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Abstract: We consider a discrete nonlinear control time-varying system z(k + 1) =

f(k,2(k),u(k)), k € N,z € R", u € R". A control process of this system is a pair (Z(k), u(k))
consisting of a control (ﬂ(k))keN and some solution (Z(k))

keN

keN of the system with this control. We

assume that the control process is defined for all k£ € N. We have obtained sufficient conditions
for uniform and non-uniform (with respect to the initial moment) exponential stabilization of
the control process with any pregiven decay of rate. Exponential convergence to zero of the
deviation of both the state vector and the control vector is guaranteed. The result is based on
the property of uniform complete controllability (in the sense of Kalman) for a system of linear

approximation.
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1. INTRODUCTION

The problem of stability by the linear approximation
has been intensively investigated for continuous-time sys-
tems since the fundamental Lyapunov’s paper (Lyapunov
(1956)). He proved that if the system of the first ap-
proximation is regular and all its Lyapunov exponents
are negative, then the solution of the original system is
asymptotically stable. In 1930, it was stated by O. Perron
that the requirement of regularity of the first approxi-
mation is substantial. He constructed an example of the
second-order system of the first approximation, which has
negative characteristic exponents along a zero solution of
the original system but, at the same time, this zero solution
of the original system is Lyapunov unstable. Furthermore,
in a certain neighborhood of this zero solution almost all
solutions of the original system have positive characteristic
exponents. A very exhausting review of results obtained in
this area may be found in Izobov (2001). Another approach
to this problem is presented in Dai (2006). For discrete-
time systems in (Agarwal, 2000, Theorem 5.6.2), it is
shown that uniform exponential stability of

z(k+1)=Ak)x(k), keN, xeR",
implies uniform exponential stability of
y(k+1) = A(k)y(k) + f(k, y(k)),

for all f € |J F,,, where the class F,, consists of all
m>1
functions g: NxR"™ — R"™ for which there exists a constant

Cy such that
lg(k,z)|| < Cy [|[™

Copyright lies with the authors

for all £k € N and x € R™. The converse theorem has been
shown in (Gyori and Pituk, 2001, Theorem 4). A natural
continuation of this research is a problem of stabilizing
a nonlinear time-varying control system on the base of
the linearized system. This area is, however in very early
stage and some preliminary results and approaches may
by found in Cai et al. (2012); Byrnes et al. (1993); Fu
and Abed (1991). In this paper we investigate a discrete
nonlinear time-varying system and analyzing its linear
approximation. We obtain sufficient conditions for uniform
and non-uniform exponential stabilization with any given
rate of decay. The paper is organized as follows. In the next
section we introduce necessary notations and definitions.
The main result is formulated in Section 3. In Section 4
an illustrative example is presented.

2. DEFINITIONS

Let us introduce some denotations. Suppose R” = {z =
col(zy,...,zp): @ € R} is the linear space of column

vectors over R; ||z|| = VaTz is the (Euclidean) norm in
R", where T' denotes the transposition; B} (Z) = {z €
R™: ||z — Z|| < h}; R™™ denotes the space of all real
n X m-matrices with the spectral norm, i.e., with the
operator norm induced in R™*™ by the Euclidean norms
in R” and R™; I € R™™ "™ is the identity matrix. For
any sequence 1 = (¢(k))k>k0 C R which is not equal

to zero finally, denote by A[¢)] = limsup k= !In | (k)| the
k— o0
Lyapunov exponent of 1, by B[] = limsup s~ !In|y(k +

k,s—00

s)/w(k)| denote the Bohl exponent of 1.
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Consider a linear discrete time-varying system

x(k+1) = A(k)x(k), keN, zeR" (1)
Denote by X (k, s) the transition matrix of (1), i.e.,

X(s,s)=1,

X(k,s)=A(k—1)---A(s) for
Additionally, when A = (A(k))keN
matrices we define X (s, k) := (X (k, s))_1 for k > s.

pen C R™™ of invertible

A bounded sequence (D(k))
matrices such that (D‘l(k))keN is bounded is called a
Lyapunov sequence. If (D(k'))keN is a Lyapunov sequence,
then the transformation which transforms a sequence
(J;(k))keN C R™ into a sequence (y(k)) C R™ according
to the formula

k> s.

