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Abstract: Many practical issues should be considered when synthesizing a control system for real
applications. In this paper the main objective is the evaluation of the performance of a Sliding Model
Controller (SMC) for spacecraft applications, in which implementation issues are included. The key
features of the proposed practical design are: (i) chattering attenuation, in which an hyperbolic tangent
is considered, and (ii) hardware constraints, in which a reduced SMC update frequency and saturations
on the actuation system are included. A comparison between a first order and a super-twisting SMC is
performed, including disturbances on the mathematical model. Moreover, computational effort and error
accuracy are evaluated for both the strategies, showing the performance of the proposed implementation

solutions.
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1. INTRODUCTION

Many practical issues can arise when control systems are syn-
thesized for real applications. Some of these issues, which are
usually considered, are related to external disturbances and
hardware constraints, in particular due to limitations of the ac-
tuation system. One of the objective of this paper is to evaluate
the performance of a practical control system for unmanned
spacecraft in orbital servicing mission. The focus of this re-
search is the design of a robust on-board software: this flight
software has to be designed to manage unexpected events, such
as environment disturbances and noise, and/or crossing of small
objects. The proposed control approaches are designed to be
as close as possible to “flyable” format, as required by EASA
standards (Jones et al., 2002).

The proposed algorithms are characterized by the following key
features: (i) low computational effort, (ii) low fuel consumption,
and (iii) high safety and robustness. Due to the presence of
uncertainties and dynamical constraints, attitude control of a
spacecraft must ensure high accuracy and excellent robustness
against external disturbances and parameter variations with
simple design. Some hardware constraints, such as limited up-
dating frequency of both guidance and control algorithms, have
to be included. For this reason, in this paper, sliding mode
controllers (SMC) are proposed for the precise attitude con-
trol of a spacecraft, since the SMC systems are particularly
interesting methodologies, suitable for harsh conditions, such
as the space environment, and able to handle external distur-
bances and uncertainties. Indeed, SMC, (Utkin, 1992; Shtessel
et al., 2014), are nonlinear control techniques with remarkable
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properties of precision, robustness and ease of design, tuning,
and implementation. In the last five years, some researches
based on SMC systems are proposed for space maneuvers. In
(Feng et al., 2016) an optimal SMC strategy combined with a
guidance algorithm is proposed for a space maneuver, including
external disturbances and obstacle avoidance strategy. In a sim-
ilar way, in (Li et al., 2018), external disturbances are described
for a docking maneuver. Instead, in (Wan et al., 2017), besides
external disturbances, actuation constraints are also included
for a rendezvous mission. Moreover, in general, actuator sat-
uration is a constraint that exists in almost all the mechanic
systems. Thus, input saturation and its time-varying features
also deserve special attentions when designing the aerospace
control systems.

In our paper, combined with actuation limitations, we include
the limited computational power of the on-board systems, con-
sidering low update frequency of the controller. As described
in (Elmali and Olgac, 1996), the sampling speed is one issue to
take into account, since the accuracy of the proposed strategy
is function of the maximum attainable sample frequency. One
key aspect of the proposed strategies is to show the error accu-
racy, in terms of attitude tracking of the spacecraft, even when
limited-capacity hardware is available. Both first order and sec-
ond order SMC strategies are compared, suitably designed for
a real spacecraft system. Continuous sliding-mode (SM) algo-
rithms are developed as a means of mitigating the drawbacks of
the discontinuous classical SM, such as chattering phenomenon
and infinite-time convergence. The chattering phenomenon is
attenuated by means of hyperbolic tangent, instead of the sign
function, key feature of the SMC. Simulations are carried out to
show the effectiveness of the proposed solutions, from the prac-
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tical point of view, and showing the ability of the controllers to
handle external disturbances. Moreover, the gains of both the
proposed SMC strategies are designed including the actuation
limitations. This approach shows that the provided control in-
puts are not saturated, since the gains are designed including
physical constraints. Moreover, the computational effort and the
error accuracy are evaluated to show the performance of the
proposed strategies, even in presence of hardware constraints
and limited update frequency.

