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Abstract: Boost converters are usually employed as constant or discrete variable voltage
sources. They are expected as a continuously variable voltage source for electric drives (based on
pulse-amplitude modulation control), or for reduction of the size of energy buffer components
for mass motor drives. When changing the output voltage of boost converters according to
the duty ratio, the nonlinear and nonminimum phase characteristics of boost converters cause
undershoots. This study was devoted to extending the technique known as preactuated multirate
feedforward (PMF), which can effectively compensate for the effects caused by nonminimum
phase characteristics in boost converters. PMF was originally considered for linear time-invariant
systems. In this study, the technique was extended to linear parameter-varying systems by
the interpolation method. Simulation and experimental results verified the effectiveness of the
proposed approach.
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1. INTRODUCTION

Boost converters are widely applied in industrial and
commercial environments. In this study, we focused on
two critical points of boost converters: downsizing their
components and achieving a higher tracking performance.
Boost converters include expensive components such as
a capacitor and an inductor. Thus, boost converters will
greatly benefit from smaller sizes of these components.
Previous studies (Takei et al. (2014)) showed that vol-
ume reduction of components in boost converters can be
achieved by feedforward control of the output voltage.

Moreover, a higher voltage tracking performance of boost
converters enables the realization of high-performance
pulse amplitude modulation (PAM) converters. PAM con-
verters can achieve optimal usage of the DC link voltage of
converters and inverters and save energy in power convert-
ers (Schwager et al. (2014)). Concerning boost converters,
previous studies aimed to improve the voltage-reference
tracking performance. In this field, techniques based on
sliding mode control (Wai and Shih (2011)), model pre-
dictive control (Karamanakos et al. (2014)), and deadbeat
control (Mushi et al. (2017)) were developed to solve the
aforementioned critical points. Another approach based
on continuous-time models was reported. By applying
state-space averaging (Wester and Middlebrook (1972)),
the boost converters were treated as continuous systems.
Then, two-degree-of-freedom (2-DOF) control can be ap-

plied to improve the tracking performance by feedforward
control.

For the reasons mentioned above, we focused on the
feedforward control of boost converters and developed
an extension of preactuated multirate feedforward (PMF)
control (Ohnishi et al. (2019)) for them. The transfer
function of a boost converter was necessary for designing
the feedforward controller. The linearized plant model of a
boost converter was described through a linear parameter-
varying (LPV) model (Olalla et al. (2011)) calculated by
the state-space averaging method. This model has non-
minimum phase zeros that have a positive real part in
the averaged plant model. Owing to the points mentioned
above, it is difficult to achieve a faster response from boost
converters. Previous studies (Takei et al. (2014)) proposed
a multirate feedforward control method that ignored un-
stable zeros to reduce the dimensions of the boost convert-
ers. PMF is a powerful technique for linear time-invariant
(LTI) nonminimum phase systems to suppress undershoots
caused by nonminimum phase zeros. We propose a method
based on an internal division of two control inputs that
are created by the approximation of LPV systems at the
starting and end points of voltage tracking. Through this
method, PMF can be effectively applied to LPV systems,
especially to boost converters.

The present manuscript comprises six sections. In Section
2, a continuous model of transient characteristics for boost
converters derived by applying state-space averaging is de-
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Fig. 1. A circuit schematic of a boost converter and its
switching states.

scribed. In Section 3, we extend PMF. Section 4 describes
the proposed method by applying the preactuated feed-
forward to averaged continuous-time models. In Section 5,
numerical simulation results of the proposed control law
are reported and discussed. Finally, Section 6 concludes
this paper.

2. TRANSIENT CHARACTERISTICS OF BOOST
CONVERTERS

A circuit schematic of a boost converter is shown in
Fig. 1 (a). This boost converter has two operation states
shown in Fig. 1 (b) and (c) when the transistor is on and
off respectively. To analyze the dynamic characteristics
of the boost converter, state-space averaging (Wester and
Middlebrook (1972)) is applied.

