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Abstract: This paper addresses the design of a practically sound control architecture to solve
the problem of feedback linearisation and stabilisation of single-input single-output nonlinear
stochastic systems. We first present a causal method to obtain, from measurements of the state,
a-posteriori estimates of the variations of the Brownian motion which affected the system. Then
we employ these estimates to design a control law that approximately compensates for the
diffusive dynamics of the system. We address the local stabilisation problem and we prove that
the control law which performs the proposed stochastic compensations stabilises a broader class
of systems with respect to feedback laws without compensation. We finally validate the theory

through a numerical example.

1 INTRODUCTION

Control of stochastic dynamical systems is a fundamental
research field in control theory. Modelling in this framework
allows the designer to use the mathematical tools offered by
the theory of probability and stochastic processes to assess
and enforce the dynamical properties of uncertain systems.
In addition to providing an advantage from a theoretical
point of view, applications of stochastic theory are broad
and various. Some examples include the optimal stopping
problem, the production planning problem, the study of
technology diffusion and of distribution of research funding,
see Oksendal (2003) and Yong and Zhou (1999).

In this paper we study a class of stochastic systems
described by nonlinear stochastic differential equations. In
particular, we develop a framework which extends standard
results for deterministic systems to the stochastic case. To
this end, we recall that a popular approach for the control
of nonlinear deterministic systems employs the notion of
relative degree and a coordinate transformation to represent
the system in a somehow “simpler” form, which is called
“normal form”. This allows for feedback linearisation and for
the introduction of the zero dynamics, concepts which are
fundamental for making classical control problems, such
as stabilisation, tracking and observer design, more easily
tractable, see e.g. Isidori (1995). The notion of normal form
was firstly introduced in Isidori et al. (1981) as part of the
solution of the static state-feedback non-interacting control
problem, see also Zeitz (1983), Bestle and Zeitz (1983)
and Krener (1987) for additional results in this direction.
Before then, the solution to the problem of linearisation via
feedback had already been addressed and solved for single-
input single-output systems by Brockett (1978). Byrnes
and Isidori (1984) introduced the concept of zero dynamics
and in the later work of Byrnes and Isidori (1988) this was
used to solve the local stabilisation problem.

In the stochastic framework, a special form, also called
“normal form”, was proposed in, e.g., Arnold (2003). Therein
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Stratonovich calculus is used to obtain a coordinate
transformation that, by anticipating the noise over a short
period, yields a special form for purely diffusive systems.
Other examples of coordinate transformations for stochastic
systems are, e.g., Gaeta and Rodriguez Quintero (1999)
where symmetries for differential equations are identified,
and Roberts (2008) where a normal form is used to separate
fast and slow dynamics. Note that these notions of normal
form are not related to the concept of relative degree.

In Mellone and Scarciotti (2019a) a normal form was
introduced to address the problem of “ideal” feedback
linearisation for a general class of stochastic single-input
single-output systems described by nonlinear differential
equations. By making a parallel with the deterministic
theory presented in Isidori (1995), Mellone and Scarciotti
(2019a) first define the stochastic relative degree and then
obtain a normal form via a coordinate transformation which
allows for linearisation via state feedback in the ideal but
unrealistic case in which the Brownian motion is assumed
to be known. In the later work by Mellone and Scarciotti
(2020b), the concept of zero dynamics of stochastic systems
is introduced and the problems of stabilisation and tracking
are addressed and solved in the same ideal but unrealistic
scenario. Both Mellone and Scarciotti (2019a) and Mellone
and Scarciotti (2020b) propose control laws that are
explicitly dependent on the noise affecting the system,
i.e. the value of the noise must be known at all times in
order to synthesise the linearising, stabilising or regulating
control law. Although this assumption is not sound from a
practical point of view, these works constitute a necessary
preliminary step towards the design of a control architecture
which can be implemented in real scenarios.

In this paper we aim at overcoming this fundamental
limitation and present a theoretical framework which allows
solving the problem of feedback linearisation for stochastic
systems in practice. Our approach is inspired by the work
of Mellone and Scarciotti (2019b), where the problem of
output regulation for linear stochastic systems is addressed
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and solved. Therein, a procedure to causally approximate
the Brownian motion is used to design a regulator which
solves the problem in a practical way. In the present

paper we first adapt that procedure to nonlinear systems.

