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1. INTRODUCTION

Iterative learning control (ILC) has been developed for
applications where the mode of operation is to complete
the same finite duration task over and over again. A
particular example is a robot operating in ‘pick and place’
mode, i.e., collect a payload from a location, transport it
over a finite duration, deposit it and then repeat these
steps as many times as required. In the literature, each
execution of the task is known as a pass (or trial) and its
finite duration is known as the pass (or trial) length.

The notation for variables in this paper is, for differential
dynamics, of the form yi(t),0 <t < T < 0o,k > 0, where
y is the vector or scalar-valued variable under consider-
ation, T is the pass length and k is the pass number.
This paper considers the single-input single-output case
and given a supplied reference trajectory the error on each
pass can be formed and the basis of ILC design is to enforce
convergence of the sequence generated in k together with
regulating the dynamics along the passes. Once a pass is
completed all information generated over the pass length
is available for use in updating the control input for the
next pass. Effective use of this information is at the core of
ILC design, with the overall aim of improving performance
from pass-to-pass.

The survey papers (Bristow et al., 2006; Ahn et al., 2007)
are possible starting points for the literature. Design based
on linear models of the dynamics have been developed for
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differential and discrete systems by a variety of methods
and a number have been followed through to experimental
validation for engineering systems, see, e.g., (Lim et al.,
2017; Sammons et al., 2019) and also in healthcare, see,
e.g., (Freeman et al., 2012; Ketelhut et al., 2019). The
requirements of some physical systems require particular
consideration of problems such as actuator saturation.

Previous research on actuator saturation in ILC in-
cludes (Xu et al., 2004; Ljesnjanin et al., 2017). In (Se-
bastian et al., 2019), a feedback-based ILC design was
developed for a class of linear-time-invariant system in
the presence of input constraints. The control schemes in
these last two references consist of two parts: one (feed-
back) deals with the performance in time domain and
the other (ILC) ensures acceptable pass-to-pass tracking
performance. Also in (Wei et al., 2017) a method has been
developed to decompose the output feedback ILC problem
into two more tractable subproblems, namely an output
feedback ILC problem for a linear time-invariant system
and a state-feedback stabilization problem for a nonlinear
system with input saturation.

In this paper, differential and discrete linear systems are
considered. A new method of ILC law design in the pres-
ence of input saturation and mode switching in the pass
direction is developed, which is based on the method of
vector Lyapunov functions for repetitive processes (Pak-
shin et al., 2016). An example demonstrating the effec-
tiveness and advantages of the new design is also given
together with a brief comparison with previously reported
laws.
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In this paper, the notation > 0, respectively, < 0, denotes a
symmetric positive definite, respectively, negative definite
matrix. Moreover, = 0, respectively, < 0, denotes a
symmetric positive semi-definite, respectively, negative
semi-definite, matrix. Also the identity and zero matrices
of compatible dimensions, respectively, are denoted by I
and 0.

2. ILC DESIGN IN THE DIFFERENTIAL
REPETITIVE PROCESS SETTING

Consider a linear differential linear system operating repet-
itive mode described by the state-space model

i (t) = A(k)ze(t) + B(k)vi(t), (A(k), B(k)) € F,

y(t) = Cxi(t), t € [0,T], k=0,1,..., (1)
where on pass k, xp(t) € R"™ is the state vector,
up(t) € R™ and yi(t) € R™ are input and output
vectors, 1 represents the input saturation and F =
{(A1,B1),(A2,Bs),...,(An,Bn)}, is a set of matrix
pairs of compatible dimensions. Following the notation
in (Liberzon, 2003), consider a piecewise constant mapping
from the nonnegative integer numbers, Z* — F. For
each such mapping, there is a corresponding piecewise
constant function o from Z* — N = {1,..., N} such that
A(k) = Agry and B(k) = B,y for k=0,1,2....

