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Abstract: This paper provides a compositional scheme based on dissipativity approaches for
constructing finite abstractions of continuous-time continuous-space stochastic control systems.
The proposed framework enjoys the structure of the interconnection topology and employs
a notion of stochastic storage functions, that describe joint dissipativity-type properties of
subsystems and their abstractions. By utilizing those stochastic storage functions, one can
establish a relation between continuous-time continuous-space stochastic systems and their
finite counterparts while quantifying probabilistic distances between their output trajectories.
Consequently, one can employ the finite system as a suitable substitution of the continuous-
time one in the controller design process with a guaranteed error bound. In this respect, we
first leverage dissipativity-type compositional conditions for the compositional quantification
of the distance between the interconnection of continuous-time continuous-space stochastic
systems and that of their discrete-time (finite or infinite) abstractions. We then consider a
specific class of stochastic affine systems and construct their finite abstractions together with
their corresponding stochastic storage functions. We illustrate the effectiveness of the proposed
techniques by applying them to a physical case study.
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1. INTRODUCTION

Motivations. Automated controller synthesis for continu-
ous time continuous-space stochastic systems against high-
level logical properties such as those expressed as linear
temporal logic (LTL) formulae (Pnueli, 1977) is naturally
a difficult task mainly due to continuous state sets. To
deal with this problem, one potential direction is to first
abstract the given system by a simpler one, i.e., discrete
in time and potentially in space, then synthesize a desired
controller for the abstract system, and finally transfer
the controller back to the original one while quantifying
probabilistic error bounds.

Unfortunately, curse of dimensionality is the main prob-
lem in the construction of finite abstractions (a.k.a. finite
Markov decision processes (MDPs)) for large-scale sys-
tems: the complexity of constructing finite abstractions
increases exponentially with the dimension of the state
set. Compositional techniques play significant roles to al-
leviate this complexity. In this regard, one can consider the
large-scale stochastic system as an interconnected system
composed of several smaller subsystems, and then develop
a compositional scheme for the construction of finite ab-
stractions for the given complex system via abstractions
of smaller subsystems.

Related Literature. There have been some results,
proposed in the past few years, on the construction of
finite abstractions for continuous-time continuous-space
stochastic systems. A reachability analysis for continuous-
time stochastic systems by constructing Markov chain with
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quantified error bounds is proposed by (Laurenti et al.,
2017). Abstraction approaches for incrementally stable
stochastic control systems without discrete dynamics, in-
crementally stable stochastic switched systems, and ran-
domly switched stochastic systems are respectively studied
by (Zamani et al., 2014), (Zamani et al., 2015), and (Za-
mani and Abate, 2014). Although original systems in (Za-
mani et al., 2014), (Zamani et al., 2015), and (Zamani
and Abate, 2014) are stochastic, their abstractions are
constructed as finite labeled transition systems while finite
abstractions in this work are presented as finite Markov
decision processes. Finite labeled transition systems in this
context are useful only if the noise in the system is small.
An approximation scheme for the construction of infi-
nite abstractions for jump-diffusion processes is developed
by (Julius and Pappas, 2009). An (in)finite abstraction-
based technique for synthesis of continuous-time stochastic
control systems is recently discussed by (Nejati et al.,
2019).

For discrete-time stochastic systems with continuous-state
sets, there also exist several results. Finite abstractions for
formal synthesis of discrete-time stochastic control systems
are proposed by (Abate et al., 2008). An adaptive and
sequential gridding approach is proposed by (Soudjani and
Abate, 2013). Moreover, formal abstraction-based policy
synthesis is discussed by (Tkachev et al., 2013), and (Kam-
garpour et al., 2013). Compositional construction of infi-
nite abstractions via dissipativity conditions is proposed
by (Lavaei et al., 2019). Compositional construction of
finite abstractions utilizing dynamic Bayesian networks
and dissipativity conditions is studied by (Soudjani et al.,
2017) and (Lavaei et al., 2018), respectively. Although
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the proposed compositional approach by (Lavaei et al.,
2018) is based on dissipativity conditions, their results are
provided for discrete-time systems. In comparison, we deal
with continuous-time systems here and the ultimate goal
is to develop a compositional approach to construct finite
MDPs from continuous-time stochastic systems.