We show that at periodic sampling times it is possible
to obtain estimates of the increments of the Brownian
motion occurred since the previous sampling time. We
then use these estimates to design a hybrid controller
in which a deterministic continuous-time control law is
supplemented with jump corrections performed at the
sampling times. These corrections are computed employing
the estimates of the Brownian motion and are designed
to cancel, in an approximate way, the contribution of the

noise to the dynamics of the feedback-linearised system.

We show that, under suitable assumptions, performing the
compensations is indeed beneficial in reducing the impact
of noise onto the system. Moreover, compared to the mere
deterministic continuous-time control law, the stochastic
jump compensations allow for solving the local stabilisation
problem for a broader class of systems.

The rest of the paper is organised as follows. In Section 2
we recall some preliminary notions related to stochastic
systems. In Section 3 we introduce a procedure to partially
estimate the Brownian motion and to use these estimates
to compensate for the stochastic dynamics. In Section 4

we give results of practical local asymptotic stabilisation.

In Section 5 we show a numerical example that illustrates
the theoretical results. Finally, Section 6 contains some
concluding remarks.

Notation. The symbol Z denotes the set of integer
numbers, while R and C denote the fields of real and
complex numbers, respectively; by adding the subscript
< 0”7 (“> 0”7, “0”) to any symbol indicating a set of
numbers, we denote that subset of numbers with negative
(non-negative, zero) real part. If a function g experiences
a jump variation at time ¢, the symbols g(t) and g(t")
denote the values of g immediately before and after the
jump, respectively. The symbol 9] is used as a shorthand
for the operator 9™ /0z™, while (™ indicates the n-th time
derivative of a. (V,F,P) is a probability space given by
the set V, the o-algebra F defined on V and the probability
measure P on the measurable space (V,F). A stochastic
process with state space R™ is a family {z;, t € R} of
R™-valued random variables, i.e. for every fixed ¢t € R,
2¢(+) is an R™-valued random variable and, for every fixed
w € V, z.(w) is an R™-valued function of time (Arnold,
1974, Section 1.8). For ease of notation, we often indicate
a stochastic process {zy, ¢ € R} simply with x; (this is
common in the literature, see e.g. Arnold (1974)). With
a slight abuse of notation, any subscript different from
the symbol “t” indicates the corresponding component
of the vector x;, e.g. x; is the i-th component of the
vector z;. Let C§°(R) denote the space of all infinitely
differentiable functions on R with compact support. A
generalised stochastic process is a random generalised
function in the sense that a random variable ¥(p) is
assigned to every ¢ € C§°, where v is, with probability 1,
a generalised function (Arnold, 1974, Section 3.2). The
symbol W, indicates a standard Wiener process, also
referred to as Brownian motion, whereas £ = W, indicates

the generalised white noise obtained by differentiating W;.

W, and &; are defined on the probability space (V, F,P).

2 PRELIMINARIES

In this section we recall some preliminary notions related
to stochastic differential equations and the concept of
stochastic relative degree. Consider the nonlinear single-
input, single-output stochastic system expressed in the
shorthand integral notation

dry = (f(ze) + g(z)u)dt + (U(z¢) + m(ze)u)d Wy, (1)

Yt = h(.]ft),

with 2, e R", u e R,y € Rand f: R* - R", g : R" —
R* [ :R*" - R*", m:R*" = R" h:R" — R smooth
functions, i.e. they admit continuous partial derivatives of
any order. We assume that, for a fixed initial condition
Z¢—0, the solution of (1) is unique. For the reasons reported
in (Arnold, 1974, Section 10.3), we can rewrite equation (1)
in the differential notation

iy = f@) +g(z)ut (@) +m(z)u),  ye = hlx), (2)
as long as & is understood as a generalised white noise,
(Arnold, 1974, Section 10.3). Given the equivalence of the
two representations in the framework of generalised stochas-
tic processes, in the remainder of the paper equations (1)
and (2) are used interchangeably, as convenient, to refer to
the same underlying nonlinear stochastic system. Recall
that the derivative of h along the vector field f, which is
called Lie derivative and is indicated with the symbol Ly h,

