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Abstract: This paper presents an output feedback synthesis for leader-follower consensus of
linear multi-agent systems with switching networks. We first establish uniform global exponential
stability (UGES) for a class of cascaded linear switched systems by adopting weak zero-state
detectibility (WZSD). Then a distributed output feedback controller is proposed based on the
certainty equivalent principle, employing the neighborhood output estimation error only. A
generalized uniformly joint-connected condition for switching networks is provided to check

WZSD without any dwell-time condition.
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1. INTRODUCTION

Over the last decade, control of multi-agent systems has
been extensively studied by the control community, see the
survey Olfati-Saber, Fax, and Murray [2007] and books
Qu [2009], Ren and Beard [2008]. Reaching consensus is
one of important control targets for various multi-agent
systems, see Jadbabaie, Lin, and Morse [2003], Olfati-
Saber and Murray [2004]. The network should be employed
for describing the interconnection of agents, and plays a
key role as it induces a cooperative (or distributed) form
of the multi-agent control. One of the significant and inter-
esting networks is the so-called switching network, which
is able to formulate the communication failures or changes
in practice more effectively than the static network. It is
known that the cooperative control over a switching net-
work induces a switched closed-loop system. In particular,
when the network is not connected at any time but merely
satisfies the so-called uniformly jointly-connected (UJC)
condition, the closed-loop embodies essentially a switched
system with marginally stable (or even unstable) switching
modes. Such a situation makes the closed-loop stability
analysis nontrivial even in the field of switched systems.

So far, many efforts have been devoted to the consensus
studies over UJC switching networks. One attempt is
based on the stochastic matrix analysis. Jadbabaie, Lin,
and Morse [2003] first applied this idea for studying
the single integrator multi-agent systems with undirect
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networks. Such analysis was later extended to the direct
network case in Hu and Hong [2007], Ren and Beard
[2005] and linear system with an input matrix of full row
rank in Qin, Gao, and Yu [2014]. Notice that this method
requires the dwell-time condition of the switching signal
to guarantee a well-defined transition matrix, and may be
no easy to be extended to other agent models due to the
complexity of transition matrix.

The other attempt is based on Lyapunov analysis. Since
the network may by disconnected at some instants, it is
usually difficult to construct the strict Lyapunov function
for the closed-loop switched system. Instead, one may only
find the weak Lyapunov function, and hence, additional
tools of switched systems have to be explored for reaching
the convergence, such as non-smooth analysis (Lin [2005],
Yang et.al. [2016]), small-gain theorem (Liu and Jiang
[2014]), generalized Barbalat’s Lemma (Su and Huang
[2012b,d]), LaSalle’s invariance principle (Cheng, Wang,
and Hu [2008]), Krasovskii-LaSalle theorem (Lee, Xia,
Su, and Huang [2018]). However, all of these approaches
still rely on the dwell-time condition of switching signals.
Notice that a dwell-time condition cannot be associated
with the link failures instantaneously, so it is important
to consider approaches that avoid dwell-time constraints.
For this purpose, Lee, Tan, and Mareels [2017] provided
an analytic condition that is without dwell-time condition.

It is worth mentioning that all of the aforementioned
references worked only on the full-state feedback control.
Regarding the output feedback control, some attempts
have been devoted to static networks by means of the
famous separation principle for the linear time-invariant
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system, see You and Xie [2011], Zhang, Lewis, and Das
[2011], while, the studies for the GUJC (or UJC) switching
networks is quite difficult and has been few touched, see
Su and Huang [2012c|. There are two main challenges that
has to be overcome. First, there are no results on the
separation principle for switched systems with a specified
group of switching signals. Second, the closed-loop system
can hardly admit a weak Lyapunov function even though
some partial subsystems can.

Motivating by this situation, this paper aims to investigate
the output feedback synthesis for leader-follower consensus
of linear multi-agent systems subject to GUJC switching
networks. Our contribution is of the following aspects.

e First, the uniform global exponential stability of a
class of cascaded linear switched systems is presented.
It is interesting to see that the presented system may
hardly admit a (weak/strict) Lyapunov function. It
is either not sure on the construction of the con-
verse Lyapunov function with respect to the switched
system with a specified group of switching signals.
These difficulties are overcome by adopting the so-
called weak zero-state detectibility (WZSD).

e Second, the WZSD property for the switched closed-
loop system is interpreted by the GUJC condition of
switching networks without any dwell-time condition.