The mapping o is the switching signal in the pass-to-
pass (k) direction. Assume that mode switching occurs
at the beginning of the corresponding pass and define
the switching instances ki, ks, ... as the pass numbers on
which (1) changes mode. This switching signal specifies, on
each pass k, the index o(k) € N of the active subsystem,
i.e. if o(k) = i then the subsystem (mode) 7 is active at
the instant k and and model (1) can also be represented as
a family of subsystems with given switching rule between
them:

i (t) = Aszi(t) + Bigw(t), 1 €N,

yr(t) = Cai(t), t € [0,T], k=0,1,.... (2)
In applications, it can be the case that the input computed
for the next pass exceeds the safe operating range of the
actuators used and it is necessary to limit the input to
within safe limits. Also in operation, the actuator may
start to degrade and hence the actual control input is
not applied. This paper considers the case of a saturating
actuator described by

V()i = sat(ug(t))
U; if ukwi(t) > Ui,

= qugi(t) if —U; <ugq(t) <Us,
-U; if Uk, < -U;,
i=1,2,.. .00, k=0,1,..., (3)

where U, are specified positive constants. Also let y,e (%),
0 <t < T, denote the supplied reference trajectory. Then
ek(t) = Yres(t) —yx(t) is the error on pass k and the design
problem is to construct a sequence of pass inputs {u } such
that

llew+1 Ol < llex @), lim [lex(®)]] = [leco (@],
lim flug(t) = ueo()|| = 0, (4)
k—o0
where || - || denotes the norm on the underlying function

space € (t) and us(t) are bounded variables and uq (¢)
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is termed the learned control. Ideally, the design should
enforce e (t) = 0 uniformly in ¢ but, since (3) must
hold on each pass, this requirement may not always be
achievable.

In ILC design, the input for next pass is most often formed
as that used on the previous pass plus a correction, i.e.,

W1 (8) = w(t) + Ay (1), (5)
where Augy1(t) is the correction term to be designed.
The design of the last term in this control law can make
use of the complete previous pass error. In particular,
at time instance ¢ on pass k + 1 information from the
complete previous pass error is available instead of just
the same time instant. This feature is sometimes termed
‘non-causal’ and if such action is not used then the ILC
law can be replaced by a standard feedback control loop
and no added benefit arises.

To write model of the system in the form of a differential
repetitive process, assume that each subsystem from the
family (2) is active for at least two consecutive passes and
introduce the auxiliary vectors ng4+1(t) = fg(ka(T) -
x(T))dr. Assume also that y,.s(t) is differentiable, g (¢)
is available to the controller and C'B; # 0. Then the
dynamics of the considered system can be written in terms
of ni4+1(t) and eg(t) as

Me+1(t) = Aille1(8) + Bidby (¢), (6)
6k+1(t) = _CAink+1(t) + ek(t) - CBi¢k+1(t), i€ N,
where

@szAmmHm»ﬂmeWr

Given (6), the stability theory for differential repetitive
processes can now be applied to ILC design. In this paper,
the theory developed in (Pakshin et al., 2016) is used.

Choose

dng+1(1) dey(t)
— 4+ K.

T T @
and rewrite (6) and (7) in the following equivalent form
Me+1(t) = (Ai + BE1)ne41(t) + BiKaer(t) + Bigr(t),
ert1(t) = —C(A; + BiK1)np41(t) (8)

+ (I + BiKQ)ek(t) - CBZng(t)7

Augyq(t) = Ky

where .
o) =00 = [ Bua()dr, O
0
and g (t) = 0 if Augy1(t) =0.
Consider a vector Lyapunov function of the form
_ | Va(me(t))
Von(the) = | ) .

where Vi(n) > 0, n # 0, Va(e) >0, e # 0,
0, V5(0) = 0, with associated divergence operator

DV (0, ex(0) = T4 A g o),

where AV (ex(t) = Va(eps(t)) - Valer(t)).

The following result gives sufficient conditions for conver-
gence in the sense that the conditions of (4) hold.

(10)
Vi(0) =

(11)

Theorem 1. If there exists a vector Lyapunov function (10)
and positive scalars cq, ..., ¢4 and 7y such that
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Al O] < Vi) < clm@l?, (2
alles®I? < Valer(t) < eollex(®’, (13)
DV O (8), ex(1) <7~ el + llen(t)]?). (14)
P < culol (15)

Then, for dynamics described by (8), ||ex(t)|| is mono-
tonically decreasing as £ — oo uniformly in ¢ and the
conditions of (4) hold.