is defined as
Z axl

Lyh(z) =

We indicate the derivative of h ﬁrst along the vector
field f and then along the vector field g as L, Ly h(z) =
0,[Ls h] g(x). We use the recursive relation Eﬁé h(z) =
0, [Lffl h] f(z), with C? h(x) = h(z), to indicate the k-th
differentiation of h along f. We now recall three operators,
firstly introduced in (Mellone and Scarciotti, 2019a, Section
III). The first one, which indicates the second derivative of
h along the vector fields f and g, is defined as

g —~ 9°h
Gihlz)=g Zg] Z 0x;0x; fil

Similarly to the Lie derlvatlve7 we use the notation
"G, 9G h(z) = m(x) 02(°Gh] U(z), and ‘GEh(z) =
g(x)Tag[gg’;‘lh] f(z), to indicate the reiterated opera-
tions. The second operator is s ¢h, which is employed to

define the stochastic Lie derivative of h along the drift
vector field f and the diffusion vector field [, namely

'S h(&,w) = Ly h(x) + Lo h(2)& + %lglh(x).

If leh(&, x) = leh(x) is a deterministic expression, i.e.
the white noise does not appear explicitly or equivalently
Ly h = 0, then, similarly to the deterministic Lie deriva-
tive, we use the notation lS?h(ft,:L’) = leleh(ft,x).
Tteratively, if lS’;_lh(ft,x) = ISI;_lh(x) is deterministic,
1ok lo 1gk— e

Sih(&,x) = 'S 'SE R, x), with 'SGh(z) = h(z) by
definition. Finally, we define a third stochastic differential
operator

Alh(gh l‘)

By using It0’s formula, it is easy to see that the first
derivative of the output of system (2) is given by

( )Ta2

= L, h(x) + Lo h(2)& + ™Gh(2).
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1
yt = 'S yh(&r ) + ) A& m)u + 3 "G (e )u?.

Using the previous definitions, in the remainder we employ
the definition of stochastic relative degree as given in
Mellone and Scarciotti (2019a).

Assumption 1. Let r be the stochastic relative degree of
system (2) at Z. Assume that the row vectors 9,[h(Z)],

ax[leh(f)L RV 81[18?_%(:?)} are linearly independent.

Suppose that the relative degree of system (2) at z =0
is r < m. Since Assumption 1 holds, by the definition
of stochastic relative degree there exist functions ¢;(x),
i =r+1,...,n such that ®, given by

.
(@)= [h(x) 'Sphlz) ... 'ST () bri1(@) .. bala)],

is a local diffeomorphism in a neighbourhood U of %
such that the dynamics of system (2), written in the
new coordinates z; = ®(x;), is expressed by (Mellone and
Scarciotti (2019a))

Zi:Zi_H, i=1,...,7“—1,
Zp = (&, 2) + b(&, 2e)u + G(Zt)uz,

25 =pi&e,2) + (& 2)u + 85 (), j=r+1,..n,
Yt = 21,

(3)
with ¢(&, Zt):lS;h(ft, D (z)), b(&r, 20 )=3 A, 18;7%(&,
O (z)), a(z) = 376, 'S M@ (=), (6 ze) =
'S5 (6, @7 (1)), (€ 2) = o A (G, @71 (1)), 85(2e)
= 1™G,.¢0;(®7(2)). In particular, observe that the
dependence of the coefficients c, b, p; and ¢; on the white
noise &; is affine, i.e. they can be decomposed as

(&, ze) = calze) + cs(20)&s,
b(&t, 2¢) = ba(ze) + bs(2)&es
pi (&, 2t) = pa,j(2t) + ps,i(26) &
4 (&t 2t) = qa,j(2¢) + qs,5(20)&s,

where all the quantities are uniquely defined as a con-
sequence of the previous observation. For compactness,
ol g = (e )
s =[Sr41 --- sn]T. When designing the control input of
system (3) we need to distinguish between two cases.

(A) a(z) = 0 in a neighbourhood Uy of Z. Then, by
definition of relative degree, there exists a neighbourhood
Us of Z such that b(&;, z:) # 0 in ®(Uz). Let U = Uy NUs.

(B) There exists a neighbourhood U of Z such that
a(z) # 0 in ®(U).