The paper is organized as follows. A brief introduction to slid-
ing mode controller is in Section 2. The implementation issues
are described in Section 3. The spacecraft application, includ-
ing the dynamics of the system, is in Section 4. Simulation
results are introduced in Section 5. Finally, some concluding
remarks are described in Section 6.

Throughout the paper || is the Euclidean norm or the induced
matrix norm. Moreover, let p be a function in y and 7, then
the symbols p,, p,, and p,, denote, respectively, the first-order

partial derivatives a—p, the second-order partial derivatives
2 H 62

—p, and the second-order mixed partial derivatives

o> Oudy

In the paper any solution of a differential equation with dis-
continuous r.h.s. must be interpreted in the Filippov sense,
(Filippov, 1988).

p.

2. SLIDING MODE CONTROL

In this section, a general nonlinear uncertain control system
is introduced. It is therefore shown under which conditions
the control problem for this system can be dealt with SMC
and which results can be obtained. The classical SMC, (Utkin,
1992), and the second order SMC Super-Twisting (STW) algo-
rithm, (Levant, 1993), are considered.

Sliding mode is a nonlinear control approach, which is able to
ensure high accuracy and excellent robustness against external
disturbances and parameter variations with simple design. First
order SMCs design discontinuous control laws and guarantee
that the sliding manifold is reached (i.e. the sliding output
reaches zero). Higher order SMCs can steer to zero the sliding
output as well as its higher order time derivatives by means of
control laws that can be either continuous or not depending on
the implemented SMC. The STW algorithm is a second order
SMC and it is a continuous controller, which is able to provide
all the main properties of SMC for systems affected by smooth
matched uncertainties/disturbances with bounded gradients.

2.1 Control System and Problem Statement

Consider the following uncertain nonlinear control system

X =al(t, x) + b(t, x)u, @))

where x € R is the state, u € R is the control input; a(t, x) € R
and b(t, x) € R are possibly uncertain, yet bounded term.

The sliding variable o (¢, x) € R is chosen for system (1); o has
relative degree one with respect to the control u.

The relevant sliding surface is defined as follows

o(t,x) = 0. (2)

Let

a(t, x) = h(t, x) + g(t, x)u, 3)
where h(t, x) = o, + oya(t, x) and g(z, x) = o,b(t, x).

2.2 First-Order SMC

Consider (3) and assume that positive constants Hy, K,,, and
Ky are known such that the following conditions hold

|h|SHM, 0<K171SgSKM~ (4)

The first-order control law can be defined and applied to system
(1) according to the following

u=—ysgn(o). 5)

where o is the sliding variable in (2) and the control parameter
v, which corresponds to the modulus Uy, of the control signal
u, is chosen to satisfy

Hy,
—Uy> Mg
yEUME T E

e>0. 6)
The discontinuous control law (5) guarantees the convergence

of o to zero in a finite time, (Utkin, 1992).

Remark 1. According to (5) u is discontinuous and commutes
at infinite frequency with a constant magnitude, that is |u| =
Uy, (Utkin, 1992).

2.3 Super-Twisting SMC

Consider (3) and assume that positive constants C, Uy, K,,,, and
Ky are known such that the following conditions hold

|| +1g1Un <C, 0< K, <g <K,

< qUy, O0<g<l1. 7)

The STW control algorithm can be defined and applied to
system (1) according to the following

u=uy +up (8)
u = Ao sgn(o),

P —u, |M| > UM’
27\ —asgn(o), |ul < Uy,

where o is the sliding variable in (2) and the two control
parameters satisfy K,,a& > C and the sufficient condition

2 (Kpa+C) Ky (1+q)
/l>1/Kma/—C TR ©)

The STW continuous control law (8) guarantees the conver-
gence of both o and ¢ to zero in a finite time, while the control
signal remains such that |u| < Uy, provided its initial value
lu(tp)| £ Uy, (Levant, 1993), (Shtessel et al., 2014). The suffi-
cient condition (9) can be made less restrictive, (Davila et al.,
2005), (Kumar et al., 2017).