2.1 State-space averaging

State-space averaging (Wester and Middlebrook (1972),
Erickson and Maksimovic (2001)) is an approximation
method to address a periodic discrete system that has
switches as a continuous system. This method is effective
for describing the performance of the system for a longer
enough time interval than the switching period. The aver-
aged state of the system is obtained by the average of each
state-space weighted by the time interval that each state
has in one period.

2.2 Application of state-space averaging to boost converters

Fig. 1 (a) shows that the circuit in a boost converter has
two closed loops. Two state variables can be taken from
each closed loop. In this paper, the current of the inductor

iL and the voltage of the capacitor vC are taken as state
variables. Let the state variable be x = (iL vC)T , the
input variable be u = Vi, and the output variable be
y = (iL vo)

T .

When the transistor (TR) is on, as shown in Fig. 1 (b),
the state-space can be expressed as

ẋ =

0 0

0 − 1

CR

x +

 1

L

0

u =: A1x + b1u, (1)

y =

(
1 0
0 1

)
x =: C1x. (2)

Correspondingly, when TR is off, as shown in, Fig. 1 (c),
the state-space can be expressed as

ẋ =

 0 − 1

L
1

C
− 1

CR

x +

 1

L

0

u =: A2x + b2u, (3)

y =

(
1 0
0 1

)
x =: C2x. (4)

Let D = Ton/T be the duty ratio, where T denotes
the switching period of TR and Ton denotes the time
interval in which TR is on in one switching period. Let
also D′ = 1 − D be the complementary duty ratio. The
averaged state-space of the boost converter is obtained as
follows:

A = DA1 +D′A2, b = Db1 +D′b2,

C = DC1 +D′C2

and

ẋ = A(D)x + b(D)u (5)

y = C(D)x (6)

(5), (6) shows that the state-space of the boost converter
varies drastically by changing the duty ratio D.

2.3 Steady-state and small-signal transfer functions of the
boost converter

State-space averaging provides the averaged values of a
system when the changing speed of the system is suffi-
ciently slower than the switching period of the states of
the system.

The steady state of the system can be obtained by setting
ẋ = 0 in (5). From (5), x = −A−1bu is obtained.
Substituting it into (6), the steady state is obtained.

yo = −CA−1bu(
IL
Vo

)
=

Vi
D′2R

(
1

D′R

)
(7)

Dynamics of boost converters are described by their av-
eraged state-space (5). However, (5) includes the product
of D and the state variables x. Therefore, responses of
state spaces against the change of duty ratio D become
nonlinear.

Next, the small-signal transfer functions are obtained at an
operation point. Let the operation point be (D0, u0,x0,y0)
and let the small signals be D = D0 +∆D, u = u0 +∆u,
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Fig. 2. Gain of the output-voltage transfer function for the
averaged boost converter.

x = x0 +∆x, y = y0 +∆y. Substituting the variables in
(5) and (6), we obtain

d

dt
∆x = A∆x + b∆u+

(
∂A

∂D
x +

∂b

∂D
u

)
∆D, (8)

∆y = Cx +
∂C

∂D
x∆D. (9)

The Laplace transform of (8) and (9) generates the small-
signal transfer functions with respect to ∆D

∆y

∆D
= C(sI −A)−1

(
∂A

∂D
x +

∂b

∂D
u

)
+
∂C

∂D
x. (10)

(10) is concretely written as

∆Vo
∆D

=
Vi
D′2

1− L

D′2R
s

1 +
L

D′2R
s+

LC

D′2
s2
, (11)

∆IL
∆D

=
2Vi
D′3R

1 +
CR

2
s

1 +
L

D′2R
s+

LC

D′2
s2
. (12)

The poles of (11) and (12) coincide, and their values are

p± = − 1

2CR
±

√
1

(2CR)2
− D′2

LC
. (13)

A zero of (11) is

zv =
D′2R

L
(14)

and a zero of (12) is

zi = − 2

CR
. (15)

(11) has a positive zero according to (14) and therefore the
system are nonminimum phase.

