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Abstract: Sliding Mode Control (SMC) plays a prominent role in dealing with matched
uncertainties. In classical SMC design, the sliding surface (SS) is crucial to the guarantee for the
stability and desired performance, especially if the system is nonlinear. A possible way to fulfill
these desired performances for nonlinear systems is to use State Dependent Riccati Equation
(SDRE) method, enabling SS to be designed even optimally. However, SDRE may suffer an
inherent stability problem as well as a computational burden. To overcome these issues, in a
recent study, a new SDRE method has been proposed. Therefore, this study takes advantages of
the advanced SDRE method in designing a sub-optimal SS and also provides some comparative
results with the conventional one to establish the feasibility of the proposed SDRE-based SMC
control architecture experimentally. Experiments are conducted by using a 3-DOF helicopter
platform and the results reveal that the proposed SDRE-based SMC is able to produce smoother
SS than the conventional counterpart.

Keywords: Sliding-mode control, sliding surfaces, optimal control, nonlinear control systems,
robust control.

1. INTRODUCTION

Sliding mode control (SMC) is one of the most effective
robust control methods to offer a strong invariance prop-
erty against matched uncertainties for complex high-order
nonlinear systems (Utkin, 1977; Yu and Kaynak, 2016).
Owing to its invaluable essence, SMC is capable of pro-
viding a highly successful control performance even when
there only exists a modest model of a real system in the
absence of high frequency dynamics (Lee and Utkin, 2007;
Yu and Kaynak, 2016) and thereby enables an easy design
process. In a conventional SMC, system’s state trajectories
move typically through two phases. In the reaching phase,
system states are directed to a predefined sliding surface
(SS) while in the sliding phase, they are forced to remain
on this surface (Tai and Lu, 2006). This two-stage motion
owes its existence to a design process consisting of two
parts: (i) a SS, i.e. a kind of hypersurface, is obtained such
that the controlled system possesses the desired dynamic
characteristics and (ii) the design of a variable structure
control law (Yan et al., 2017).

In literature, a large amount of research on linear SS
design have been conducted for linear systems subject to
uncertainties since 1960s (Edwards et al., 2018). However,
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a linear SS for a nonlinear system may not always guar-
antee either the stability or the desired performance crite-
ria (Salamci and Gökbilen, 2007). Therefore, researchers
have directed their attention to designing nonlinear SS.
Some nonlinear hypersurfaces have been previously used
for a finite-time convergence and elimination of reaching
phase (Mobayen et al., 2017; Adhikary and Mahanta, 2018;
Corradini and Cristofaro, 2018) as well as improving the
transient response characteristics (Mobayen and Baleanu,
2015). In optimal control applications, a SMC with nonlin-
ear SS is also capable of decreasing the amount of energy
consumed by an industrial machine in operation. In accor-
dance with this aim, Farrage and Uchiyama (2018) have
developed a contouring controller including contouring
error in nonlinear SS for a biaxial feed drive system. An-
other optimal problem of SMC is to design a SS enabling
system states to consume minimal energy during sliding
phase by minimizing a quadratic cost function (Pieper and
Surgenor, 1993).

Amongst other optimal methods, State-Dependent Riccati
Equation (SDRE) has attracted a great attention due
to its ability to provide a flexible and systematic way
to design a sub-optimal controller for a class of nonlin-
ear systems (Çimen, 2012). Accordingly, SDRE has been
greatly exploited in SS design. In the missile autopilot
design, a SDRE-based SMC was developed by Salamci
and Gökbilen (2007). Then Bilgin and Salamci (2014)
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have integrated it with approximating sequence method
to eliminate the reaching phase. For a re-entry vehicle
control with the parameter uncertainties and disturbances,
an adaptive SMC was designed by using a SDRE-based
optimal sliding surface (Liang et al., 2013). In a recent
study (Ozcan et al., 2019), another SDRE-based SMC was
proposed to eliminate the reaching phase in the design of
the nonlinear SS for a nonlinear MIMO dynamical system
and its global stability has been proven by Lyapunov the-
ory. This method has also provided successful experimental
results in the control of a helicopter within a wide range
flight envelope.

Despite the fact that SDRE method gains a great advan-
tage through the selection of weighting matrices and state-
dependent coefficient (SDC) matrices, it may suffer from
either a possible instability or excessive computational
load because of its classical implementation. In a recent
study conducted by Copur et al. (2019), these issues have
been addressed in detail and a new SDRE method has
been proposed to avoid these issues without a degradation
in control performance. In the novel SDRE method, an
Algebraic Riccati Equation needs to be solved in the re-
computation of SS only when system states of interest are
enough close to the boundary of a ball-shaped stability
region. Additionally, this closeness can be easily deter-
mined by checking a Lyapunov’s indirect method based
condition.