Compositional construction of (in)finite abstractions via
max-type small-gain conditions is proposed by (Lavaei
et al., 2020). Compositional construction of finite abstrac-
tions for networks of stochastic systems via relaxed dissi-
pativity approaches is presented by (Lavaei et al., 2020).
A notion of approximate simulation relation for stochas-
tic systems based on a lifting probabilistic evolution of
systems is proposed by (Haesaert et al., 2017). Composi-
tional construction of finite abstractions for networks of
stochastic switched systems is presented by (Lavaei et al.,
2020).

Contributions. In this paper, we provide a compositional
scheme for constructing finite MDPs from continuous-
time continuous-space stochastic systems. We derive dissi-
pativity type conditions to propose compositionality re-
sults which are established based on relations between
continuous-time subsystems and that of their abstract
counterparts utilizing notions of so-called stochastic stor-
age functions. The provided compositionality conditions
can enjoy the structure of interconnection topology and be
potentially fulfilled independently of the interconnection
or gains of the subsystems (cf. the case study).

To this end, we first compositionally quantify the proba-
bilistic distance between the interconnection of continuous-
time continuous-space stochastic subsystems and their
discrete-time (finite or infinite) abstractions. We then
focus on a particular class of stochastic affine systems
and construct their finite abstractions together with their
corresponding stochastic storage functions. Finally, we il-
lustrate the effectiveness of the proposed techniques by
applying them to a physical case study. Due to lack of
space, proofs of all statements as well as details of the case
study are provided in an arXiv version of the paper (Nejati
and Zamani, 2020).

Recent Works. Compositional abstraction-based synthe-
sis of continuous-time stochastic systems is also proposed
by (Nejati et al., 2020), but using a different composition-
ality scheme based on small-gain conditions. Our proposed
compositionality approach here can be potentially less
conservative than the one presented by (Nejati et al., 2020)
for some classes of systems. The dissipativity-type compo-
sitional reasoning proposed here can enjoy the structure
of the interconnection topology and may not require any
constraint on the number or gains of subsystems (cf. the
case study). Consequently, the proposed approach here can
provide a scale-free compositionality condition which is
independent of the number of subsystems compared to the
proposed results in (Nejati et al., 2020).

2. NOTATIONS AND MODEL CLASSES
2.1 Notations

A probability space in this work is defined as (2, Fq,Pgq),
where () is the sample space, Fq is a sigma-algebra
on {) comprising subsets of () as events, and Pg is a
probability measure that assigns probabilities to events.
We assume that triple (2, Fq,Pq) denotes a probability
space endowed with a filtration F = (F;)s>0 satisfying the
usual conditions of completeness and right continuity.

Sets of nonnegative and positive integers are respectively
denoted by N := {0,1,2,...} and N»; := {1,2,3,...}.

Symbols R, Rs(, and Ry respectively denote sets of
real, positive and nonnegative real numbers. We use x =
[€1;...52N] to denote the corresponding vector of di-
mension Zl ni, given N vectors xz; € R™, n; € Nyq,
and 7 € {1,...,N}. Given functions f; : X; — Y, for
any ¢ € {1,...,N}, their Cartesian product vazl fi :
Hilil X; — Hivzl Y; is defined as (vazl filxy,...,xN) =
[fi(z1);...; fn(zn)]. We denote by ||| the Euclidean
norm. Given a function f : N — R™ the supremum of f is
denoted by || f|lo:= (ess)sup{|| f(k)||, & > 0}. The identity
matrix in R"*™ is denoted by I,,. Column vectors in R™*!
with all elements equal to zero and one are respectively
denoted by 0,, and 1,. A function v : R>g — R, is
said to be a class K function if it is continuous, strictly
increasing, and y(0) = 0. A class K function ~(-) is said to
be a class Koo if v(s) — 00 as s — 0.

2.2 Continuous-Time Stochastic Control Systems

Definition 1. A continuous-time stochastic control system
(ct-SCS) in this paper is defined by the tuple

E:(X’U7W7H7W7f7o'aylv}/27hlah2)v (1)
where:

e X C R"™ is the state set of the system,;

e U C R™ is the external input set of the system;

e W C RP is the internal input set of the system,;

e U and W are subsets of the sets of all F-progressively
measurable processes taking values respectively in R™
and RP?;

o f : X xU x W — X is the drift term which
is globally Lipschitz continuous: there exist con-
stants %, %, Zw € R>o such that ||f(z,v,w) —
[ vV || < Lo —a'[|[+2 v — v |[+Zo [w —w'||
for all z,2’ € X, for all v,/ € U, and for all
w,w € W;

e 0:R" — R"*P ig the diffusion term which is globally

Lipschitz continuous with the Lipschitz constant %, ;

Y1 C R% is the external output set of the system;

Y5 C R% is the internal output set of the system:;

hi: X — Y] is the external output map;

hs : X — Y5 is the internal output map.