Remark 2. According to (8) both the two components u; and
up of u are continuous signals. When |u| < Uy, the first time
derivative of u, is discontinuous, in fact iz, commutes at infinite
frequency with a constant magnitude, that is |it;| = @ < Uy,
(Levant, 1993).
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3. IMPLEMENTATION ISSUES OF SLIDING MODE
CONTROLLERS

As previously said, the objective of this paper is to compare two
control laws, based on SMC theory, in terms of “practical” per-
formance: (i) easiness to design, (ii) computational effort and
(iii) accuracy. In particular, a first order SMC and a second or-
der SMC, called Super-Twisting, are analyzed. Both controllers
are implemented by using the sign function, from one side, and
the fanh function, on the other side. This paper also investigates
how the reduced update frequency of the control signal affects
the performance, compared to high control frequency.

To show the effectiveness of the implementation solutions, the
control laws are applied to a practical case, that is a tracking
attitude maneuver of a spacecraft in Low Earth orbit. The
reason for this choice is that SMC is a particularly interesting
control strategy in space operations. In fact it is suitable to
operate in hard conditions, such as the space environment,
thanks to its features of less ‘“sensibility” to both bounded
external disturbances and uncertainties. Furthermore it requires
a low computational effort, so it guarantees a real-time control
of complex maneuvers. Instead, the main disadvantage of the
SMC is due to chattering of the control signal, that degrades the
components over time. For this reason, in this paper, extensive
simulations are performed to analyze the effectiveness of the
proposed method to reduce chattering.

In practical applications of SMC, the so-called chattering phe-
nomenon is experienced. This phenomenon can be described as
the occurrence of oscillations in the vicinity of discontinuity
surfaces characterized by finite frequency and amplitude. It
has been deeply analysed in (Utkin and Lee, 2006), (Levant,
2010) and references cited therein. Furthermore the behavior
of variable structure control systems in the vicinity of the dis-
continuity surfaces need to be studied and analysed, (Bartolini
and Zolezzi, 1993), (Bartolini et al., 2007), (Zolezzi, 2008). In
general, chattering is a harmful phenomenon that leads to low
control accuracy. In particular in mechanical applications this
phenomenon implies a high wear of the moving parts for which
it is practically destructive. Among the reasons for chattering
there are certainly the fast “unmodeled” dynamics (e.g. hidden
resonance peaks) neglected in the ideal model of the whole
control system. These dynamics with small time constants are
usually disregarded in models of actuators and sensors. Chatter-
ing is also caused by the use of digital controllers characterized
by a finite sampling rate. The ideal sliding mode implies the
infinite switching frequency of the control. Digital controllers
maintain the control constant during a sampling interval, the
control switching frequency can be quite low, (Brogliato et al.,
2019), (Du et al., 2019).

In this paper we consider the reaching law approach, (Bar-
toszewicz, 2015; Lesniewski and Bartoszewicz, 2015), to slid-
ing mode control when the system is affected by disturbances.
In (Le$niewski and Bartoszewicz, 2015) the use of the tanh is
proposed for discrete time systems with uncertain parameters
and external disturbances. In (LeSniewski and Bartoszewicz,
2015; Lesniewski and Bartoszewicz, 2015) the authors prove
that the reaching law exploiting the tanh ensures that the quasi-
sliding mode is achieved after finite time, and is enforced for
the rest of the control process. In our paper, a comparison of
the two reaching laws respectively based on the sign and tanh
functions is proposed and the use of the fanh is detailed from
the practical point of view. The use of the hyperbolic tangent

can be mitigated introducing a constant gain in order to obtain
an output as close as possible to the sign function, Figure 1.

4. SPACECRAFT APPLICATION

This section provides a mathematical description of the selected
system, that is attitude dynamics and kinematics of a spacecraft
(Markley and Crassidis, 2014; De Ruiter et al., 2012). The
attitude dynamics is described by the Euler’s equation

@p = I;' [Mp — wp X (Tpwg + Ipwwrw)], (10)
where @wp € R? is the vector of the angular accelerations
of the spacecraft in a body reference frame, Iz € R3>® =
[100 0 0;0 100 0;0 0 120] kg-m2 is the inertia matrix of the
spacecraft, wgwy € R3 and Izy € R33 are related to the actuation
system (i.e. reaction wheels). Finally, Mz € R> is the total
torque applied to the spacecraft and it consists of two terms