In this study, the novel SDRE method is integrated with
the design process of an optimal SS for SDRE-based
SMC to guarantee the existence of a stable nonlinear
SS as well as to reduce the computational load, thereby
enhancing its implementability. To design the optimal
nonlinear SS, a finite-time continuous SDRE is solved
at each instant of time by minimizing a quadratic cost
function consisting of weighting matrices, system states
and control inputs. Çimen (2010) has previously stated
that the selection of weighting matrices has great effect
on control performance. Therefore, to improve the control
performance of the proposed SDRE-based SMC, state-
dependent weighting matrices are used while solving the
finite-time continuous SDRE. To examine the effectiveness
of the proposed SDRE-based SMC in a tracking control
application in real-time, a 3-DOF laboratory helicopter is
utilized to carry out the experiments. This test setup is a
well-known platform for assessing the performance of the
state-of-the-art control methods.

The paper is organized as follows: Section 2 explains the
traditional method to design SDRE-based SMC. Section 3
presents the design procedure of an optimal sliding surface
based on the new SDRE method. Section 4 presents a
brief description of 3-DOF helicopter model and the design
process of the proposed controller based on the model.
Section presents the experimental results. Finally, Section
gives the conclusion.

2. SDRE-BASED SMC METHOD

Consider the nonlinear system given by

ẋ = A (x)x+B (x)u, x (0) = x0 (1)

where A (x) : Rn → Rn×n and B (x) : Rn → Rn×m are
known as State Dependent Coefficient (SDC) matrices

with the state vector x ∈ Rn used to generate a state-
feedback control law u ∈ Rm. In SMC design, the non-
linear system (1) consisting of matrix and vector-valued
functions is restructured such that

˙̃z = A11(z)z̃ +A12(z)ẑ (2)

˙̂z = A21(z)z̃ +A22(z)ẑ +B2(z)u, (3)

by a transformation matrix T (x), resulting from z = T (x)x
where z = [z̃ ẑ]> with z̃ ∈ Rn−m and ẑ ∈ Rm. Since
T−1(x), ∀x ∈ Rn is always non-singular, B(x) can be
reduced to a non-singular matrix of B2(z) ∈ Rm×m,
∀z ∈ Rn. This reorganization of the nonlinear system (1)
enables a quasi-linear manifold, or referred to as SS, in
terms of the new coordinates z to be defined as

σ(z̃, ẑ) = ẑ + C(z)z̃. (4)

where C(z) is the slope of SS. By virtue of the fact that
σ(z̃, ẑ) = 0 during the sliding phase, ẑ = −C(z)z̃, and
thereby the null space dynamics in (2) takes the form of

˙̃z = [A11(z)−A12(z)C(z)] z̃ = Acl(z)z̃. (5)

Now, C(z) can be computed by using SDRE method in
such a quasi-optimal way that Acl(z) becomes a pointwise
Hurwitz matrix, i.e., Re [λi=1,...,n (Acl (z))] < 0, ∀z if the
following lemma is satisfied.

Lemma 1. If (A(x), B(x)) pair in (1) is controllable for all
x, then (A11(z), A12(z)) pair in (2) is also controllable for
all z.

Proof. See Utkin (1992).

Thus, SDRE method provides a state-dependent nonlinear
slope for the SS in (4) as follows:

C(z) = R−1(z)A>12(z)P (z)z̃ (6)

where P (z) is the solution of finite-time SDRE, given by

A>11(z)P (z) + P (z)A11(z)− P (z)A12(z)

·R−1(z)A>12(z)P (z) +Q(z) = −Ṗ (z)
(7)

to minimize a quadratic cost function

J =
1

2

∫ ∞
0

{
z̃>(t)Q (z) z̃ (t) + ẑ>(t)R (z) ẑ (t)

}
dt

subject to (2). Here, Q (z) and R (z) are semi-positive def-
inite and positive definite weighting matrices, respectively.
Unfortunately, there does not exist any method to obtain a
global SDC parametrization for the nonlinear system (1)
and select the weighting matrices for a optimum SDRE
solution (Çimen, 2012), hence leading to a quasi-optimal
SS subjected to σ(z̃, ẑ)σ̇(z̃, ẑ) < 0.