Note that, by the definition of relative degree, no
other cases are possible. If a system is such that case
(A) is satisfied, then the control input does not appear
quadratically in the r-th derivative of the output for z; in
U, whereas if (B) is satisfied, then the square of the input
does appear in the r-th derivative of the output. Due to
space limitation, in this paper we consider case (A). Note
that case (B) is analogous.

3 APPROXIMATE STOCHASTIC COMPENSATION

j=r+1..,n,
j=r+1,..,n,

we define p = [pry1 and

In this section we illustrate the practical limitations of the
control laws introduced in Mellone and Scarciotti (2019a)

and Mellone and Scarciotti (2020b) and we introduce a
method to overcome them.

Let the stochastic relative degree of system (2) be
1 < r < n and consider the problem of partial feedback
linearisation. Let v : R>¢o — R be a generic input yet to be
selected. System (2) can be partially feedback-linearised in
®(U) by
lin 1
Uy = b(ghzt)( C(é.t, Zt) + U)a
Remark 1. In (Mellone and Scarciotti, 2020b, Section 3) it
is pointed out that a control law u; that explicitly depends
on & may compromise the equivalence of (1) and (2). Hence,
therein a definition of admissible control laws, i.e. laws such
that this equivalence is preserved, is given. However, the
framework of the present paper is that of practical scenarios
where &; is not available for feedback. Therefore the control
laws which we design in Sections 3 and 4 are merely
functions of measurements of the state. Consequently, this
implies that such control laws are always admissible.

if (A).

For compactness, set (; = [z1 ... zT}T and 7 =

[zr41 ... zn]T. From the theory of normal forms of de-
terministic systems, recall that necessarily (; =0 at  and
that the value of n; at T can be arbitrarily chosen. It is
straightforward to observe that these two facts hold also
for stochastic systems. Therefore let ®(x;) be such that
1 = 0 as well at &, which makes zero an equilibrium point
of system (3). The partially feedback linearised system by
the control law u}"" has the form

ét = A¢; + B,
ﬁt = p(é-fm Cta nt) + q(fta <t7 Tit)uém + S(Cta nt)(uffin)Qa

with B=1[0...0 1]T. We also recall that if there exists

a control law u; = u, (n;) such that ﬁt = (; =0, then the
autonomous stochastic differential equation

77t = p(gtv Oa nt) + (I(f:h 07 nt)uz,t + S(Cta nt)ug,t

is called the zero dynamics of the stochastic system (2).
The limitation highlighted in Mellone and Scarciotti (2019a)
and Mellone and Scarciotti (2020b) is that the control u!"
requires the knowledge of the stochastic process & and
therefore cannot be applied in practice. We address how
to overcome this issue in the next sections.

(4)

3.1 FEstimation of the Brownian motion

By sampling the state, we now present a method to
obtain a causal partial estimate of the Brownian motion
affecting the system between sampling times. Let {¢ }rez.,
be a sequence of equally-spaced sampling times, with
tr —tyr_1 = € for all k € Z~q. Define the differences
AW (k) = Wy, — Wy, _, and Az(k) = x4, — xy,_,. Our
aim is to SLIE)W that it is possible to compute a causal
estimate AW, (k) of the quantity AW, (k) by comparing
the samples of the state of the system at times t;_1 and
tx. In particular, we want this estimate to “converge”, in
a sense to be defined, to the stochastic differential d W,
as the sampling period € converges to zero. Let £; be
the space of functions théﬁ are integrable in It0’s sense.
Then with the notation AW, < c/l\ W, we mean that for all
a € & limeyo X, alti—r, w)AW.(k) = [, a(r,w)dW;.
For ease of notation, define F;, = f(zy,) + g(ze,)ue,
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and L, = I(xy,) + m(zy, )ue,, which are the drift and
diffusion terms, respectively, of system (1) evaluated at
time t. It is reasonable to assume that the vector Ly, is
non-zero for almost all k € Z>(, as otherwise the system

would display a deterministic behaviour and AW, could
be selected as zero. Consequently, the Moore-Penrose left
pseudo-inverse of Ly, i.e. Lf, = (L] Ly,)"'L{ , is well-
defined almost surely. A procedure to estimate a posteriori
the Brownian motion affecting linear stochastic system
has been presented by Mellone and Scarciotti (2020a). The
following Lemma extends those results to systems with
nonlinear drift and diffusion terms.