consists of invertible

keN

y(k) = D(k)a(k)
is called a Lyapunov transformation. It reduces (1) to
ylb+1) = Ck)y(k), keN, yeR",  (2)
where
C(k) = D(k+1)A(k)D™*(k). (3)
Systems (1) and (2) connected by (3) where (D(k))keN
is a Lyapunov sequence are called dynamically equivalent,

see Popova (2018) (or kinematically similar, see Gohberg
et al. (1996)).

Consider a discrete nonlinear time-varying system
z(k+1) = f(k,z(k),u(k)), keN. (4)
Here x € R” is a state vector, u € R" is a control vector.
Suppose that for any k& € N the function (z,u)— f(k, z,u)
and its derivatives with respect to z and with respect
to u are continuous on R™ x R” (or, at least, in some
neighborhood of the admissible control process, see below).
Definition 1. We call by an admissible control process
of system (4) any sequence (Z(k),u(k)) y such that
C

ke
(U(k)) .y C R" is some control sequence, and (Z(k))

R™ is a solution sequence of the system
x(k+1) = f(k,x(k:), ﬂ(k)),

with some initial condition.

keN

k €N,

Let an admissible control process (Z(k),u(k)), cy Of sys-
tem (4) be fixed. We consider the problem of exponen-
tial stabilization of this process by state feedback control
u(k) = u(k,z(k)).

Definition 2. We say that the admissible control process
(f(k),ﬂ(k))keN of system (4) is exponentially stabilizable
with the decay rate » > 0 by state feedback control if for
any ko € N there exist § > 0, ¢ > 0 such that for any

o € By (Z(ko)) there exists a control & = (u(k)),., =

(u(k,z(k))) kok, Satisfying inequality

k) — AE)]| < ce ER) k> ko
and such that the solution Z(k) of the system (4) with
u(k) = wu(k) and with the initial condition z(ko) = z¢
satisfies the inequality

|Z(k) — Z(k)|| < ce™h=ko) | > k.
If § > 0 and ¢ > 0 do not depend on kg, then we
say that the admissible control process (Z(k), ﬁ(k))keN of
system (4) is uniformly exponentially stabilizable with the
decay rate s > 0 by state feedback control.

Remark 3. Note that along with exponential stability of
the state vector, the definition requires exponential stabil-
ity of the control vector. This explains why we say about
exponential stabilization of the control process.

In problems of stabilization of linear time-varying systems,
the property of uniform complete controllability plays an
important role. Consider a linear control system

y(k+1) = A(k)y(k) + B(k)v(k), keN, (5
here y € R™ is a state vector, v € R" is a control

vector. Denote by Y (k,s) the transition matrix of the
corresponding free system

y(k+1) = Ak)y(k), keN.
For system (5), let us construct the following gramian

k—1
W(k,7)=> Y(k,s+1)B(s)B"(s)Y"(k,s+1). (6)

Definition 4. System (5) is said to be uniformly completely
controllable (Kwakernaak and Sivan, 1972, Definition 6.3)
if there exists a ¥ € N and there exist a; = o;(¢) > 0,
i = 1,2,3,4, such that for all 7 € N the following
inequalities hold:

W(r+49,7) >0,
0<a Il <WHr+9,7) < asl,
0<asl <YT(r4+ 0,1 W Hr+9, 7)Y (1 +9,7) < asl.

This definition goes back to the definition of Kalman
(1960) for linear systems with continuous time. The fol-
lowing criterion holds (the proof is given, e.g., in (Zaitsev
et al., 2014, Theorem 4)).

Proposition 5. System (5) is uniformly completely control-
lable iff the following conditions hold:

(a) A= (A(K)),y is a Lyapunov sequence;

(b) B = (B(k)) is bounded, i.e., sup || B(k)|| < oo;
keN

keN
(c) there exist a natural ¥ and a positive ¢ such that for
any 7 € N and for any z; € R”™ there exists a control
u(k), k = 7,...,7 + 9 — 1, that transfers the solution
of system (5) from the point z(7) = 0 into the point
(T +9) = z1, and the inequality ||u(k)| < £||«1|| holds
forallk=7,...,74+9—1.