The proof follows directly from results in (Pakshin et al.,
2016). A function (10) satisfying (12) — (15) is a common
vector Lyapunov function for the family (2) and hence
could give conservative convergence conditions for some
examples.

Introduce the notation

A= &) m=] ).
Aei=A; + B;K, 110
= diag[l,, On,],
1OV = diag[0, In,], Ci(t) =
then

(i1 () ex ()], (16)

Augir (t) = KG(1),
where K = [K; Kj] is a matrix to be designed. By
construction, the entries of (), see (9), satisfy the
constraints

—2TU; — (KCi)i < (o

(t): <2TU; — (K )iy

i=1,2,... ng. (17)
Also it follows from (17) that ¢ (t) satisfies the following
quadratic constraints

— G (DETGE (1) — 2G5 () KT G (1)

— F () Gor(t) +4T?UTGU >0, (18)
where G is diagonal matrix with positive entries and
U = diag[U; ...U,,|T.

Theorem 2. Suppose that there exist matrices W =
diag[W; Ws] = 0, S = diag[Si...S,,] = 0, where
Wi; € R%wx= W, € R™*™ and a sufficiently small

positive scalar e satisfying the linear matrix inequalities
(LMIs)

—T1OVW L WAL A0 L TOO AW 4 el
SBI IO — kw
Lfom g
*WKT WAT (0,1)
~s  sBITO
OV B —rrOn
then |lex(t)|| is monotonically decreasing as k — oo
uniformly in ¢ and the conditions of (4) hold.

=0,ieN, (19)

Proof. Choose the entries of (10) as the quadratic forms

Vi(i(1)) = my; (8) Puiw(t), Va(ex(t)) = ei () Poex(t),
where P, > 0 and P, > 0 and set P = diag[P, Ps].
Computing divergence of (10) with these entries along the
trajectories of (6) gives

DV (n,e) = [(Ai + BiK)C + Big] " PIT0¢
+¢TPIMO(A; + BiK)( + Bigl
+[(4A; + BiK)C + Big] " PIV[(A; + BiK)(
+ Bip] = (TPIOY¢ (20)
Moreover, since Vi(n) and Va(e) are positive definite
quadratic forms (12),(13) and (15) of Theorem 1 hold.

A sufficient condition for (14) to hold under the constraints
(18) can (Tarbouriech et al., 2011) be written as

D.V(n,e) —CTKTGK¢ — 2T KT Gy
— TG +4T*UTGU < v — (T(ePP)¢, (21)

where € > 0 is small enough. Choose v = 4T?UTGU and
then condition (14) of Theorem 1 holds if

[(Ai + B;K)¢ + Big]" PI10¢
+¢TPIYO(A; + B;K)¢ + Biy)
+ [(Ai + BiK)¢ + Bip)" PI"V[(A; + BiK)( + Biy)
—(TPIOD¢ 4 (T (ePP)C
—2("K"Gyp — "Gy <0,

KT " IM@)[CT "], =0,
My (i) Mia(i)
where M (i) = [Mm( ) M 2(2)]
My (i) = ALPIMO 4 P10 A, + ATPIOY A

— PI1®Y L ¢pPP,
=BI'10p 4 AT prOY B, — K7,
Mgg(i) = B;TPI(OUBI - G.
The matrix M (i) can be rewritten as
—PI1OY 4 AT pr0) 4 prO 4 4 cpp
BI'rtOp _GgK

PIAOB, — KTG
-G

Ma2(7)

M{(i) =

%

AT o
and by the Schur’s complement formula M (i) < 0 if and
only if

—P1ON 4 AT O p 4 prAO 4 4 PP
BiTI(l*O)P - GK

10 4,
PICOB, - KTq A1V
-G BiTI(O D=0, (22)
10D B, —p!

Pre and post multlplylng (22) by diag[P~! G~ I] and
setting P~! = W, G~! = S gives that (19) holds. All
conditions of Theorem 1 therefore hold and the proof is
complete.