Then, the control structure u in the range dynamics (3)
can be synthesized by combining two control components.
Accordingly, this special form of the variable structure
control becomes

u = uec + usc (8)

where uec and usc are, respectively, the equivalent control
component and the switched control component. Having
derived it from ż2 + C(z)ż1 = 0 when σ̇(z̃, ẑ) = 0, the
former can be defined as

uec =−B−12 {A21(z)z̃ +A22(z)ẑ

+ C(z) [A11(z)z̃ +A12(z)ẑ] + Ċ(z)z̃}
(9)

while the latter is given by

usc = −B−12 ksgn (σ(z̃, ẑ)) (10)
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where k > 0 and higher k offers shorter reaching phase
but in turn higher amplitude of chattering, i.e. high
frequency signal. Since the switched control part produces
chattering, the signum function may be replaced by tanh
fuction in order to suppress the effect of high frequency
chattering in the control signal. In addition, Ċ in (9) can
be approximated numerically by

Ċ(z) ≈ s

Tfs+ 1
C(z)

where Tf is the time constant of the first-order filter.

3. MODIFIED SDRE-BASED SMC

The standard implementation of SDRE method is based
on solving an Algebraic Riccati Equation (ARE), like
(7), at each instant by using a sample-data form of
a SDC model for a class of nonlinear systems. This
need causes higher computational effort for more complex
nonlinear systems. In addition, SDRE method guarantees
the stability at each instant. Yet, in between these time
steps, an instability may occur. These issues have been
addressed in detail by Copur et al. (2019). Then, for
solving them, Copur et al. (2019) have also adapted
the standard SDRE method. This new approach does
not require the solution of ARE whenever a Lyapunov’s
indirect method based condition is satisfied. Therefore,
it can remarkably reduce the computational burden as
well as readily avoid the instability between instants,
as compared to the conventional. Now, before briefly
introducing the modified SDRE approach to design the
sub-optimal SS in (4), some definitions are given for the
sake of clarity.

Definition 2. Let zi ∈ Rn−m, (i = 0, . . . , p) be some
system states in (5) in succession, but not necessarily in
consecutive order.

Definition 3. Let Vi : Ωi → R be a Lyapunov function
that satisfies the conditions of the asymptotic stability.

Definition 4. Let Ω :=
⋃p

i=1 Ωi, that is to say formed by
the glued stable regions Ωi, and Ω = {z̃ ∈ Rn−m : ‖z0‖ <
r}, which is a non-local stable region.

With Definition 2, the null space dynamics (2) can take
intrinsically the linear form of

˙̃z = Aiz̃ +Biẑ (11)

where Ai = A11(z)|z=zi and Bi = A12(z)|z=zi .

Theorem 5. Given Ai and Bi, the linear slope of SS for
(11) can be computed by

Ci = R−1(z)B>i Pi (12)

where Pi is the solution of

PiAi +A>i Pi − PiBiR
−1(z)B>i Pi +Q(z) = −Ṗi. (13)

Then, there exists a region that satisfies V̇i < 0 in the
domain Ωi assuring Re[λ1,...,n−m(Acli(z))] < 0 where
Acli(z) appears in

˙̃z = Acli(z)z̃ = [A11(z)−A12(z)Ci]z̃

if the following condition is satisfied

γi =
‖gi(z)‖2
‖z̃‖2

< γmax =
1

2

λmin(W (z))

‖Pi‖2
(14)

where W (z) = Q(z) + PiBiR
−1(z)B>i Pi and gi(z) =

[A11(z)−A12(z)Ci −Acli ]z̃.

Proof. See Theorem 4 together with its proof proposed
by Copur et al. (2019).

Theorem 5 is implemented by the following algorithm.

Algorithm 1: Implementation of Theorem 5

Initialization: z̃(0) = z̃0 ∈ Ω0, Ω(z) ≥ 0,
R(z) > 0, i = 0 and 0 < ε < 1

1 Ai = A11(z)|z=zi and Bi = A12(z)|z=zi ;
2 Obtain Pi by solving SDRE in (13);
3 Compute Ci from (12);
4 Compute u in (8);
5 Solve (2) and (3) numerically by applying u;
6 if the condition (14) is not satisfied then
7 Go to Step 2 with z = zi+1 where z is

computed at Step 5.;
8 else
9 Go to Step 4;

10 end

4. SDRE-BASED SMC FOR A 3-DOF HELICOPTER

Theorem 5 implemented by Algorithm 1 has been applied
to the control of a 3-DOF helicopter produced by Quanser
Inc. Since SDRE-based SMC requires a model of the
controlled plant, the model of 3-DOF helicopter is briefly
presented. Then, the design method of the new SDRE-
based SMC based on the 3-DOF helicopter model for a
tracking task is clearly outlined.