Remark 6. In Babiarz et al. (2017), the property of uni-
form complete controllability was used in the sense of
fulfilling conditions (a), (b), (¢). Due to Proposition 5 all
statements of Babiarz et al. (2017) holds for the definition
of uniform complete controllability in the sense of Defini-
tion 4.

3. MAIN RESULT

The main result of the paper is Theorem 9. The similar re-
sult (on non-uniform exponential stabilization) was proved
for continuous-time systems in Zaitsev et al. (2010).

First, let us give some auxiliary propositions. The following
lemma is a discrete analog of the Bihari Lemma (see Bihari
(1956)).

Lemma 7. Let p(k), q(k), k = 0,1,2,..., be non-negative
number sequences such that 0 < p(0) < o,
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keN,

k—1
k) <o+> q(i)w(p()
j=0

where o > 0, w(7) is continuous on [0, c0), monotonically
increasing and positive function for 7 > 0. Suppose that

k—1 -
Zq(j) < Qo0) for all k € N, where Q(1) = / ds

iz w(s)
k-1

Then p(k) < Q7! Zq(j) , here Q71(s) is the inverse
=0

function to (7).

The proof of Lemma 7 is given, e.g., in (Gaishun, 2001,
§11). Let us give a corollary from Lemma 7 for the function

w(r) =7", m > 1 (see Demidovich (1969)). In that case
O.l—m _ Tl—m Ul—m
Q - —_— Q =
(7) m—1 ’ (00) m—1’

1-m

—1(g) — “(m— D™ Ls)Tom g
O 1(s) = o(1 — (m — 1)o™ 's) ,se[am_l)

Corollary 8. Let p(k), ¢q(k), k = 0,1,2,..., be non-
negative number sequences such that
0<p(0) <o,
k—1 1)
p(k) <o+ a()(p()™, keN,
j=0
where o > 0, m > 1. Suppose that
= 1
] —_ . 8
; a(7) < (m—1)gm1 (8)
7=0
Then
k—1 =
pB) <o [1=(m-1o"" 3 qG)| . keN
§=0
Theorem 9. Let (:’f(k),a(k))keN be an admissible control
process of system (4) such that:
of(k
(1) the system (5) with A(k) := w s
T (@)
of(k
B(k) = M R is uniformly completely
U (@ k) ack))
controllable;

(2) the following equality holds:
= A(k)y + B(k)v + ¢(k, y,v),

etk < v ()]

for all k € N, (y,v) € By(0) x B},(0), where A[¢] < 0,
m > 1.

(9)
where

(10)

Then for an arbitrary > > 0 the admissible control
process (Z(k),u(k)), . is exponentially stabilizable with
the decay rate s by state feedback control.

Additionally, if B[¢] < 0, then for an arbitrary » > 0

the admissible control process (Z(k), u(k)), ¢y 18 uniformly

exponentially stabilizable with the decay rate s by state
feedback control.

Proof. Let us consider system (4) in a neighborhood of
the admissible control process (Z(k), ﬁ(k))keN. Denote
y=x—2, v=u-—u.

Taking into account (9), we can rewrite system (4) in
deviations in the following form:

y(k+1) = A(k)y(k) + B(k)v(k) + @(k y(k ) (11)
on the set k € N, (y,v) € B}(0) x B}, (0), Where ok, y ,U)
satisfies condition (10).

Let an arbitrary s > 0 be given. Using the property
of uniform complete controllability of the system (5) of
the first approximation for (11) and (Babiarz et al., 2017,
Theorem 4.3), we construct the control

o(k) = V(R(R), keN, (12)
such that sup ||V (k)| < vp and the closed-loop system
keN

y(k +1) = (A(k) + B(k)V (k))y(k)
is dynamically equivalent to the system
2(k+1)=e"z(k)
by means of some Lyapunov transformation
z(k) = D(k)y(k),
where sup | D(k)|| < d, sup ID~
keN

(13)
k)|l < d for some d > 1.