To find gain matrix K it is possible to consider (8) without
saturation and use a linear design. If the gain obtained
in this way satisfies LMI’s (19) then by Theorem 2 the
corresponding ILC law with saturation guarantees that
[lex(t)]] is monotonically decreasing as k — oo uniformly
in ¢ and the conditions of (4) hold.
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Introduce the notation

A11(1) = A1), A2 =0,

Agq (i) = —CA(3), Ass = I, By1(i) = By, Ba(i) = —CB,;.
Then the next theorem gives a design method for the ILC
law with input saturation.

Theorem 8. Let K| = Ylel and Ky = YQXgl, where
X1, X5,Y7 and Y5 solve the LMIs

(A11 () X1 + B1(i)Y1)
+(A11 () X1 + B1(i))Y1)T (A12Xe + B1(i)Y2) 0
(A2 X5 + By (i)Yz)" — X 0
0 0 -X;
(A21(1) X1 + B2(i)Y1) (A92Xa + Ba(i)Ys) 0
X1 0 0
0 X (i) 0
L Y Ya(4) 0
(Ao1 () X1 + B2 ()Y1)T Xy 0 Yo
(Ape X + B (i)Y2)T 0 X, YT
0 0 0 0
—X, 0 0 0 <0,
0 Qi 0 0
0 0 —-Q;t 0
0 0 0 —-R']
X1 -0, Xo-0.i€N. (23)

and suppose that the LMIs (19) with K = [K; K] are
feasible. Then for (8) without saturation (pr(t) = 0)
llex(t)|| exponentially tends to zero as k — oo and ILC

law

G (£) = sat(n(6) + Augy (1)) (24)
with update given by (7) ensures that ||eg(t)]| is mono-
tonically decreasing as ¥ — oo uniformly in ¢ and the
conditions (4) hold.

Proof. Choose the entries of (10) as the quadratic forms
Vi(n(t)) = g () Pugi(t), Va(ex(t)) = e, (t) Paex(t),
where P, = X1_1 = 0and P, = X2_1 > 0, where X; and
X, are solution to (23). Computing the divergence of (10),

along the trajectories of (8) with ¢y (t) = 0, gives
DV (mi1(1), ex(t) = ¢ (AL P
+ PIMO A, 4+ ATIOVPA,
—I1OYP) (1), i e N (25)
and using (23)

DV (es1(t), ex(t)) < = (0)(Q + KTRE)G; (1),
where @ = diag[@1 Q2]. By Theorem 2 from (Pakshin
et al., 2016), it follows from this inequality that (7) ensures
exponential stability of (8), hence ||ex(t)|| exponentially
tends to zero as k — oo. Finally, since (19) holds,
Theorem 2 gives that the ILC law (24) ensures that ||e ()]

is monotonically decreasing as k — oo uniformly in ¢ and
the conditions of (4) hold.

3. ILC DESIGN IN THE DISCRETE REPETITIVE
PROCESS SETTING

Consider a discrete switched system operating in repetitive
mode described by the family of the state space models
zr(p+ 1) = Aizk(p) + Bitbk(p), yk(p) = Cax(p), (26)
p=0,1,...T—-1,ieN, k=0,1,...,

where on pass k, zi(p) € R is the state vector, ¥ (p) is
the input and yx(p) is the output. In this case T denotes
the number of samples along the pass length (T times
the sampling period gives the pass length.) The problem
statement is the same as in previous case, with ¢ replaced
by the sample number p. Also the notation A;, A.; and B;
used below is defined as in (16) with the matrices involved
replaced by those from (26).