A continuous-time stochastic control system X satisfies

dé(t) = f(&(2), v(t),w(t)) dt + o (&(t)) dW,,
i G(t) =ha(8(1)),
Ca(t) = h2(&(1)),
P-almost surely (P-a.s.) for any v € U and w € W,
where (W,);>¢ is a b-dimensional Brownian motion, and
stochastic processes £ : Q x R>g — X, (1 : Q2 x Ry — Y7,
and (o : 2 x R>o — Y5 are respectively called the solution
process and the external and internal output trajectories of
Y. We also use €4, (t) to denote the value of the solution
process at time ¢ € R>¢ under input trajectories v and
w from an initial condition &;,,(0) = a P-a.s., where
a is a random variable that is Fy-measurable. We also
denote by ¢1,,,, and (2, ., the external and internal output
trajectories corresponding to the solution process &qpw-

Remark 2. Note that in this article, the term “internal”
is used for inputs and outputs of subsystems that are
affecting each other in the interconnection topology while
properties of interest are defined over “external” outputs.
The ultimate goal is to synthesize “external” inputs to
fulfill desired properties over “external” outputs.

In this paper, we are interested in investigating intercon-
nected continuous-time stochastic systems, defined later in
Subsection 4.1, without internal signals. Then the tuple (1)
reduces to (X,U,U, f,0,Y,h) with f : X x U — X, and
ct-SCS (2) can be re-written as
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o {dé(t) = [(§(t), v(t)) dt + o(£(2)) AW,
" ¢(#) = h(E()).

2.8 Finite Abstractions of ct-SCS

In order to construct finite abstractions of continuous-
time stochastic systems, we first need to provide a time-
discretized version of ct-SCS in (2) as in the following
definition.

Definition 3. A time-discretized version of ct-SCS X is
defined by the tuple

Zz(X,U,W,C,f,Yh Nz,ih,ilg), (3)
where:

e X C R"is aBorel space as the state set of the system.
We denote by (X,B(X)) the measurable space with
B(X') being the Borel sigma-algebra on the state
space;

e U C R™ is a Borel space as the external input set;

W C RP is a Borel space as the internal input set;

e ¢ is a sequence of independent and identically dis-
tributed (i.i.d.) random variables from a sample space
Q to the set V,

¢:={s(k): Q= V., keN};
° f : X x U x W x V. — X is a measurable function
characterizing the state evolution of the system;
Y; C R is a Borel space as the ezternal output set;
Y, C R% is a Borel space as the internal output set;
hi: X —Y; is the external output map;
he : X — Ys is the internal output map.

The evolution of ¥, for given initial state (0) € X and
input sequences {#(k) : @ — U, k € N} and {w(k) : Q —
W, k € N}, can be written as

_ &k 1) = FE(R), v(k), w(k),<(K)),
209 Gk) = hi(E(k)), keN. (4
Ca(k) = ha(&(K)),
The sets U and W are associated to U a and W to be the
collections of sequences {7(k) : @ — U, k € N} and
{w(k) : @ - W, k € N}, in which #(k) and @w(k) are

independent of §(~) for any k,z € N and z > k. For any
initial state a € X, 0(-) € L[~an~d w(-) € W, the random
sequences fauw OXxN =X, (1,,, : O xN— Yl, and

Conrw = X N — Y, fulfilling (4) are respectively called
the solution process, and external and internal output
trajectories of ¥ under an external input 7, an internal
input w, and an initial state a.

Remark 4. Note that the discrete-time system ¥ in (4) is
presented independently of ct-SCS ¥ for now. In particu-
lar, in order to construct finite abstractions of continuous-

time stochastic systems X (i.e., f)) as proposed in Defini-
tion 6, one first needs to provide a time-discretized version

of ct-SCS (i.e., ) as a middle stage. In Section 5, we focus
on a particular class of continuous-time stochastic affine

systems ¥ and discuss the best choice for 3 to acquire the
least approximation error between Y and X.
The discrete-time stochastic control system ¥ can be

equivalently reformulated as a Markov decision pro-
cess (Kallenberg, 1997, Proposition 7.6)

5= (X,0,W, T, Vi, Va, o),

where the map Ty : B(X) x X x U x W — [0,1], is a
conditional stochastic kernel that assigns to any = € X,
7 € U, and @ € W, a probability measure Tx(-|Z, 7, W)
on the measurable space (X,B(X)) so that for any set
A€ B(X),

]P(:E(k:—i—l)eA\;E(k),ﬂ(k),zD(k))z/T;(dis’b?(k),D(k),w(k)).