4.1 Helicopter Model

3-DOF helicopter, as shown in Fig. 1, is capable of rotating
around three orthogonal axes, namely elevation, pitch,
and travel axes represented by θ, φ, and ψ, respectively.
The laboratory set-up is equipped with two DC motors,

Fig. 1. 3-DOF Helicopter.

each attached to one end of the long arm to power one
propeller. The embedded controller can manipulate Vb and
Vf , denoting respectively the back and front motor volt-
ages so that the cyclic thrust force τcyc and the collective
thrust force τcoll can be altered to control the helicopter’s
rotations. However, since the under-actuated nature of the
helicopter only allows to control the rotations around two
axes simultaneously, the other axis inherently becomes
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Fig. 2. Free-body diagram of 3-DOF Helicopter.

Table 1. Parameter Values of the Helicopter
Model

Parameter a1 a2 b1 b2 b3 c1 c2

Value 0.2517 0.2105 0.3290 1.5664 16.200 7.3200 1.000

Parameter d1 d2 d3 e1 e2 α

Value 0.1011 0.5040 1.3400 6.1600 1.000 4.000

free to move. In addition, the rotational position around
each axis is measured by using a high precise encoder for
an feedback information accurate enough to compute an
effective control input. In the light of the aforementioned
information about the helicopter’s dynamics and struc-
ture, its free-body diagram is given in Fig. 2. Given the
state vector of the helicopter as

[ x1 x2 · · · x8 ]
>

=
[
θ φ ψ θ̇ φ̇ ψ̇ τcyc τcoll

]>
, (15)

its equations of motion has been previously derived by
Ishutkina (2004) in the state-space form of

ẋ1 = x4
ẋ2 = x5
ẋ3 = x6
ẋ4 = −d1x4 − d2 sin (x1) + d3x8 cos (x2)

ẋ5 = −b1x5 − b2 sin (x2)− b3x7
ẋ6 = −a1x6 − a2 (αx8 + 1) sin (x2)

ẋ7 = −c1x7 + 0.5c2u2 − 0.5c2u1
ẋ8 = −e1x8 + 0.5e2u1 + 0.5e2u2

(16)

where the control input vector u compounded of the motor

voltages is given as u = [ u1 u2 ]
>

= [ Vf Vb ]
>

.

In addition, Ishutkina (2004) has also estimated the pa-
rameters of the nonlinear model in (16) that are given in
Table 1. In this study, the same values have been uti-
lized for designing SDRE-based SMC. Then, the extended
linearization technique enables the state-space model in
(16) to be factorized in the form of (1) through SDC
matrices obtained by Kocagil et al. (2018). In addition, as
mentioned in Section 2, to guarantee the solution of SDRE
in (7), Lemma 1 must be satisfied. Fortunately, it can
be computationally verified that {A(x), B(x)} is pointwise
stabilizable and controllable over a working state space.

4.2 SDRE-based SMC Design

In SDRE-based SMC, the error dynamics of 3-DOF model
in (16) must be considered to achieve the desired perfor-

mance in its rotational motions of interest. For this reason,
the factorized model of 3-DOF helicopter is augmented by
adding two more states, and this yield the following error
dynamics, given by

ė = Â (e) e+ B̂ (e)u (17)

where the error vector e = [xe x̃e]
> including

xe = [θd − θ φ ψd − ψ θ̇ φ̇ ψ̇ τcyc τcoll]
>

and x̃e =
∫

[θd − θ ψd − ψ]
>
dt. In addition, SDC matrices

now become

Â (e) =

[
A (x) 0
−Ā 0

]
and B̂ (e) =

[
B (x)

0

]
where the output matrix is selected to be

Ā =

[
1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0

]
since the helicopter must follow the desired trajectories
planned for both the elevation and travel axes. To design a
sub-optimal SS, the error dynamics (17) is then converted
into the structure of (2) and (3) by using T−1(e) =

M(e)W (e) where, for Â(e) computed at each instant of
time, M(e) is its controllability matrix and W (e) includes
the coefficients of its characteristic polynomial given by

W (e) =


â9 â8 · · · â1 1
â8 â7 · · · 1 0
...

...
...

...
...

â1 1 · · · 0 0
1 0 · · · 0 0

 .
Then, the matrix sub-blocks is obtained as A(z) =

T (e)Â(e)T−1(e) and B(z) = T (e)B(e) = [0 B2(z)]
>

.