Lemma 1. Consider system (2). Let {A/V[Z(k)}loo be a
sequence of scalars defined as AW, (k) = Ly, [Az(k) —

F;,_,€]. Then Aws(k) = dW; almost surely.

3.2 Compensating control

In this section we discuss how to impl/e\ment a feedback
law that, by exploiting the estimates {AW,(k)}x, partially
linearises the system in an approximate way. The advantage
of this control law with respect to ul™ is that it is practically
implementable while the accuracy of the approximation
can be tuned by reducing the sampling period €. We begin
with defining a control u{ which corresponds to u!™ when
& = 0, namely

(—ca(zi) +v), i (A). (5)

Note that to ensure that ud is well-defined (i.e. by(2;) #
0) in a neighbourhood of zero we need the following
assumption.

Assumption 2. Lg 'S h(z) + ™G, ST h(T) #0.

Observe that the term ué is the deterministic approxi-
mation of 4/ when no estimation of the white noise
is performed. In fact, since the white noise cannot be
measured, the most reasonable approximation is obtained
by replacing &; with its mean value, hence computing the
feedback control using ¢q4(2;) = ¢(0, z¢) and bg(2:) = b(0, 2¢)
instead of ¢(&;, z;) and b(&;, z;), respectively.
We now define the control u{”” = uf + uf, with u$ to be
specified. By construction, when the control u;*? is applied,
the dynamics of the transformed system is

éi:Z7;+1, izl,...,T—17
4 = v+ [cs(z0) +bs (z0)uf] & + [ba(2e) +bs(20)E0] s,
7.775 = p(gta Cta 77t) + Q(gh Ct? Ut)u?pp + S(Cta nt)(u?PP)Q’

Yt = 21

Specifically, observe that the term [cg(2¢) + bs(2)ud] &
arises because the approximation uf of the feedback
linearising control ™ has been adopted.

Using the estimates {AW.(k)}; introduced in Sec-
tion 3.1, we wonder whether it is possible to design the
control uf to reduce the noisy contribution to the dynamics
of the transformed system. To this end, we look at the
evolution of the state z, between two consecutive sampling
times, namely

trt1
Zrtpn = Zrte + /Ud’]’ + Balk + 1)+
t

k

a1 tha1
/bd(zT)uidT —&—/bs(zr)uidWT,
tr tr

where 84(k+1) = ft’““ [es(27) + bs(z-)ul] dW- . Our goal

tk
is to minimise the contribution of the noise to the dynamics

using uj and the estimate Awg(k—}— 1) obtained at time tg41.

The fact that AW, (k 4 1) is available a posteriori at the
sampling time 41 suggests that u; should compensate for
Ba(k + 1) in the form of an impulse at time ¢4 1. Iterating
over k, this yields a control uj of the form

k
uf = Zu*(l —+ 1)5(t - ti+1), t < tk+17 (6)
=0

where 0(t) is a Dirac delta and {u*(k)} is a sequence of

scalars depending on { AW, (k)}; which needs to be defined.
Since we introduced an impulsive control, it is necessary
to adopt the jump notation in the expression of 2., . In
particular, the sampling property of the Dirac delta yields

Z. 4+
ALY

trt1
:Zr7t,€++/vd7- + Balk + 1)+
ty

bd(ztk+1)u*(k + 1) + bs(ztk+1 )u*(k + l)gtk+17 (7)
where 2, ., is the value of z; immediately before the
jump happening at time ;1. Thus, we have reduced the
problem of approximate partial feedback linearisation to
the problem of finding the sequence {u*(k + 1)}x such
that the contributions of Bq(k + 1), ba(2¢,,, )u*(k + 1) and
bs(2zt,, )u*(k + 1)&,,, are compensated. Unfortunately,
this problem is impossible to solve as detailed in the next
remark.

Remark 2. The noise term &, , appearing in (7) is in-
evitably introduced by the impulsive control u*(k+ 1)d(t —
tit1)- In fact, if by(2y,,,) # 0, a control impulse at time
tr4+1 causes a jump variation of the state z,, the amplitude
of which is proportional to the white noise at time t;1. The
effect of this term cannot be compensated for because the
white noise process evaluated at time tx,; is independent
of its values & for ¢ < tp41.