Mg =AM, + Mgy, 1D

where Mgy € R? is the torque provided by the reaction wheels,
that represents the spacecraft actuation input provided by the
controller, and AM,, € R3. In a Low Earth Orbit (LEO),
the torque due to orbital external disturbances M., is mainly
due to two contributions. As deeply detailed in (Markley and
Crassidis, 2014; Mancini et al., 2020), these effects are: i) a
constant moment of about 10~ Nm due to the solar pressure
and ii) a term of the order of about 10~ Nm produced by
the gravitational effects. For this reason in this paper, these
disturbances are modeled as non-constant random values, in
the range of [-107%,10™*] Nm along the three axes. Instead,
the maximum value of the torque that the reaction wheels can
exert (i.e. the control authority) is saturated at 0.075 Nm, for
the three axes.

In this work, the attitude kinematics of the spacecraft is studied
by means of quaternions g = [¢s, ¢v1, Gv2, gv3]” € R*, where g,
is the scalar part of the quaternion, while ¢g,; fori = 1...3 is
the vectorial part. Quaternions are defined as

¢ = 33(q)ws. (12)
where 2(¢q) € R3* is the quaternion matrix, defined as
I +
(o) = [qsf 7 | (13)
Vi3

where g, € R is the quaternion scalar component, g,,, =
[¢v.1,qvas quv3]T € R is the vector of the first three components
of the quaternion and Q;3 € R3? is the skew-symmetric matrix

0 —qv3 4v2
Q= |q3 0 —quif.
—qv2 4yl 0

In this paper, quaternions express the orientation of the space-
craft with respect to a frame jointed to the desired attitude, that
is g4 = [1,0,0,0]7. The initial orientation of the spacecraft is
chosen using a set of Euler angles [¢,6,¢],—o = [10,15,5]"
(De Ruiter et al., 2012). Then, using a 3-1-3 rotation the initial
set of quaternions g, is computed. Moreover, for the definition
of the sliding surface, the quaternion error is evaluated as in
(Wuetal., 2011): 6q = q®q;,1 , where ® represent the quaternion
multiplication that is defined in (Shuster, 1993). §¢ € R* con-
sists of a scalar part 6g, and a vectorial part 6q,; fori = 1,...,3.
Then, for the evaluation of the sliding surface, only the vectorial
part of dq is used, that is 6¢,,, = [6g,.1,0qy2,0¢,3]7 € R>.

A scientific targeting maneuver is considered as a reference,
this means that the the payload has to point towards the scien-
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tific target of interest. Therefore, at the initial step, the space-
craft is affected by an attitude error, which must be steered to
zero by the control system. When the zero error is reached, the
attitude must be kept constant, to allow the observation of the
defined target by the payload.

4.1 First Order SMC

The input u,, € R3 is defined, as in (Utkin, 1992),

Uy = =Co6qy,; ~ PusSEN(T0) 14
where the control parameters C, € R*? positive definite
matrix and p,, € R are defined as indicated in (Shtessel et al.,
2014), while the vector dq,,,R® defines time derivative of the
quaternion error. The sliding output for the first order SMC is
defined as

o, = wp + K,0q,, (15)
with K, € R3? positive definite matrix, the vector dg,,, € R
defines the quaternion error, as previously indicated.
As briefly described above, in this work a modified version of
(14) is also implemented:

(16)
where k, € R is used to mitigate the effect of the ranh function,

i.e., the highest is &, the most the output of the tanh function
tends to the output of the sign function, as Figure 1 shows.

Uy = —Coy0qy,, — P, tanh(ky - o)

tanh (k o)

Fig. 1. Effect of k, on the tanh function

4.2 Super-Twisting SMC

The input u,,R? is defined in accordance to the STW algorithm,
(Levant, 1993), as follows

1
Uy = _Mo-wlz Sgﬂ(ﬂ'm) +Vy,

if lugl > Uy, a7

. —Uy

Yo = {—O/Sgl’l(O'w) if |uw| < UM 5

where the control parameters A, @, and Uy, have to be chosen
as specified in (Levant, 1993; Shtessel et al., 2014).