Introduce nx11(p + 1) = xpr1(p) — xx(p). Then the
counterpart of (6) for the controlled dynamics in this case
is

Met1(p+ 1) = Ainy1(p) + Bidrt1(p),

ext1(p) = —CAinks1(p) + ex(p) (27)
— CBi¢k+1(p), 1 EN, k=0,1,...
where
Prr1(p) = sat[ugy1(p — 1)] — satfug(p — 1)].
Choose
Augy1(p — 1) = Kinry1(p) + Kaer(p), (28)

and rewrite (27), (28) in the following equivalent form

77k+1(p + 1) = (A1 + BKl)'f]k+1(p)
+ BiKzer(p) + Bivr(p),

ex+1(p) = —C(Ai + BiK1)n+1(p) (29)
+ (I + BiK2)ex(p) — CBipk(p),
where
ok(p) = Pr+1(p) — Augyr(p — 1), (30)

and ¢i(p) = 0 if Augyi(p —1) = 0. It is easy to show as
in previous section that oy (p) satisfies constraints

— L (p) KT GK Gi(p) — 2¢F ()K" Gor(p)

— ¢k (P)Gyr(p) +4UTGU 2 0. (31)
Define the operator Dy as follows
DaV (n+1(p), ex(p)) = Vi(ne(p + 1))
— Vil (p)) + Va(ers1(p)) — Valer(p)). (32)

Sufficient conditions for convergence such that the condi-
tions of (4) hold for this case are given by the following
counterpart of Theorem 1.

Theorem 4. If there exists a vector Lyapunov function (10)
(with ¢ replaced by p) and positive scalars ¢; — ¢4 and 7y
such that

allme)|? <Vilne(p) < collme)I?, (33)
cllex(p)||” < Va(er(p)) < collex(®)]]?, (34)
DaV (1(p), e (p)) < v — es(||m(p)|* + ||ex(p)|?)-(35)

then ||eg(p)|| is monotonically decreasing as k — oo for all
p=20,1,...T — 1 and the conditions (4) hold.

2<
<

The proof, as in the differential dynamics case, is a direct
consequence of the results by (Pakshin et al., 2016). In
this case, (10) (with t replaced by p) satisfying (33)—(35)
is a common vector Lyapunov function for the system (29)
and can give conservative stability conditions.

Assume that X is a solution of the LMIs
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X (AX+BY)T x YT

(A; X + B;Y) X 00 |,
X 0 Q' o | =7
Y 0 0 R!

X =diag[X; Xo] =0, i € N, (36)
where @ > 0 and R > 0 are weighting matrices. Then the
next theorem gives a design method for the ILC law with
input saturation.

Theorem 5. Let K = Y X! where X is solution to (36)

and suppose that there exist matrices W = diag[W; Wa] >

0, S = diag[S1...S,,] > 0, where W7 € R"*=*"= W, €

R™*" and a sufficiently small positive scalar € such that

W +el —-WK" WAL

-KwW  -S SBf

AW B,S W

Then for (29) without saturation ||ex(t)|| exponentially
tends to zero as k — oo and ILC law

Vi1 (p) = sat(Pr(p) + Augia(p)) (38)

with update given by (28) ensures that ||lex(p)|| is mono-
tonically decreasing as k — oo for all p = 0,1,...T — 1
and the conditions of (4) hold.

<0,ieN. (37

Proof. If the inequalities (36) are solvable, then a vec-
tor Lyapunov function of the form (10) with entries
0T (p) X7 'n(p) and e (p) X, e(p) satisfies the conditions
of Theorem 1 in (Pakshin et al., 2016) and guarantees
exponential stability of (29) in the absence of saturation.

Choose the entries of (10) as the quadratic forms

Vi(ne+1(p)) =11 () Prgie41 (p),

Va(ex(p)) = e (p) Paer(p),

where P, > 0 and P, > 0 and set P = diag[P; Pa.
Computing divergence of the function (10) with these
entries along the trajectories of (29) gives

DaV (1, €) = [AeiC + Big]" PlAciC + By — ("PC. (39)
Since Vi(n) and Vh(e) are positive definite quadratic
forms (33) and (34) of Theorem 4 hold. Also (Tarbouriech
et al., 2011) a sufficient condition for (35) to hold under
the constraints (31) can be written as

DaV (n,e) — (T(KC)"GKC(
—2T(KC)' Gy — T Gp + 4UTGU
<7y —eC"PP(, (40)
Choose v = 4UTGU and then (35)from Theorem 4 holds
if
[AciC + Bi]" P[AciC + Bi] — (T P¢
+eTPP¢ —2("KTGyp — T (t)Gp < 0. (41)

The proof is completed by following, with routine changes,
identical steps to those in the proof of Theorem 2.