Denote o1 (k,y(k)) = (k ( k)y(k)). The sys-
tem (11) with the control (12 has the form

y(k+1) = (A(k) + B(k)V (K))y (k) + @1 (k,y(k)). (14)
Let ko € N be some initial time. Set h; = min{h, h/vo}.
Let k > ko, Jyb)l < hi. Then [ly(k)| < h and
IV (k)y(k)|| < vohy < h, therefore from (10) we obtain

s (w1 =l (s, k), V (R ) | <
o) | (v ok )| = w02 + v e

<vR)((1+93) ||y<k>||2)’" (k) (14 08)" ()
= v (B)lly (k)™
It follows that Ayh] = A[¥], B[] = B[]

Let us apply the transformation (13) to the system (14).
We obtain the following system:

2(k+1)=e"z(k) + g(k, 2(k)), (15)
where g(k,z(k)) = D(k + 1)p1(k, D7 (k)z(k)). Set hs
hi/d. Let k > ko, ||2(k)|| < he. Then ||D71(k)z(k)]|
dhy = hq. Hence, we have

lg(k, 2(k)) | = ID(k + 1)1 (k, D™ (k)2(k)) || <
< dr (K) | DTH(R)2(R) 1™ < d™ by (k) [ 2(R) ™ =:
=: ¢(R)[[z(k)[I™.
It follows that A[¢] = A[w1], Bl¢] = Bl¢]-
Let us choose the number € > 0 so small that the inequality
€ < s(m — 1) holds. Denote 7 := 3(m — 1) — e > 0. Since
Mol = A1) = AY] < 0, it follows that there exists a

¢1 > 0 (which, in general, depend on kg) such that for all
7 =0,1,2,... the inequality

d(ko + j) < cre

IA i

(16)
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holds. Moreover, if [¢)] < 0, then S[¢] < 0, and therefore
there exists a ¢; > 0, which does not depend on kg, such
that (16) holds for all j =0,1,2,.... We set

6 = min h 1 71_677 w
a d’2d (m —1)cie” ’

;((1 - (Clléi)m‘l) . 17;_6_1”) T } (17)

Then the following inequalities hold

do S h23
1—e™
dmfl(gmfl 1
< (m—1)cre*’ (18)
Py m—1
_qygm-tgmmr o (L 19
(m=1) 2 <i-(5) - a9

Let xg € Bg (/x\(to)) Set Yo = To —.’/L‘\(to). Then Yo € Bg(O)
Take zp = D(ko)yo. Then |zo|| < d§ < hsy. Consider
the initial value problem for the system (15) with the
initial condition z(kg) = zp. By virtue of the Cauchy
formula (Gaishun, 2001, p.20), for any k > ko, we have
z2(k) = e k=ko) 5 4
k—ko—1

+ Z
Denote s := k — ko, v(j) := z(ko + J), 01(j) := ¢(ko + j),
91(4,v(j)) == g(ko + j, 2(ko + j)). Then we have

191 (7, v ()| = llg (ko + 5, 2(ko + 5)) || <
< ¢(ko + 3)l2(ko + D™ = o1 (v (HI™,
and ¢;(j) < c1e, j =0, 1,2 .. By (20), we have

Zo—|—£€ 51]

#h=ko=1=3) g (ko + §, 2(ko +7)).  (20)

1(4,v(4))

v(s)=e"

for all s € N. Hence

lv(s)l < e” ”SHZo||+Z g (v ) <

7=0

s—1
e lzoll + > e T ere v ()™
7=0

Multiplying (21) by e**
lv(s)lle”* < llzoll+

s—1
+ Y e (| () e) ™
7=0
Denoting £(5) = ||v(5)]|e*, we have
s—1

£(s) < Jlzoll + Y cree ™ (£(5))™

=0

(21)

, we obtain

for all s € N. Moreover,

£(0) = [lv(0) ]| = lz(ko) [l = l[z0ll- (22)
We see that conditions (7) of Corollary 8 are fulfilled for
p(j) = &), o = ||zl and

q(j) = cree™. (23)