Thus, we revise our goal and look for a sequence {u*(k)}x
and a set of assumptions under which the control wuj
generates a model which is “closer”, in a sense to be defined,
to (4) than the selection uf = 0. To this end, we introduce
two assumptions which are instrumental to the statement
of the main result of this section.

Assumption 3. There exists a neighbourhood U of T = 0

and 8y € [0,1) such that |2t < g, for all z € (V).

Remark 3. The rationale of this assumption is that in a
neighbourhood of zero the noise introduced by the control
action is “dominated” by the deterministic contribution.

Assumption 4. The control v is such that, if z;, € ®(U),
then P (lim._,0 2¢,,, € ®(U)) = 1.

Remark 4. The previous assumption requires that the
input v, by means of which we would like to control the
linearised system, is such that with probability one it does
not drive the state z outside the neighbourhood ®(U) after
a time € which tends to zero. Intuitively, to attain this,
on the one hand the control v has to stabilise the ideally
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linearised system around a trajectory contained in ®(U)
with a sufficiently high gain. On the other hand the noise
introduced by the term [cs(2¢) + bs(2¢)uf] & in the period
¢ has to be sufficiently small not to compromise the action
of v.

We are now ready to give the main result of this section.

Proposition 1. Consider system (2) and suppose that As-
sumptions 1, 2, 3 and 4 hold. Let z;, € ®(U) and

tha1 tht1
Bs(k+1) = pBalk+1) +/bd(zT)uidT —&-/bs(zT)uidWT .

tr tr
If uy = uy” with u$ given by (6) where
BE(k+1)
u(k+1) = —25—, (®)
bd(ztk+1)

then P (lim._,0|Bs(k + 1)| < 0o [Ba(k + 1)&,..|) = 1 for
all k € Z.

Note that when uy*? is applied with u* given by (8), the
noisy terms in the dynamics of z, reduce to

- bS(Ztk+1) gtk+1ﬂdE(k + 1) + 0(52)7 (9)

bd(ztk+1)

whereas the noisy term when only u{ is applied is the

stochastic integral S4(k + 1). The previous proposition

states that, under Assumptions 3 and 4, the noisy term (9)

in the dynamics of ¢; introduced by u;?? is smaller in

norm than the noisy term introduced by only u{, with

a probability closer to 1 as the sampling period is made
smaller.

4 LOCAL ASYMPTOTIC STABILISATION UNDER
STOCHASTIC COMPENSATION

In Section 3 we have illustrated how estimates of the
Brownian motion obtained causally can be employed to
design a controller that compensates, in an approximate
way, the stochastic dynamics of the state ;. We now address
specifically the problem of local asymptotic stabilisation
and show that such stochastic compensations have indeed
a crucial role in the solution of the problem.

Let uf be given as in (5), with v(¢;) = —(doz1 +dy z2+...+
dr_12zy), with d;, i = 0,1, ...,7 — 1, coefficients to be chosen.
Suppose that the input u;*? is applied to the system, with
uf given by (6) and (8). Recall that B=10 ... 0 l]T. Then
the dynamics of the state (; is given by

(o= AG+B [(cs(20) +bs (2e)ud) €44 (ba(2) +bs (2 ) uf]

where the matrix A can be made negative definite by a
proper selection of the coefficients d;. We now present
two results. The first is a sufficient condition on the term
c(&t, ¢, me) for the stabilisation of the system by using either
the control u; = uf or the control u; = u{??. The second is
a sufficient condition on the term b,(z;) for the stabilisation
of the system by using u; = u;*”.

Theorem 1. Consider system (2) and let Assumptions 1
and 2 hold. Suppose that the zero dynamics is asymptot-
ically stable almost surely, that ¢(&,0,n7) = 0 for  in a
neighbourhood of zero and that g—z(ft, 0,0) = 0. Then the
control law u; = u makes the equilibrium at the origin of

the closed-loop system asymptotically stable almost surely.
Moreover, under the additional Assumptions 3 and 4, the

control law u; = uyP? makes the equilibrium at the origin of
the closed-loop system asymptotically stable almost surely
as well.