The sliding output for the super-twisting controller is defined as
(18)
with K, € R3? positive definite matrix and, as previously
details, the vector d¢,,, defines the quaternion error.

As for the First Order SMC, the STW SMC is also implemented
using the tanh function in Eq. (17). So we have

0y = wp + K,oq,,,

1
Uy = —A|oy|2 tanh ks (o) + v,

if Juy| > Uy (19)

. _ —Uy
Vo = {—atanh k(o) iflugl < Uy

5. SIMULATION RESULTS

Extensive simulations are performed through Matlab software
to analyze the effectiveness of the proposed control laws in
driving to zero the quaternion error. Both control systems are
implemented and compared in terms of time required for the
attitude to converge to the desired one (7,,,), chattering of the
command signal, final error in terms of quaternions. Moreover,
the control effort, which represents a power consumption esti-

mation, is evaluated as CE = ZZ [|Hrw||At, where ||Hrw || =

=0
2 2 2 ; :
\/HRka + HRka + Hpyy. and At is the sample time of the

simulation. As regards T, it is taken as the time at which the
error in terms of quaternions is ||[0gy,1, 0Gy 2, 6ql,,3]T|| <1074,
The following cases and combinations of simulations are con-
sidered

a. Order of the SMC: First Order and STW.
b. Function used in the control law: sign and tanh.
c. Update frequency: f =5 Hz and f = 1000 Hz.

With all the combinations, 8 different cases are studied. In the
next section, only the most significant results are presented.

5.1 Comparison between STW SMC vs First Order SMC

Fig. 2 shows that STW provides a smoother control signal than
the First Order-SMC. This behavior can be especially observed
in case of using the sign function. In fact, the blue band in the
left part of Fig. 2 represents the chattering of the input signal
in this case. Furthermore, the First Order SMC with the sign
function provides a discontinuous control, so it does not fit well
with reaction wheels, that exert a continuous torque. The zoom,
in the box of Fig. 2, shows that STW reduces the chattering of
the input signal, even when the tanh function is used.

Function tanh

|—First Order-SMC|
—STW-SMC

Function sign

|—First Order-SMC|
[—STW-SMC

0.06 0.06 190 195 200

time [s]

0 50 100 150 200 0 50 100 150 200
time [s] time [s]

Fig. 2. Comparison of the torque around Zj,4, required by the
different control laws, i.e., First Order SMC and STW
SMC. (f = 10° Hz)

Finally, in Table 1 First Order SMC and STW are compared on
the basis of the merit parameters previously mentioned, with
an update frequency of f = 10° Hz. As evident, the STW
controller reaches the desired attitude more accurately, more

quickly and with a lower power consumption than the First
Order SMC.

Table 1. Performance Indicators for First Order and STW
SMC with sign function. (f = 103 Hz)

Order of SMC T,  Final Quaternion Error ~ Control Effort
First Order 161 s 1.456-107° 15.89 Nms
STW SMC 144 s 6.194- 1076 2.54 Nms
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First Order - SMC

STW - SMC

£/

-0.04 3 \J T V\J V v‘v’\j

0.06 190 195 200

time [s]

) 50 100 150 200 ) 50 100 150 200
time [s] time [s]

Fig. 3. Comparison of the torque around Xjp,q, required when
sign or tanh function are used. (f = 5 Hz)

5.2 Comparison between tanh vs sign

Fig. 4 shows that by using the fanh function rather than the sign
function in the control law, the chattering of the input signal is
reduced. This effect can be observed in particular for the First
Order SMC. Nevertheless, even in the STW SMC, the use of the
tanh function is able to smooth the control action, more than the
sign function, as in the zoom of Fig. 4.

In Table 2 the performance of only the STW SMC are analyzed
for an update frequency of f 5 Hz. In particular, this
Table provides a comparison of cases where tanh function
or sign function is implemented. Results shows that when
the tanh is used, the controller reaches the desired attitude
more quickly and with a lower power consumption, but the
accuracy on the final attitude is greater when the control law
uses the sign function. From the practical point of view, the
error accuracy obtained with the tanh is very good for precise
pointing maneuvers.