4821

It follows from (23) that

— v —
jZOQ( - Ze 1 —e
Using (18), we have
= | D(ko)yo|™ " <

0™

S dm—lém—l <

Hence,
cie” < 1
L—e™ = (m—=1)llz[™""
From (24) and (25) it follows that
- 1
q(J) < T~
J;O (m = 1)lzof|™*
It follows that condition (8) of Corollary 8 is fulfilled. By
Corollary 8, for all s € N, we have

s—1
&(s) < llzoll |1 = (m = Dllzol™ " a(j) (26)
=0
Using (24) and (19), for all s € N, we have
s—1
(m—D)llzol™ Y q(i) <
=0
< (m— 1)dm—15m—11017677 <1- (121 (27)
—e
From (26) and (27) it follows that
&(s) < 2[[o| (28)

for all s € N. By (22), inequality (28) holds for s = 0 as
well. Making reverse replacements from £ to v and then to
z, we obtain

I2(R)[| < 2[|z0]le™H0) < 2hgem ) g > k.
Then the solution y(-) of the initial value problem for the
system (14) with the initial condition y(kg) = yo is defined
by the equality y(k) = D7!(k)z(k), and the following
estimation holds:

ly(R) | < 1D~ (k) [|2(k|| < 2dhge™>E7F) & > ko,
Finally, the solution x(-) of the initial value problem for
the system (4) with the initial condition (ko) = z¢ and
with control u(k) = (k) + v(k) is defined by the equality
xz(k) = z(k) + y(k) and

(k) — Z(k)|| < 2dhge™*F7F0) | > k.

For the control sequence u(+), we have the estimation
lu(k) =@k = [lo(R) ]l <1V (k) ly(k]| < 2vodhoe™ ko),
k > ko. Setting ¢ = 2dhymax{1l,vg}, we obtain the
required inequalities. The constant ¢ > 0 does not depend
on ko. If B[v)] <0, then ¢; does not depend on kg, therefore
4 > 0 defined by (17) does not depend on k. The theorem
is proved. U

4. EXAMPLE
Ezample 1. Let (B(k))gen C R be an arbitrary Lya-
punov sequence; sup |B(k)| < £, sup |B~1(k)| < ¢, where
keN keN
£ > 1. Consider a scalar nonlinear equation

z(k+1)= + B(k)u(k), keN. (29)

L
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Let us choose (k) = —B~(k), k € N. The equation (29)
with u(k) = u(k) takes the form

z(k+1) = ~1, keN. (30)

1
(k)
Note that this equation has two equilibria: the unstable

V5 —
2
V5 + 1. For an arbitrary xg # x; the solution
x(k) of (30) with the initial condition z(1) = xq is either
defined for all £ € N, and in this case kli_)n;o xz(k) = xa, or
defined not for all k¥ € N.

one ri = and the locally asymptotically stable

one ro = —

A

2] " - 2

Fig. 1. Solutions of equation (30). 1 is a breaking solution

with the initial condition xy = ws3g. 2 is a non-
breaking solution with the initial condition zg = x1 +
1078,

We say that a solution of (30) is breaking if it is defined
not for all k& € N. Initial conditions of breaking solutions

are numbers of the form w, = s € N, where P; = zg,

P

Qs . .
Qs = 2zs41, and 21, 29, 23, ... is the sequence of Fibonacci
numbers, i.e., 21 =1, 20 =1, 2z, = z4_o+25_1 for s > 3. A
solution x(k) of (30) with the initial condition (1) = w;

is defined for k =1,2,...,s+ 1, and
_ ) Ws+1—k, for k = 1,...,8,
x(k)_{O, for k =s+1,

and the solution does not exist for & > s + 2.

The sequence w, converges to x1, and it is known from
the number theory (see, e.g., (Vorobiev, 2002, p. 107, Leg-
1

1
endre’s Theorem)) that |x; — w,| < = .
) | ! QsQs+1 Zs+1%5+2
From this estimation, it follows that for any § > 0 the

neighborhood B}(z1) contains infinitely many initial con-
ditions of breaking solutions of (30).