A

For given inputs #(-),w(-), the stochastic kernel Ty cap-
tures the evolution of the state of & and can be uniquely

specified by the pair (s, f) from (3). We now define Markov
policies in order to control the system.

Definition 5. For the discrete-time stochastic control sys-
tem X in (4), a Markov policy is a sequence i =
([0, fi1, fi2, - - .) of universally measurable stochastic ker-
nels fi,, (Bertsekas and Shreve, 1996), each defined on the

input space U given X x W such that for all (§n, Wy,) € X x
W, fin(U|(€n,,)) = 1. The class of all such Markov
policies is denoted by Pg.

Now we construct finite MDPs ias finite abstractions of
discrete-time stochastic systems ¥ in (4). The abstraction
algorithm is based on finite partitions of sets X = U;X,,
U= U;U;, and W = U;W, and the selection of represen-

tative points fl € X;, 7; € U;, and w; € W; as abstract
states and inputs as formalized in the followmg definition.

Definition 6. Given a discrete-time system 3= (X U, W,
¢, f,Y1,Ya, hq, ho), its finite abstraction ¥ can be charac-
terized as ~ PO A
E:(X7U7W7§af5Y17Y27h17h2)7 (5)
vxzhereXz{&le neh, U={m,i=1,.
W = {w;,i=1,. nw} are sets of selected representative
points. Function f X xUxW x Ve — X is defined as

f(favaag) - g(f(gvlj,wv§))7 (6)
where Hg X 5 Xisa map that assigns to any 5 € X, the

.,np}, and

representative point £ € X of the corresponding partition
set containing é The output maps ﬁl, hs are the same as
le, hs with their domain restricted to the finite state set X
and the output sets Yl, Ys are just the image of X under
h1, h2 The initial state of 3 is also selected accordlng to
&= (50) with & being the initial state of 2.

The abstraction map II; defined in (6) satisfies the in-

equality -~ = SO
where ¢ is the state discretization parameter defined as
§:=sup{[[§ = &[], &€ €Xy, i =1,2,... . ng}.

Remark 7. Note that to construct finite abstractions as in
Definition 6, we assume the state and input sets of the

discrete-time system 3 are restricted to compact regions.

3. STOCHASTIC STORAGE AND SIMULATION
FUNCTIONS

In this section, we first define a notion of stochastic
storage functions (SStF) for c¢t-SCS with both internal
and external signals. We then define a notion of stochastic
simulation functions (SSF) for ct-SCS with only external
signals. We utilize these two definitions to quantify the
probabilistic closeness of interconnected continuous-time
stochastic systems and that of their discrete-time (finite
or infinite) abstractions.
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Definition 8. Consider a ct-SCS ¥ = (X, U W,U,W, f, o,
Y1, Y5, ha, hz) and its (in)finite abstraction S = (X,U,W,
s, f, Yl,Yg,hl,hg) A function S : X x X — R> is called
a stochastic storage function (SStF) from S to X if
e Ja € K« such that .
Ve € X,V € X, a(||hi(z)—h1(2)]]) < S(z,2), (8)
o Vk € N, V¢ := &(kr) € X,V = £(k) € X, nd
Vi :=v(k) € U,Vw := w(kt) € W,V :=w(k) €
Jv :=v(k7) € U such that
E[S(E((k+1)7), €k + D)) &€ vp,wb]  (9)

S HS(& é) + ext(HyH) + w

for some chosen sampling time 7 € Ry, 0 < k < 1,
Pext € Koo, ¥ € R0, and a symmetric matrix X with
conformal block partitions X% i, 5 € {1,2}.
We call the control system % a discrete-time (in)finite
abstraction of concrete (original) system Y if there exists

an SStF S from 3 to . Abstraction 3 could be finite or
infinite depending on cardinalities of sets X, U, W. Since
the above definition does not put any restriction on the
state set of abstract systems, it can be also used to define

a stochastic storage function from discrete-time system ¥
presented in (3) to ¥ (cf. the case study).