2. STABILITY RESULTS ON SWITCHED SYSTEMS

This section reviews some terminologies for switched linear
systems, adopting from Lee [2018], Lee, Tan, and Ma-
reels [2017, 2020]. The concept of WZSD and a general-
ized Krasovskii-LaSalle theorem are recalled. The uniform
global exponential stability of a class of cascaded linear
switched systems is then established by adopting WZSD.

2.1 Generalized Krasovskii-LaSalle Theorem: Changing
Dynamics and Outputs

Consider the switched linear system
T =A\pz,

y=Cynz (1)
where x € X is the state with X being a nonempty closed
subset of RP, y € R? is the output, A : Ryo — A
is the A-valued switching signal with A being a finite
index set, A; € RP*P, ( € A, is the system matrix, and
C¢ € RP*? is the output matrix. Here a switching signal
is defined as a piecewise constant and right-continuous
function with finitely many discontinuous points in any
finite time interval. We use © to denote a set of possible
switching signals.

Let (x,A) be a forward complete solution pair (see Lee,
Tan, and Mareels [2017, 2020]) with z : R>¢ — X being
locally absolutely continuous and A : Rs¢ — X being a
switching signal, where X is scaling-invariant, i.e., for any
p > 0and any x € X, pr € X. Let ®(0) be the set of
all forward complete solution pairs (x,\) with A € ©. To
depict the limiting behavior of the solution of (1), it is
necessary to recall the concept of limiting zeroing-output
solution, see Lee, Tan, and Mareels [2017].

Definition 1. A continuous function z : R — X is said
to be a limiting zeroing-output solution of (1) w.r.t.

®(©) if, there exist sequences {(zn,An)} C ®(O) and
{tn} € Ry with ¢, > 2n, such that the following hold:
{zn(- + tn) : [-n,n] = X} converges uniformly to Z on
every compact subset of R; and for almost all ¢ € R,
lim, 400 CAn(tthn)z(t) =0.

The key tool to describe the limiting zeroing-output solu-
tion is the so-called zeroing pair, see Lee, Tan, and Mareels
[2020]. Tt is defined as: given two matrices M € R9*P and
M € RixP, (M,M) is said to be a zeroing pair w.r.t. X
if for any z € X, Mz = 0 implies Mz = 0. As shown in
[Lee, Tan, and Mareels, 2020, Theorem 2], if there exist
switching matrices A, € R?*? and C, € RI*? such that

for any ¢ € A, (Ce, AC—Ag) and (Ce, CC) are both zeroing
pairs w.r.t. X then, every bounded limiting zeroing-output
solution z : R — X of (1) w.r.t. ®(O) satisfies the
following conditions where {A\,} C © and {t,} C Rxg
with ¢, > 2n:

Z(t) =z(0) + lim

n—-+oo

t
/ Ay (74t Z(T)dT, forallt € R
0
(2)

and
lim (A}An(tﬂn)é(t) =0, for almost all t e R.  (3)

n—-+o00
Conversely, it is possible to show that any solution to the
limiting equation (2), subject to (3) and lying within X
is also the limiting zeroing-output solution of (1) w.r.t.
®(O). This fact is summarized by the following lemma,
where its proof is omitted due to the space limit.

Lemma 1. Consider the switched system (1), where X is
scaling-invariant. Assume that © satisfies A(- + s) € ©
for all s > 0 and all A € ©, and the origin of (1) is
uniformly globally stable (UGS) w.r.t. ®(0). Suppose that
there exists a bounded continuous function z : R — X
such that (2) holds with A, = A for all ( € A. Then
there exist sequences {(zm, Am)} € ®(0) and {s,,} C R>g
with s,, > 2m, such that {z,(- + sp,) : [-m,m] — X}
converges uniformly to Z on every compact subset of R.
Moreover, if (3) holds with CC = C¢ for all ¢ € A, then 2z
is a limiting zeroing-output solution of (1) w.r.t. ®(©).

