rYy-component of gRMZ results in Mg, = 0. Thus the py-

component of gf% cannot be easily separated and only the
sum over the two wheels Fyy, = Fg,y is relevant.

3. TRAJECTORY PLANNING
3.1 Trajectory Definition

Based on the strict feedforward formulation of the EOM
a trajectory consistent with the system dynamics could
be defined by two parameterized functions over time
(e.g. B-splines) for v and integration constants for each
state coordinate. On the other hand, since the linear
subsystem composed of ~, 6, ¥ and 6 actually consists
of two separate double integrators, it is also possible
to define two B-splines of sufficiently high degree for
v and 6. Here the latter approach is chosen, because
in contrast to integrating, differentiating preserves the
beneficial property of the local support of the spline basis
functions. In order to avoid discontinuities for the driving
torques, v and 6 are defined by the B-splines of degree
Ngp = 3

Nsp+nsp

VA8 = D BT (i, i) (34)
=1

and
Nsp+nsp

0(t.0,t) = > 0B (t, 1 dip1, . din,41) (35)

i=1
with the number of spline parts Ny, the i-th B-spline
basis function B.“”(t,...), where ng, denotes the highest
occurring degree of ¢, calculated by the recursive formula
stated by Piegl and Tiller (2012), the vectors of control
points

. JA . T
¥=( A2 ANaptnay) (36)
A U . T
0 =01 0> On,,4n,,) (37)
and the vector of knots
N A N T
t= (tl ty «-- tNS,,+2nsp+1) (38)
derived from the vector of time points
T
t=(tot1 - tn,,-1tE) . (39)
Because of the knot multlphclty of ngp, 41 at the start and
at the end, { = --- = tnbp—s-l =tg and thernSpH = =

ENwpt2mapt1 = Lo
Following the approach of Piegl and Tiller (2012), the
needed time derivatives of the splines 7(t,9,t) and

0(t,0,%) can be calculated analytically and are again rep-
resented by splines of a reduced degree, with control points

depending on t and 4 and 0 respectively.

The desired path on the ground surface is defined piece
wise by primitive subpaths like straight lines, circular arcs
and rotations. The quadratic distance measure from an
accumulation of these primitives to an arbitrary point on

the surface is defined by the function X(z,y). The valid
region of positions of the point G of the Segway can be
stated by the region where X (z,y) < €2 holds true, as can
be seen for the example trajectory in Fig. 2

By setting the first and last three control points to

=% =% =% (40)
VNop+nep—2 = INop4nep—1 = INyptng, = VE (41)
0 =0, =05 =0, (42)
éN5p+n<p—2 = éN<p+nsp_1 = éNsle'nsp =0 (43)

with 0, = — arctan( ) the trajectory is defined so to

start and terminate in the upright equilibrium position.
Furthermore by using o, yo, Y0, &0, Mo and v, o = 0 as
integration constants the start state is defined by

Xo = (20 Yo 70 6 €0 m0 00 0)', wo=(00)". (44)
Without loss of generality the start value for the wheel
angles &, and 19 as well as the start time ¢, is set to zero.

3.2 Trajectory Optimization

The goal is to minimize the overall required energy as
well as the duration of the trajectory weighted by 4.
Following the definitions of the previous sections the vector
of optimization variables can be defined by

(tl ty - thp)T
P=| (%4 - @Nsﬁnspfs)T (45)
(64 05 - Onpina,—3)

With these optimization variables and with the initial
state of the trajectory xo the time curves of the system
state x(¢, p), the new input v(¢, p) and the driving torques
u(t,p) are defined. The definition of the desired path on
the ground surface gives a constraint for z(¢, p) and y(¢, p)
over time and the end position defined by zg, yg and
~vg. An additional constraint is obtained by setting the
terminal velocity vy, g = 0. Furthermore the system limits
for the motor torques as well as the motor speeds must not
be exceeded. In order to exclude mathematical solutions
from the outset, which contain a pendulum swing below
the ground level, the inclination angle 6(¢, p) is limited by

Omaz = Grad. The optimal control problem thus becomes

te(p) 9
min [ u(rp)3+ v dr (46)
to
s.t.
2
y(te,p) ve )|,
V(te,p) —ve =0
UL(tEa p) =0

X(‘T(t? p)a y(ta p)) < 62

‘Mi(tap” < Moz i€ {1,2}
£(t P)| < warmax

n(t,p)| < Warmaa

10(t, )| < Omaa

FW,z,min < FWi,z(ta p) 1€ {17 2}
‘FWi,I(t7p)| < FWi,a:,maz(typ) xS {172}

‘FW,y(t> p)| < FW,y,mar(t7 p)
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with the ground reaction forces limited in such a way, that
the Fw, .(t,p) components with i € {1,2} are limited to a
minimal compressive force and the remaining components
are limited according to

FWi,z,ma:E(ta p) = MOFwi,z(t7 p) 1E {L 2} (47)

FW,y,mam(tv p) =

2
SV Fweman (. P)2 = Fiv, o ()2 (43)
i=1

4. SIMULATION

In this section the results of the optimization of an
example trajectory defined by the segments listed in Tab. 2
are shown. Since this trajectory should comply with an
actually built Segway prototype as shown in Fig. 1, the
model parameters and constraints are chosen according to
this experimental setup. For this optimization the weight
for the terminal time is set to 14 = 2. Figure 2 shows
the position of the Segway on the ground surface and the
region of valid positions with € = 0.1 m. In Fig. 3 the time
curves of the relevant state coordinates are depicted. That
the maximum driving torques M4, = 0.705N-m and
wheel speeds wprmer = 37.04rad/s are not exceeded is
shown in Fig. 4. Figure 5 shows that the ground reaction
forces are within the cone of friction with a dry friction
coefficient pg = 0.5 and a minimum compressive force
Fw .min = 5N. Thereby the rolling condition can be
assumed to be satisfied. This optimization problem has
been solved with an active set SQP algorithm.