Fig.2 shows the gain of the averaged LPV transfer function
of the output voltage expressed as (11). A drastic change
of dynamics is observed in Fig.2 when changing the duty
ratio.

In this study, the averaged state space defined by (5)
and (6), and the small-signal transfer function expressed
in (11) and (12) were used to design controllers and run
mathematical simulations.

3. PREACTUATED MULTIRATE FEEDFORWARD
CONTROL

PMF (Ohnishi et al. (2019)) is a feedforward method that
carries out perfect tracking for nonminimum-phase LTI
systems. It is based on two techniques: preactuation and
multirate feedforward (MRFF). A block diagram of PMF
is shown in Fig. 3.

3.1 Preactuation

Preactuation (Devasia et al. (1996)) is a feedforward
method that uses future reference output trajectories
to design control input trajectories. By actuating before
the output change begins, a perfect tracking feedforward
control input can be obtained in nonminimum-phase LTI
systems.

Let (16) be the transfer function of a LTI plant to be
applied preactuation.

Y (s)

U(s)
= K0

B(s)

A(s)
= K0

sm + bm−1s
m−1 + · · ·+ b0

sn + an−1sn−1 + · · ·+ a0
(16)

where m < n and B(s) has at least 1 nonminimum
phase zero. Let X(s) be the state variable to satisfy the
equation (17) with respect to the output variable Y (s) of
the transfer function (16).

X(s) =
1

B(s)
Y (s). (17)

Then, expand F (s) = 1/B(s) into a partial fraction and
divide the terms into two parts, namely stable part Fst(s)
and unstable parts Fust(s)

F (s) = Fst(s) + Fust(s). (18)

One-sided inverse Laplace transform of the convolution of
F (s) and X(s) is required to achieve perfect tracking of
r(t). This transform will diverge when t→∞ owing to the
instability of Fust(s).

To accomplish stable inversion, the following double-sided
Laplace transform is applied (Sogo (2010)).

G(s) = L̄[g(t)] :=

∫ +∞

−∞
e−stg(t)dt. (19)

If we assume fst(t) and f̄ust(t) and the one-sided inverse
Laplace transform of Fst(s) and Fust(−s), xd(t), which is
the stable inversion of r(t), is given by

xd(t) =

∫ t

−∞
fst (t− τ)r(τ)dτ +

∫ t̄

−∞
f̄ust (t̄− τ)r(−τ)dτ

∣∣∣
t̄=−t

.

(20)

The second term of (20) is the part that calculates the
convolution for the unstable part of the transfer function
by time axis inversion. The reference trajectory r(t) is
inverted into r(−t) and convoluted with the s-domain
inverted transfer function f̄ust(t̄) = L−1[Fust(−s)]. Then,
the time axis of the result is inverted t̄ = −t again. Note
that x(t) 6= 0 even though t < 0 because the lower end
of integration is −∞. Thus, the state variable x(t) needs
to change before the beginning of the reference trajectory
r(t).

3.2 Multirate feedforward

Multirate feedforward (Fujimoto et al. (2001)) is a effective
feedforward method that suppresses positive zeros appear-
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Fig. 3. Block diagram of the whole structure of a PMF control system.

ing when discretizing continuous-time transfer functions.
When the order of the system is N , the inverted system
can be calculated by setting the control-input sampling
rate to N times the output sampling rate. Thus, perfect
tracking at every output sampling point can be achieved.