Now weak zero-state detectability can be defined, and the
generalized Krasovskii-LaSalle theorem can be established
accordingly, see in Lee, Tan, and Mareels [2020], where
by the scaling-invariant property of X, uniform global
exponential stability of the origin is equivalent to uniform
global asymptotic stability of the origin, see [Lee and
Jiang, 2008, Lemma 1]:

Definition 2. System (1) is said to be weakly zero-state
detectable (WZSD) w.r.t. © if every bounded limiting
zeroing-output solution z : R — X of (1) w.r.t. ®(0)
satisfies infieg ||2(t)|| = 0.

Theorem 1. [Generalized Krasovskii-LaSalle Theorem| Co-
nsider the switched system (1), where A € ©. Suppose that
the origin is UGS w.r.t. ®(©) and the bounded-output-
energy condition

+oo
[ I10malPar < plate)), v 20 (@)

holds for(any A € O, with some continuous function
i RP — Rs(p. Then the origin is uniformly globally
exponential stable (UGES) w.r.t. ®(0), i.e., there exist
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a > 0 and b > 0 such that for any (z,\) € ®(0O),
lz@®)| < ae=®®=9)||z(s)| for all t > s > 0, provided that
(1) is WZSD w.r.t ©.

In the remaining of this section, the terminologies of
UGES, UGS, and limiting zeroing output solution are all
with respect to ®(0) and the terminology of WZSD is with
respect to ©, where we omit “w.r.t.” for simplicity.

2.2 UGES of cascaded linear switched systems

We need the following lemma.

Lemma 2. Consider three functions &; [s,+00) —
R>o, = = 1,2,3, for some s € R. Suppose that x; is
locally absolutely continuous, ko is measurable, and k3 is
Lebesgue integrable. If &1 (t) < —ka(t) + r3(t)(1 + x1(2))

for almost all ¢ € [s, +00), then, for all ¢t > s, the following
inequalities hold:

ki) < e (14 ky(s)), (5)
+oo
/ ko (T)dT < Kyg(s)e™ ) 4+ (14 ky(s)e™ )k, (s) (6)

where 0 < ry(s) 2 f;roo k3(T)dT < +00.

Now let us explore the UGES property of the following
general cascaded form

&1 = Miypér + Maypo, (7a)

& = Moyn&e (7b)
where, for i = 1,2, & € RPi is the state, and for { € A,
My € RPXPLE My € RP2XP2 and Mg € RPYXP2,
Regarding system (7), the following theorem holds.

Theorem 2. Consider the switched linear system (7) and
an interesting set © of switching signals satisfying that
O satisfies A(- +s) € © for all s > 0 and all A € ©.
Suppose that there exist proper quadratic positive definite
functions V; : RP¢ — Ry, ¢ = 1,2, such that for all
& € RPiand all ¢ € A,

a‘géfi)./\/licfi < —||Nie&lI? (8)

and the systems
él = Mv\(t)fla Yy = Nl)\(t)fl’ (9a)
5-2 = Maopé2, Yo = N2A(t)§2 (9b)

are WZSD. Then the origin of (7) is UGES.

Proof: Since V;(-) is quadratic and positive definite, there
exist p; > 0, j = 1,2,3, such that for i = 1,2, p|[&]]* <
Vi(&) < po||&1? and [|0V;(&:)/0&]] < ps|&]].

Step-1: to show the origin of subsystem (7b) is UGES.
From (8), we know that the origin of subsystem (7b) is
UGS. Define a virtual output Y2(t) as that in (9b). By
(8) and applying (6) of Lemma 2 with x1(¢) = Va(&(2)),
ko(t) = [[NMoaw&(t)||?, and k3(t) = 0, it holds that
ST INaa(n &(D)]1PdT < Va(&(s)) < pl|é(s)][2. Notice
that system (9b) is WZSD. Following Theorem 1, the
origin of subsystem (7b) is UGES, i.e., there exist as > 0
and bs > 0 such that for all (£2,\) € ®(0), we have

[&2()]] < aze™ " "||&5(s))
for allt > s > 0.