Table 2. Segments of example trajectory

#  Description Definition
- start point zo = 0.5m, yo = 0.5m, 7o = Orad
1  straight line length: 1.5m
2 circular arc radius: 0.5 m, angle: mrad
3  straight line length: 1.3m
4 circular arc radius: 0.2m, angle: Frad
5  straight line length: 0.8 m
6  rotation angle: Zrad
- end point zg =0.5m, yg = 0.5m, yg = Orad
Y in m
Cx <e?
T
15 | (v y)
1 i
0.5 |
t t t t t  In m
0.5 1 1.5 2 2.5

Fig. 2. Example Trajectory: Position on the surface

5. CONCLUSION

In this paper the control of a Segway (inverted pendulum
on two independently actuated wheels) as a highly non-
linear control system is considered. It was shown that the
control system associated to the input-output linearized

7 in rad 0 in rad
—
5 0.5 0
0 0
t - - - - tin s
0 1 2 3 4
vr in m/s 4,0 in rad/s
vL
2 4 4
1 2 —9
/
0 0
! - - - - tin s
0 1 2 3 4
Fig. 3. Example Trajectory: State coordinates
M in N-m
- M
0.5 + — M>
O Es _Mma:c
_0.5 1 Mmaz
: : : ; tins
0 1 2 3 4
wpg in rad/s
10 ] — —¢
20 N~ —

0 — —WW,mazx
—20 WW,max
—40 + ; ; ; ; tins

0 1 2 3 4

Fig. 4. Example Trajectory: Motor torque and wheel speed

form of the control system associated to a Segway model
exhibits a strict feedforward structure. A constrained op-
timal control problem for energy/time optimal trajectory
planning has been formulated. It is shown how the strict
feedforward structure can be exploited for solving this
problem with reduced computational effort. Simulation
results are shown when the Segway is required to perform
motion on a closed path within a predefined area. The
calculated control torques can be used as feedforward
within a model-based controller. This is a particularly
important result since, so far, the Segway model could
not been shown to be flat, and no flatness-based control
method be applied. The optimal trajectories are currently
being implemented on a real prototype. Future research
will focus on identification of dynamic model parameters.
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Appendix A. EQUATIONS OF MOTION

For the representation of vectors in R? the reference frames
I, R and B are defined in Fig. 1. The rotation matrices

cos(y) sin(y) 0 cos(f) 0 —sin(6)

Rr = l—sin(w) cos(7y) 01 , Rrp= l 0 1 0 ]
0 0 1 sin(f) 0 cos(0)

transform from the R to the I reference frame and from

the B to the R reference frame respectively. The absolute

angular velocities of these reference frames are given by

RWIR = (0 0 ’7)T and RWIB = (O 9 ’Y)T The left index R()

indicates representation in frame R. The angular velocities

of the three bodies are

. N

= (0 g (vr —Haw) 4)

T
pwiB = Rrp rWIB, RWIW,

. AT
rwiw, = (0 5o (v +4aw) 4) .
With the velocity vectors for the COM of the bodies
vg cos(6) + Ocp.
i (cos(8)cp, +sin(B)es.) | |
vy, sin(f) — Ocp,

BVCB =

. T . T
RVCw, = (vr —Aew, 00), RVCw, = (v +Aew, 00)
the momentum vectors are given by ppc, = MBpVcy,

Rprl = mWRVCWI and rPCw, = mWRVC’WI' The
angular momentum vectors are defined by

BLCB = diag(JBw, JBy7 JBZ) BWIB
RLcwl = diag(JWr, JWQ + ic;zJM7 JWT) RWIW,
rLcy, = diag(Jw,, Jw, +ic*Jar, Jw,) Rwrws -
The forces due to gravity are pfg, = Rrs' (00 —mBg)T
and rfé, = rfG,, = (0 0 —myyg)" and the torques due

to the motors and viscous friction are
0

My — di (g (vr = daw) — 6)
0
0
rMg,, = | M2 —d; (ﬁ (vr +aw) — 9)
0
sMS, = Rpp' (—Rl\/lgwl _ RMEWQ) :

The reaction forces/torques for base and wheel ¢ € {1,2}

€ —
rMg,, =

Bfé, = Py + BWIBEPos — BIG,
z
BMCB

z _ M ~, €
rféy,, = rPOw, T ROIRRPCw, — RfGy,

= gLoy + B@rBsLc, — BMg,

rMg,, = rLcy, + r@rrrLCy, — rMg,, .
The EOM are then determined as (Bremer (2008))

Bfé,
Mg,
T T T Rféw
0= [BJCB RJCWl RJCWz ] RMZCW
rfé,,
z
RMCW2
with the Jacobian matrices
dBvey dRrVoy,
Blop = |:an13:| ’ RJCWq‘, = aRgSIWf,
0s s

The EOM always train the form
M(6)S + g(6,8) = Bu.
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