4. EXAMPLE

As an example consider a discrete linear systems example

where
0.0308 0.0099 0.0001

1

0 0.9522 0.0001 0.0098
0 6.0908 0.9812 0.0308
0 —9.4572 0.0187 0.9522

A =

L
0 1 2 3 5 3 7 8 9 10

1
Pass Number k

Fig. 1. Progression of E(k) with plant switching on the passes 4
and 7 passes without saturation

1 0.0308 0.0099 0.0001
0 0.9580 0.0001 0.0099

A2= 10 61020 0.9812 0.0308
0 —8.3128 0.0188 0.9580
0.0238 —0.0237
—0.0237 47124
Bi=1 47124 | B2= | _46946
—1.6852 —4.6946

It is assumed that all the state variables are available
for measurement and the reference trajectory is of 3 sec
duration and is formed by sampling a continuous time
signal at and given by

10747 , 1076
P -
6 27

The linear ILC law without saturation is

T p=0,1,...,300 (42)

yref(p) =

uky1(p) = uk(p) + K1 (zx41(p) — z1(p))

+ Kaer(p+ 1), (43)
where the control law matrices K; and Ko, together with
P;, are given by the solution of the minimization problem
—(trX; + trXs) under the LMI constraints (36). Solving
this problem for

Q = diag[1072 1072 107® 1072 10*], R = 0.01,
gives

Ky, =[-31.9444 0.2018 —0.5174 —0.149],

Ky =23.8705. (44)
To measure the performance of this ILC law, introduce

1 T
= llex )]
p=0

i.e., the mean squared value of the error for each pass over
the pass length, which is plotted against the pass number
in Fig. 1 for the case of switching from mode 1 to mode
2 on the 4th pass and back to mode 1 on the Tth pass
without saturation. In this case monotonic pass-to-pass
error convergence is achieved, where after 4 passes the
learning error is zero. Fig. 2 shows the control progression
for this case.

For K; and K given by (44), the LMI’s (37) hold and
hence the ILC law (43) and (44) and (as a numerical
example) saturation level U = 0.0075 results in monotonic

(45)
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Control Progression

Control u

Pass Number k Sample Number p

Fig. 2. Control progression with plant switching on the passes 4 and
7 without saturation

3 4 5 B 7 & 9 10
Pass Number k

Fig. 3. Progression of E(k) with plant switching on the passes 4
and 7 with saturation level U = 0.0075

Control Progression

Control u

Pass Number k oo

Sample Number p

Fig. 4. Control progression with plant switching on the passes 4 and
7 with saturation level U = 0.0075

pass-to-pass error convergence. This is confirmed by Fig. 3,
which plots the function (45) for the case of switching from
mode 1 to mode 2 on the 4th pass and back on the 7th
pass with saturation level U = 0.0075. Fig. 4 shows the
corresponding control progression.

This example demonstrates that, with the same switching
mode, the presence of saturation reduces the convergence
rate by almost half compared to the case without satu-
ration. In addition, with a further decrease in saturation
level the tolerance begins to decrease significantly and the
choice of this level is application specific.

5. CONCLUSIONS AND FUTURE RESEARCH

This paper has used the stability theory of repetitive
processes to develop a new ILC law for differential and
discrete dynamics in the presence of saturating action on
the control input. The saturation operator is applied to
the control input on the current pass, in contrast to other
approaches, see, e.g., (Xu et al., 2004; LjeSnjanin et al.,
2017; Sebastian et al., 2019), where the control law is of
the form

o (t) = sat (-1 (£)) + Fex(t), ex—1(1)),

uk(t) = sat(vi (t)).
There is a need to further investigate the relative merits
of the new design against alternatives, were the laws
developed in this paper apply saturation directly to the
current pass input only. Future work could also be directed
to obtaining less conservative results by, e.g., aiming to
develop a multiple vector Lyapunov function approach.
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