Let
ẋ(t) = Acx(t) + bcx(t). (21)

be a continuous-time state space and N be the order of
system. Let the sampling rate of the control input be N
times the output sampling rate. Applying the zero-order-
hold discretization method, we obtain

x((i+ 1)Tr) = eTrAcx(iTr)

+
N∑
k=1

uk(iTr)

∫ (i+ k
N ))Tr

(i+ k−1
N )Tr

e((i+1)Tr−τ)Acbcdτ

(22)

Assuming

As = e
1
N TrAc , bs =

∫ 1
N Tr

0

eτAcbcdτ (23)

then

A = AN
s , B =

(
AN−1
s bs AN−2

s bs · · · bs
)

is obtained. Note that B is nonsingular when the state,
described by As, bs, becomes controllable. From (22), the
multirate control input is obtained.

x[i+ 1] = Ax[i] + Bu[i]

u[i] = B−1(x[i+ 1]−Ax[i])

⇔ u[i] = B−1(I − z−1A)x[i+ 1]. (24)

4. MODIFICATION OF PREACTUATION IN BOOST
CONVERTERS

In this section, we describe how PMF was applied in boost
converters.

4.1 Conventional method

We applied two conventional methods to design a varying
voltage trajectory. The first method was a step-shaped
trajectory, whereas the second was a polynomial trajec-
tory. A polynomial trajectory vr(t) = ant

n + · · · + a0
was designed by solving the following equation (25) of
boundary conditions:

Vr(0) = Vstart ,

V (k)
r (0) = 0, 1 ≤ k ≤ (n− 1)/2,

Vr(Tr) = Vend ,

V (k)
r (Tr) = 0, 1 ≤ k ≤ (n− 1)/2

(25)

In (25), Tr denotes the rise time of the trajectory and

V
(k)
r (t) denotes the k-th-order derivative of Vr(t).

4.2 Proposed method

The proposed method consists of applying PMF to a poly-
nomial output voltage trajectory for precisely controlling
the output voltage of the boost converter. Because of the
LPV characteristics of the boost converter, PMF cannot
be applied directly; hence, nonlinearity compensation is
required. The proposed compensation method is described
in the next section.

(1) Step 1: PMF at starting point To suppress an un-
dershoot in the starting point of the voltage change,
PMF using a small-signal approximation at the start-
ing point of voltage change Vr = Vstart is applied
to the polynomial trajectory. A steady-state error of
duty ratio occurs at the endpoint of voltage change
that is away from the approximation center owing
to the approximation of the LPV system as an LTI
system. To compensate for this error, the obtained
duty trajectory is multiplied by Dend,LPV /Dend,LTI ,
where Dend,LTI denotes the duty ratio at the end-
point of the trajectory obtained by LTI approxima-
tion and Dend,LPV denotes the duty ratio obtained
by an LPV model of the boost converter.

(2) Step 2: PMF at endpoint To suppress an over-
shoot in the endpoint of the voltage change, PMF
using a small-signal approximation at the endpoint
of the voltage change Vr = Vend is applied to the
polynomial trajectory that is obtained by solving
(25).

(3) Step 3: PMF interpolation The duty trajectory is
created by interpolation of steps 1 and 2. The whole
duty trajectory generation system is shown in Fig. 4.
The interpolated duty trajectory D(t) is calculated
by the following expression (26) by using D1(t) and
D2(t).

D(t) =
D1(t)(Dend −D2(t)) +D2(t)(D1(t)−Dstart)

(D1(t)−Dstart) + (Dend −D2(t))
(26)

(26) expresses the average of D1(t) and D2(t)
weighted by the closeness of the starting point D1(t)−
Dstart or that of the endpoint D2(t) − Dend of the
trajectories, as shown in Fig. 5.

5. NUMERICAL SIMULATION AND
EXPERIMENTAL VERIFICATION

This study complies with the philosophy of 2-DOF control
in which trajectory tracking performance must be achieved
by feedforward control. Thus, numerical evaluations and
experimental verifications were conducted with only feed-
forward control to clarify its effect.
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Fig. 5. Trajectory generation by interpolation of two
trajectories.

Table 1. Conditions of the converter circuit.