(10)

Step-2: to show the origin of the whole system (7) is UGES.
From (8), it holds that for all { € A,

e + a8

V1(f1) < 6,

— M3k (11)

Notice that
H aVi(&)

< s (L+1161) < ramax{L, -1 +Va(60),
From (10) and (11), it holds that
Vi) < =Nkl + L+ Vie)) () (12)
where (t) £ aspz max{1,1/p1} maxcea{|[Macl[}|€2(s)]]
e~b2(t=%) " which satisfies f:oo v(r)dr = F||&(s)]| with
4 £ (az/ba)ps max{1,1/u1} maxcen{||Msc||}. Then ap-
plying (5) of Lemma 2 with k1(t) = V1(&1(1)), k1(t) =
N & (D)7, and ks(t) = ~(t) gives that Vi(&1(t)) <
(I L+ Vi&i(s) < A&l (1 + u12\|€1(8)|\2) for
all t > s > 0. It yields that [[£1(t)] < oy * (F]1&2(s) (1 +
pal|€1(5)]12)) 2
holds that
lE®N < V2 (lIE O + @) < allés)I)

for all t > s > 0, where a(l) = \/5( 7( l(1+uzl2))% +1)
is of class K. Therefore, the origin of (7) is UGS.

Now applying (6) of Lemma 2 with x1(t) = Vi(&(1)),
ra(t) = [[Niawéa(t )|?, and k3(t) = v(t) gives that

+oo
/ [N & (PP < p(&als), &(s)  (13)

where ju(u, uz) = s 312+ (145 ]| 121 gy 2,
for all ug € RP+ Kk = 1,2. Let us define the virtual output
for the whole system (7) as

Y(t) = [N Lt )} _ [Nu(t) IS] [&(t)} .

for all t > s > 0. By Cauchy inequality, it

§2(1) 0 §2(t) (14)

By (10) and (13), it holds that [ [Y(t)[?dr <

2b2 1€2(8)]1% + p(&1(s),&a(s)) for all > s > 0. Therefore,

the bounded-output-energy condition for the system (7)
holds.

Since for all ¢ € A
N1< 0 M1< Mg( _ M1< 0
0 I,|’| 0 My 0 My
are zeroing pairs w.r.t. RP1*P2_ there exist {\,} C © and

{tn} € R>¢ with t,, > 2n such that every bounded limiting
solution of (7) satisfies &»(t) = 0 and

t

&(t) = &(0) + EI—F / My, (ry&a(T)dr, for all t € R
n oo 0

(15)

and
im Ny, (46,)E1(t) = 0, for almost all ¢ € R.

n—-4o0o

According to Lemma 1, (15) and (16) imply that & is
a limiting zeroing-output solution of system (9a). Since
system (9a) is WZSD, inficg ||€1(¢)|] = 0. Thus, the system
composed of (7) and (14) is WZSD.

Therefore, by Theorem 1, the origin of (7) is UGES. The
proof is thus completed. m]

(16)
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Remark 1. Theorem 2 essentially establishes a separation
principle for a class of switched linear systems with a
cascaded structure by means of UGES property of its
“diagonal” switched linear subsystems.

3. AGENT DYNAMICS AND SWITCHING
NETWORKS

This section gives first the problem formulation of leader-
follower consensus. Then a new connectivity condition,
namely, generalized uniform joint connectivity (GUJC)
is depicted for switching networks. Such a condition is
without the so-called dwell-time condition, and hence is
weaker than those conditions in the literatures. Moveover,
the WZSD property is related to the GUJC condition for
two classes of linear switched systems determined by the
switching networks.

3.1 System Model and Problem Formulation

Consider a group of N + 1 agents consisting of N follower
systems with linear dynamics

&; = Az; + Buy,

yi:Ca:i,izl,...,N (17)
where z; € R", u; € R™, and y; € RP are the state, input,
and output of the ith follower, respectively, and the leader
system with autonomous linear dynamics

jl‘() = A.’Eo, Yo = C.’EQ (18)

where o € R™ and yg € R?P are the state and output of
the leader, respectively.

All of these IV +1 agents are interconnected by a switching
network that is defined by a switching graph G, = (V, &),
where V = {0,1,..., N} represents the N agents, & C Vx
V for all ¢ € A. Here we assume that all the subgraph G,
of g_c by removing the node 0 and the corresponding edges
is undirected. A represents all possible graphs which are
not necessary to be connected. For a A-valued switching
signal A : R>p — A with A denoting a set of possible
graphs having the node set V, the edge (j,i) € EA(O if
and only if the control of the i-th agent can make use of
the information of the j-th agent for feedback at the time
instant ¢. It is assumed for convenience that no edges (j,0)
exist since the leader system needs no input.