Finally, the slope C(z) in (4) can be optimally computed
by using Algorithm 1 based on Theorem 5 which minimizes
the modified cost function

J =
1

2

∫ ∞
0

{
z̃>(t)Q(z̃) z̃(t)+ ẑ>(t)R(z̃) ẑ(t)

}
dt (18)

5. EXPERIMENTAL RESULTS

To evaluate the effectiveness of the proposed SDRE-based
SMC developed in Section 3, it was bench-marked against
the classical SDRE-based SMC presented in Section 2.
With this aim, a set of experiments was conducted on
the 3-DOF helicopter in Section 4. The real-time tracking
control has been achieved by building the proposed SDRE-
based SMC according to the design process in Subsec-
tion 4.2 with the nonlinear model in Subsection 4.1. In
the experiments, the 3-DOF helicopter must follow the
pre-defined trajectories in both travel and elevation axes
without considering its motion in pitch axis due to the
under-actuated mechanism.

Each experiment was started off from the initial angular
positions selected to be θ(0) = −15◦ and φ(0) = ψ(0) = 0
and lasted for 180s. In addition, a different staircase input
was used for the reference trajectories in both axes. In the
SDRE-based SMC design, the weighting matrix Q(z) in
(18) was chosen to be state-dependent such that

Q = diag(10 + z̃21 , abs(z̃2), 10 + z̃23 , .1, .1, .1, 1 + z̃27 , 1 + z̃28)

with a 2 × 2 identity matrix R to solve the augmented
SDRE (18). In addition, k in the nonlinear control law

Preprints of the 21st IFAC World Congress (Virtual)
Berlin, Germany, July 12-17, 2020

6331



Fig. 3. Slopes of sliding surface C12(z) designed by classic
and new SDRE-based SMC

(10) was selected to be 3 and the sampling frequency was
selected to be 200 Hz.

Due to the dimensions of the state and control input
vectors of the 3-DOF helicopter model, SS becomes a
2 × 8 matrix. Therefore, only one SS slope is arbitrarily
selected and here depicted because of the limited space.
Fig. 3 shows the changes in the selected SS slope (C12(z))
computed by (6) of the classical SDRE-based SMC and
(12) of the new SDRE-based SMC. It is obvious that the
implementation of the classical SDRE-based SMC results
in sharper changes in SS slope, especially when the desired
trajectory is reshaped. However, the new SDRE-based
SMC can facilitate smoother transition at these instants
of time. In addition, the new SDRE-based SMC does
not require the re-computation of SS slope as lonat each
instant of time, hence the need of less computational load.
This appears itself as a straight line in Fig. 3. It is also
important to investigate the effects of the new SDRE-
based SMC on the desired control performance.

Fig. 4 and Fig. 5 show the time responses of the 3-DOF
helicopter in its elevation and travel axes, respectively.
From the experimental results, it is apparent that the new
SDRE-based SMC provides the same control performance
as the classic. It is even able to produce better transient
response characteristics. For example, less maximum over-
shoots at both 60s and 140s are observed in the transient
response of the helicopter. In addition, since dramatic
changes in SS slopes are eliminated, the new SDRE-based
SMC also decreases the required control input levels for
the tracking control.

In Fig 6 and Fig 7, the front and back motor voltages
are given, respectively. As can be seen here, rather than
the classic SDRE-based SMC, the proposed enables the
helicopter to track the desired trajectories in both axes by
generating less control inputs. In addition, the spikes at
the instants of time, when the step reference is changed,
can be also eliminated in the new method.

6. CONCLUSION

This study was aimed to incorporate SMC with a new
SDRE method for designing a sub-optimal SS, which does

Fig. 4. Elevation responses of the helicopter controlled by
classic and new SDRE based methods

Fig. 5. Travel responses of the helicopter controlled by
classic and new SDRE based methods

Fig. 6. Control inputs to the front motor of the helicopter
controlled by the classical and new methods
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Fig. 7. Control inputs to the back motor of the helicopter
controlled by the classical and new methods

not suffer from the issues of the classical SDRE method,
i.e. possible instability and computational burden. The
effectiveness of the proposed control method was experi-
mentally investigated on a 3-DOF helicopter laboratory. In
the experiments, both the classical and new SDRE-based
SMC were designed for a tracking control problem. The
comparative results reveal that the new SMC can produce
smoother SS slope as well as less computational load and
control inputs without degrading the control performance.
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