Table 2. Performance Indicators for STW SMC with sign
and fanh function. (f = 5 Hz)

Function used Ty,  Final Quaternion Error  Control Effort
sign 144 s 5.853.107° 2.55 Nms
tanh 1155 2.290- 1073 2.52 Nms

5.3 Comparison with a Linear Quadratic Regulator

A comparison with a Linear Quadratic Regulator (LQR) is
included, considering as update frequency of the controller 5
Hz, as in the previous Section. LQR control system is widely
used in real space mission as, for example, in (Guarnaccia et al.,
2016). The task of the control function is to provide an input to
the reaction wheels, including the effects of disturbances and
errors. For the design of an LQR, a linearized dynamic model
needs to be considered, in which gyroscopic torque due to RW
is neglected, as detailed in (Dentis et al., 2016).

5.4 Comparison 5 Hz vs 1000 Hz

Fig. 5 provides a comparison of the torque around Yp,qy,
assigned by the STW SMC, when the update frequency is
f =5 Hzor f = 1000 Hz. We can notice that by increasing
the update frequency the chattering is reduced, especially when
the sign function is used. Note that, in an “ideal” SMC, the
frequency of the controller is close to infinity, which is not
available in a real system.

First Order - SMC

STW - SMC

— sign

— tanh
LGR

AN

_ x10°
£ 10
;— g AVIM/\A f’\V\f‘VA\[M\
T 5
190 195 200
time [s]
0 50 100 150 200 0 50 100 150 200
time [s] time [s]

Fig. 4. Comparison of the torque around Xj,4y, With LQR and
SMC. (f =5 Hz)

Function tanh

<10 Function sign «10%

[—5Hz
—10% Hz|

x10°

x10*

Nlllllllﬂllﬂ ‘ I

190 195 200
time [s]

y INm]
ey [N

H

2360w

150 160 170 180 190 200
time [s]
50 100 150 200 o 50 100 150 200
time [s] time [s]

Fig. 5. Comparison of the torque around Yp,q, required by the
STW SMC with sample time f =5 Hz and f = 1000 Hz

More results related to the effect of the update frequency f are
provided in Tables 3 and 4. In particular, the performances of
both the control strategy First Order SMC and STW SMC with
tanh function are evaluated with f = 5 Hz and and f = 10° Hz.
We can observe that the obtained results in terms of accuracy
and control effort are quite the same. This means that, for the
selected first and second order SMC, by using the tanh function,
high frequency of update is not required to obtain the desired
performance.

Table 3. Performance Indicators for STW SMC with tanh
function, f =5 Hzand f = 10° Hz.

Update Frequency ~ Ty Final Quaternion Error ~ Control Effort
5Hz 115s 2.290- 1073 2.52 Nms
10° Hz 1155 2.068 - 1073 2.52 Nms

x 103 Function tanh

INm)

150 160 170 180 190 200
s G gmels,
0 20 40 60 80 100 120 140 160 180 200
time [s]

Fig. 6. Comparison of the torque around Y., required by
the First Order SMC with sample time f = 5 Hz and
f =1000 Hz
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Table 4. Performance Indicators for First Order SMC with
tanh function, f = 5 Hz and f = 10° Hz.

Update Frequency  T.p,y  Final Quaternion Error ~ Control Effort
5Hz 159 s 1.231-107%s 2.81 Nms
10° Hz 158 s 1.183-1073 2.52 Nms

6. CONCLUSION

Practical issues can arise when control systems are synthesized
for real applications, usually related to external disturbances
and hardware constraints, in particular due to limitation of
the actuation system. In this paper, implementation of Sliding
Mode Control (SMC) strategies for a spacecraft application
are proposed, in which some practical issues are included: (i)
actuation and frequency constraints (due to the on-board hard-
ware) and (ii) chattering attenuation, via mathematical function
(i.e. hyperbolic tangent). The effectiveness of the proposed so-
lutions are shown in terms of avoidance of input saturation,
low computational effort and error accuracy. Future works will
include adaptation of the second order sliding mode, estimation
of parameters and evaluation of the measurement noise.
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