The leader-follower consensus is said to be achieved if we
can find a distributed output feedback controller such that
for all initial states of systems (17) and (18), all solutions
of the closed-loop system exist and are bounded for all
te RZO with limy_y o (ch(t) — Jfo(t)) =0.

Here, without loss of generality, the initial times of the
closed-loop state and the switching signal are always
assumed to be zero. In contrast with the state feedback
case studied in the previous references, say Cheng, Wang,
and Hu [2008], Jadbabaie, Lin, and Morse [2003], Lin
[2005], Ren and Beard [2005], Su and Huang [2012Db],
Yang et.al. [2016], the distributed observer based output
feedback synthesis will be considered here.

3.2 Generalized Uniform Joint Connectivity

This section presents a general condition for the network
connectivity. For any 7, > 0 and any switching signal A,

the 7,-joint graph over a time interval [tq,t5) is defined as

G ([tr,t2)) = | V, U £(¢)
CEXrg [t1,t2)
ta
wltnte) = feen| [Tx@uarznl
t1

with AS(-) being the indicator function defined as

() = { 1, if A1) =¢

where

0, if A7) #
for the given switching signal A. In this paper, the switch-
ing graph Gy is assumed to satisfy the following gen-
eralized uniformly jointly connected (GUJC) condition in
the leader-follower sense, where © is an interested set of
switching signals.

Assumption 1. There exists a constant pair (7,,7) with
T > 7, > 0 such that for all A € © and any ¢ € R>q, the
Tq-joint graph G1°([t,t+T)) contains a spanning tree with
the node 0 as the root.

Notice that the set © of switching signals satisfies A(- +
s) € O for all s > 0 and all A\ € © automatically provided
that Assumption 1 holds.

Remark 2. 1t is worth mentioning that Lee, Tan, and
Mareels [2017] presents an equivalent analytic condition
(see condition (C2) in Lee, Tan, and Mareels [2017]) for
evaluating the WZSD of the system (19). Comparing with
that analytic condition, the GUJC condition here is easier
to be verified.

3.3 WZSD via GUJC

This section interprets the WZSD property of two classes
of switched linear systems.

For all ¢ € A, define the H-matrix He = [h{;] € RN*N
¢
YK
satisfy for

associated with the graph g_c, where hfj —a;., and

hfi = Z;\fzoafj. Here for all ¢ € A, ay;

,7=0,1,..., N, agi =0and a;; = a§i > 0 if and only if
(j,i) € E:. Notice that for all ¢ € A, H, is symmetric and
positive semi-definite.

o

)

For a A-valued switching signal A(¢) and the correspond-
ing switching matrix Hy;, consider linear switched au-
tonomous systems

§=(In®A) — §Hyu) ® (BBTP))E,

_ |INn®@(-PA—ATP)!/2 19)
YT Vaory @ BTP
and
£= (IN®A—=0Hrp @ (P_lcTC))fa
Iy ® (—PA— ATP)Y/?
S VB ec (20)

where £ € R™™, § > 0, A, P € R"*" B € R™*" gsatisfying
that (A, B,C) is stabilizable and detectable, and P is
positive definite with PA + ATP < 0. Then the following
lemma holds, where its proof is omitted due to the space
limit.
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Lemma 3. Under Assumption 1, systems (19) and (20) are
both WZSD.

Remark 3. Lemma 3 interprets the WZSD property by
means of the GUJC condition. As a consequence, it is
possible to use the separation principle providing in Sec-
tion 2 for designing the distributed observer based output
feedback controller.

4. DISTRIBUTED OUTPUT FEEDBACK SYNTHESIS

This section provides a distributed observer based output
feedback synthesis for the leader-follower consensus prob-
lem. The stability analysis relies on the WZSD from UGJC
as discussion in previous section.

4.1 Distributed Observer and Output Feedback Controller

Fori=1,..., N, we define the distributed output feedback
controller of the following form:

KZ a\ (@ (21a)
= AZ; + Bu; — LZa’\(t) (C(#; — ;) — (yi — y;)]
7=0
(21b)

where K and L are the gain matrices to be determined.
Here like Zhang, Lewis, and Das [2011], it is supposed that
the leader state can be measured by those agents that are
link to the leader and hence we let &y = xg for simplicity.