The previous theorem states that under a condition on
the term c¢(&;, z;:) both the control law with and without
compensation can achieve local stabilisation. We now
show that under a different condition on the term bgs(z¢),
up = uy P can still solve the stabilisation problem.

Theorem 2. Consider system (2) and let Assumptions 1,
2, 3 and 4 hold. Suppose that the zero dynamics is
asymptotically stable almost surely, that bs(0,7) = 0 for
all 7 in a neighbourhood of zero and that %bg (0,0) = 0.

Then the control law u; = uy?? makes the equilibrium at
the origin of the closed-loop system asymptotically stable
almost surely for € going to zero.

Theorem 2 gives sufficient conditions under which the
control law u; = u;P? stabilises system (2). In the next
section we provide a counter-example that shows that the
use of just u; = u is not stabilising when these conditions
are met. This proves that the proposed control law which

makes use of the impulsive correction (6)-(8) and of the

estimates {AWE(k‘)}k is able to stabilise a class of stochastic
systems that the standard deterministic continuous-time
law is not able to stabilise.

Remark 5. An important subclass of stochastic systems,
which is largely studied because simpler than the general
case, is represented by systems with m(x;) = 0, therefore
bs(z¢) = 0. For this subclass of systems a control input
uz # 0 does not introduce noise in the differential dx;. It is
trivial to observe that, for such systems, Assumption 3 and
the other hypotheses on b; in Theorem 2 hold. Moreover the
noisy contribution (9) to the dynamics of z, reduces to just
o(g?), which means that the system dynamics under the
input ;¥ can be made arbitrarily “close” to the dynamics
under v/ by reducing the sampling time e.

5 A COUNTER-EXAMPLE

In this section we provide a numerical example to
illustrate the theory. Consider the nonlinear stochastic
system

Zo z1 2
2.515 = |:Z§ N Sl:| + |:€ —|(-)2'152:| u+ |:22M_SQZ%:| §t+ l:%:| uft,

where s; = sin(z;) and p € R. Our goal is to make the
origin an asymptotically stable equilibrium almost surely.
To this end let y; = z; be a fictitious output and note
that for this selection the system has relative degree one
at zero. We first study the stability of the zero dynamics.
Define (; = z; and 7y = 29. Setting (; = 0 we obtain the
system 7 = p(&,0,m:) = —n¢ + 0§ — np&:. Note that
this subsystem is asymptotically stable almost surely in
the first approximation. In fact, the linear approximation
of this system is 7, = Ayne + Fyne&s = —n¢ + 0§ which
is asymptotically stable almost surely if 24, — Fi <0
see, e.g., Gard (1988). Since this condition is verified, we
conclude that the zero dynamics is locally asymptotically
stable almost surely.

Let u; = ul be given by (5). Figure 1 shows the time
histories of the state (top) of the system and of the control
input (bottom). We notice that the equilibrium is not

asymptotically stable. Then we set u; = uf™” = uf + u$,
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1 2 3 4‘1 _"") é 7
Time
Fig. 1. Time history of the states z; (top) and the control
input u¢ (bottom).

1 2 3 a 5 o 7
Time
Fig. 2. Time history of the states z; (top) and the control
input u;?? (bottom).

where u{ is given by (6) and (8) with e = 1072, Figure 2
shows the new time histories of the state (top) of the
system and of the control input (bottom). We observe that
the equilibrium at the origin is now asymptotically stable
almost surely.

A few observations are in order. Firstly we notice that, when
enforcing approximate control laws, the dynamics of {; = z;
remains stochastic, since the noise is not known and it
cannot be compensated for perfectly. This is an unavoidable
issue when tackling the control of stochastic systems in
practical scenarios. Secondly, we notice that in the ideal
case the control input takes values which are several order of
magnitude greater than the state of the system, whereas the
approximate (and implementable) controls have reasonable
orders of magnitude and can therefore be practically applied
in real scenarios.

6 CONCLUSIONS

In this paper we have addressed the problem of designing
a control law to practically feedback-linearise and stabilise
nonlinear stochastic systems in an approximate way. Specif-
ically, we have shown that it is possible to causally obtain
estimates of the increments of the Brownian motion that
affected the system from measurements of the states. We
have then used these estimates to synthesise a hybrid
control law that compensates for the stochastic dynamics
and we have shown that it solves the local stabilisation
problem.
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