Parameter Value

Inductance L 400 µH

ESR of inductor rL 0.10 Ω

Capacitance C 89 µF

Load resistance R 10 Ω

Input voltage Vi 5 V

Output voltage Vo 10 V → 15 V

Rise time Tr 2 ms

Order of polynomial trajectory 9

The whole structure of the control system used for numer-
ical and experimental evaluations is shown in Fig.3.

5.1 Conditions of the converter circuit

Circuit parameters used for numerical simulations and
experimental verifications are shown in Table 1.

5.2 Numerical simulations

The numerical simulation results are shown in Fig. 6,
where “Reference” plot denotes the reference trajectory
of the proposed modified PMF method.

Switching ripples in these plots were averaged every 1
period of switching cycles to evaluate the performance of
trajectory tracking. Note that the 98-% settling time, as
well as overshoots and undershoots of the output voltage
obtained by simulation are shown in Table 2. The voltage
tracking errors are shown in Table 3.

The maximum values of overshoot and voltage trajectory
tracking error became smaller when applying the pro-
posed method, thereby confirming its superiority. Espe-
cially, PMF interpolation gave rise to significantly smaller
overshoot, undershoot, and tracking error.

Table 2. Summary of simulation results.

Method undershoot [%] overshoot [%]
settling

time [ms]
Step input 10.0 27.1 5.2

Polynomial input 1.3 22.1 6.2

PMF at start 0.3 9.3 4.6

PMF at end 0.0 3.7 5.2

PMF interpolation 3.6 2.1 4.4

Table 3. Simulation results of maximum track-
ing error.

Method Maximum tracking error [V]

Step input 1.36

PMF interpolation 0.33

5.3 Experimental verification

For experimental verification, the circuit shown in Fig. 1
(a) was implemented. Experimental equipment is also
shown in Fig. 8.

Experimental results are shown in Fig. 7. Through PMF
interpolation, overshoots in output voltage and inductor
current significantly decreased. Observing the averaged
value of output voltage shown in Fig. 7 (c) and (d),
we can conclude that the waveform was similar to the
corresponding numerical simulation. The feasibility and
effectiveness of the proposed method was confirmed by this
result.

6. CONCLUSION

Extension of PMF to nonlinear switching systems based on
state-space averaging and linearization was developed and
applied to boost converters. Numerical simulations showed
that the proposed method decreases the tracking error
significantly. Moreover, improved tracking performance
was obtained in boost converters by applying the proposed
PMF method.

Experimental verification showed similar results to nu-
merical simulations. However, steady error appeared by
parameter variation of the converter circuit because of the
lack of feedback control.

The following future extensions of this study are consid-
ered. First, the development of a feedback controller is
needed to suppress the steady error. To this end, a 2-
DOF control must be established. Second, a preactuated
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Fig. 6. Numerical simulation results of PMF applied to a boost converter.

0 2 4 6 8
Time [ms]

8

10

12

14

16

18

O
ut

pu
t V

ol
ta

ge
 [

V
]

Step input
PMF interpolated

(a) Output voltage.

0 2 4 6 8
Time [ms]

1

2

3

4

5

6

7

In
du

ct
or

 C
ur

re
nt

 [
A

]

Step input
PMF interpolated

(b) Inductor current.

0 2 4 6 8
Time [ms]

9

10

11

12

13

14

15

16

O
ut

pu
t V

ol
ta

ge
 [

V
]

Reference
Step
PMF interpolated

(c) Averaged output
voltage.

-1 -0.5 0 0.5 1 1.5 2
Time [ms]

9

9.5

10

10.5

11

11.5

12

O
ut

pu
t V

ol
ta

ge
 [

V
]

Reference
Step
PMF interpolated

(d) Averaged output voltage
magnified.

Fig. 7. Experimental results of PMF applied to a boost converter.

Fig. 8. Experimental bench.

controller for better tracking performance based on the
direct use of the LPV system will also be developed.
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