The only solution of the equation (30) satisfying condition
klim x(k) = x; is the equilibrium z;. Let us set Z(k) = 1,
—00

k € N. Thus, we have the admissible control process
(f(k),ﬂ(k))keN for the equation (29). From the above it
follows that this process is unstable.

We pose the problem of exponential stabilization of this

1
process. Denote f(k,z,u) := — 4+ B(k)u. Let us construct
x

Ao Af (k,x, u) :_i:_3+ﬁ.

Oz (20k),a(k)) a3t 2
The equation of the first approximation for (29) in the

neighborhood of the control process (’f(kz),ﬂ(k))keN has
the form

y(k+1) = Ay(k) + B(k)v(k), keN. (31)
Let us consider the gramian (6) for the equation (31):
W(k+1,k) = B*(k), keN.

Since (B(k))keN is a Lyapunov sequence, it follows that
conditions of Definition 4 are fulfilled, i.e., the equa-
tion (31) is uniformly completely controllable. Thus, condi-
tion (1) of Theorem 9 is fulfilled. Now check condition (2)
of Theorem 9. Take h = z1/2. Then for all ¥ € N and
(y,v) € B},(0) x B, (0) the residual

(P(kvyvv) = f(k,i'\(k) + y,a(k) + 'U)—
— [k 2(k), a(k)) — Ay — B(k)v

satisfies inequality

(k.0 = |

~ L Bmyam) + m% - B(k)v’ -

T

1
x1+Yy

+ B(k)(u(k) +v)—

2 2 2,2
__ Y §2i3§2(y43rv).
ri(z1+y) zy Ty
2
Hence, inequality (10) holds, where ¥ (k) = 3
1
2. Note that Ay = B[] = 0. Thus, all conditions
of Theorem 9 are fulfilled. From Theorem 9 it follows
that for an arbitrary s > 0 the admissible control pro-
cess (Z(k), u(k)) wen 18 uniformly exponentially stabilizable
with the decay rate s¢ by state feedback control. Let us
construct stabilizing control.

m =

Let an arbitrary » > 0 be given. Let us construct

- _ A
control v(k) in the form (12), where V(k) = (EBT'
((5+/5)

Then |V(k)| < ¢ 1+3+2\/5 = 5 =: .

Set hy = h/Uo = .131/(21}0). Take ¢1(k‘) = ’(ﬂ(k)(l +

N _

vg) = — - = a We have ¢(k) = 1(k) and
1

he = hy. Note that estimation (16) holds for e = 0, hence
we can take v = »(m — 1) = . From (17) it follows

1—e™*

that § = min{hl, } It is easy to check that

2c1e*
1—e*

0= 2c1e*
Then control
u(k) = u(k,z(k)) == u(k) + V(k) (as(k) — ml), k > ko,

provides inequalities ||Z(k) — Z(k)|| < 2hie=*(*~F0) and
(k) — (k)| < 2uohie= > %) for all natural k > ko,
where Z(-) is the solution of (29) with u(k) = u(k) with
the initial condition (ko) = z¢. Hence, the admissible
control process (Z(k), u(k)) pen is uniformly exponentially
stabilized by means of constructed control u(-).

for any » > 0. Let zp € B}(z1) and ko € N.
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Ay
0.6183*\
Y — 1
'\‘ —2
0.6182 \\ x1
.,
S
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k
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Fig. 2. Solutions of equation (29), where B(k) = 1, u(k) =

3 5
—14V (k) (z(k)—z1), V(k) = e *—A, A= — +2\[,
2 = 0.05, corresponding § = 2.8-107%. 1 is a solution
with the initial condition xg = wig. 2 is a solution

with the initial condition zo = 1 + 2.5 - 1072
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Fig. 3. Graphs of controls for equation (29), where B(k) =
Lou(k) =14V (k)(z(k)—z1), V(k) = e *—A, A=
—(3+4+/5)/2, 3 = 0.05: line 1 is a stabilizing control
for solution with the initial condition zg = wig; line
2 is a stabilizing control for solution with the initial
condition zg = 1 +2.5- 1074,
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