Remark 4. The observer (21b) is Luenberger type based
on the neighborhood output estimation error. It has been
employed in Zhang, Lewis, and Das [2011] for solving the
leader-follower consensus subject to static networks by
means of the famous separation principle for the linear
time-invariant system. In contrast, by making use of the
separation principle for the switched linear system (see
Remark 1), we are able to develop the leader-follower
consensus subject to the switching networks satisfying the
proposed GUJC condition.

4.2 Stability of the Closed-loop System

To depict the closed-loop system, we define z; = z; — 23,

and e; = z; — 29, i = 1,..., N. Letting e = [e],...,eN]T

and & = [#],...,25]7 gives that

é=[Iy®A— My ® (BBT)Ple + §Hyw ® (BBPT)Z,
(22a)

i=[IN®A—H\y® (PTICTO)z, (22b)

Theorem 8. Suppose that (A, B,C) is stabilizable and
detectable and P is positive definite with PA+ ATP < 0.
Let K = 6B"TP and L = §P~!CT with § > 0 chosen
arbitrarily. Under Assumption 1, the closed-loop system
(22) is UGES. Thus, the leader-follower consensus problem
is solved.

Proof: It is seen that (22) is of the cascaded form (7) with
& =e, & =1, and

Mic=Iy®@A—6H; ® (BB'P),

Moe =In®@ A—6He @ (P7LCTO),

Mgc = 57‘[( & (BBTP)

®@ @—© @

@ & © 66 o0 o

@ @ @
91 g2 g3

Fig. 1. The graphs G;, i = 1,2, 3.

Consider the proper positive definite functions Vi(e) =
e"(Iy®P)e and Va(%) = 2" (Iy ® P)Z. Then it holds that

axge(e) [In ® A—6H, ® (BBTP)le
=e'[Iy ® (PA+ ATP)le — 25¢" [H; ® (PBBTP)le.
and
IVa(Z)

or v @ A= H® (P7ICTO) )z

=3Iy ® (PA+ ATP)|& — 252" [H¢ @ (CTO))7.
Thus, we can define

N Iy ® (—PA— ATP)1/2
1¢ — \/77_[1/2 (BTP) 9
Iy ® (—PA— ATP)1/2
N2C: \/77‘[1/2

Then (8) holds. Moreover, from Lemma 3, both systems of
(9) are WZSD. In view of Theorem 2 , it can be concluded
that the origin of the system (22) is UGES. This completes
the proof. O

4.8 Simulation

An example is provided here to illustrate the aforemen-
tioned control design. Consider a multi-agent system with
one leader and five followers, where the agent dynamics
are of the form (17) and (18) with

~1.0 0 0
A=|1 01|, B= 0],0:[01—1}
0 —-10 1

and the switching graph G(¢), with ¢ € {1,2,3}, is shown
in Fig. 1. The switching signal A(¢) is defined as follows:
1, if (k+ fo)T <t < (k+ T,
! 1
At) =1 2, if (k+ 52T <t < (k+ 221

3, if (k+ 52T <t < (k+ )17

where k € Z,,1=0,1,...,k, and T” is chosen arbitrarily.
It is of interest to see that the proposed switching signal
A(t) does not satisfy any dwell-time conditions. However,
Gy is GUJC since Assumption 1 holds with 7, = 7"/6
and T = T’. Notice that (A4, B,C) is stabilizable and
detectable, and satisfies PA + ATP < 0 with a positive
definite matrix P = [2,0.5,0.5;0.5,1,0;0.5,0, 1].

Applying Theorem 3, a simulation with § = 3, K =
[0.5,0,1], L = [0,1,—1]T, T' = 10 is reported in Fig.
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Fig. 2. Time responses of the consensus errors.

2, where the responses of the consensus errors have been
shown. It can be seen that satisfactory converging behavior
is obtained.

5. CONCLUSION

This paper has established the uniform exponential stabil-
ity of a class of cascaded linear switched systems. With its
aid, a distributed output feedback controller has been de-
veloped for solving the leader-follower consensus of linear
multi-agent systems with undirect switching networks sat-
isfying a generalized uniformly joint-connected condition
without any dwell-time condition. The further work will
toward the study on direct switching networks.
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