Remark 9. Note that one can rewrite the left-hand side
of (9) using Dynkin’s formula (Dynkin, 1965) as

B[S(E((k+1)7), Ek+1)) |€(k7),E(R), v (kr), (), w(kr),

()] = B [S(ehkr). &k + 1) + B[ [ ikH)T LS((1),

&k +1))dt| [ (k). o(k), (k) |

where LS is the infinitesimal generator of the stochastic
process applying on the function S, and E. is the condi-
tional expectation acting only on the noise of the abstract
system. The above Dynkin’s formula is utilized later in
Section 5 to show the results of Theorem 19.

Now, we write the above notion for the interconnected ct-
SCS as the following definition.

Definition 10. Consider a ct-SCS ¥ = (X, U, U, f,0,Y, h)
and its finite abstraction & = (X7U,§,f,f/,ﬁ) without
internal signals. A function V : X x X - R>g is called a
stochastic simulation function (SSF) from S to ¥ if
e Jda € K such that Vo € X, Vi € X, one has
a([h(z) — k(D)) < V(z, ), (10)
o Vk € N, V¢ := &(kr) € X,V€ := £(k) € X, and
Vi = (k) € U, v := v(kr) € U such that

E[V(((k+1)7), &k +1)) |, €,1,7]

< KV(EE) + pexe(121) + 1, (11)
for some chosen sampling time 7 € Ry, 0 < k < 1,
Pext € Koo, and ¥ € Ry g.

The next theorem is borrowed from (Lavaei et al., 2017,
Theorem 3.3) and shows how SSF can be useful in provid-
ing the probabilistic closeness between output trajecto-
ries of original interconnected continuous-time stochastic

systems and that of their discrete-time (finite or infinite)

abstractions.
Theorem 11. Let ¥ = (X,U, U, f,0,Y,h) be a ct-SCS
and ¥ = (X,U,g,f,f/,h) its discrete-time abstraction.

Suppose V is an SSF from S to X. For any input trajectory
v(-) € U that preserves Markov property for the closed-

loop 3, and for any random variables a and a as initial
states of the ct-SCS and its discrete-time abstraction,
there exists an input trajectory v(-) € U of ¥ such that
the following inequality holds over the finite-time horizon
Td:

P {Ogggnncmﬂ )]z ] } (12)
( d) ’L[) Ta if ale é

1<( ?() (1 (E);, i Uzjf
Ta —(1—r)T4) if o -

(8 e ()1, i) <2

where ¢ > 0 satisfies ¢ > pext([|P]lo0) + -

4. COMPOSITIONAL ABSTRACTIONS FOR
INTERCONNECTED SYSTEMS

In this section, we analyze networks of stochastic control
subsystems, 4 € {1,..., N},

E - (XMUZ;WMZ/{%WH.flaauyl 2i7h1i7h2i)a (13)
and discuss how to construct their finite abstractions

together with an SSF based on corresponding SStF of their
subsystems.

4.1 Interconnected Stochastic Control Systems

Definition 12. Consider N € N> stochastic control sub-
SyStemS E’L = (X17 Ui7 Wi7uia Wi7 f’i7 0y, Yl-n }/21 7h1i 7h21')7 1€
{1,..., N}, and a matrix M defining the coupling between
these subsystems. We require the condition M Hfil Yy C

HlN:l W; to establish a well-posed interconnection. The
interconnection of ¥;, Vi € {1,...,N}, is the ct-SCS
Y =(X,UU, f,o0,Y,h), denoted by Z(X4,...,3y), such
that X := [[¥, X;, U := HZVIU“ f=T1Y iy 0 =
[o1(@1);- - son(@n)] Y= [T, Vi, and A = [, s,
with the internal inputs constrained according to:
[wi; - swN] = M[hay(21);- -5 han (zN)]-
Remark 13. Note that we do not have any restrictions
on the interconnected matrix M and its entries can take

any values depending on the forms of interconnection
topologies.

4.2 Compositional Abstractions of Interconnected Systems
We consider ¥; = (X;, U;, Wi, Uiy, Wi, fi, 01, Y1,, Yo, , h1,, ha,)
as an original ct-SCS and il as its discrete-time finite ab-
straction given by the tuple i, = (Xi, Ui, Wi, i, f;-, Yli , 1721.,
le ng ). We also assume that there exist an SStF S;
from E to ¥; with the corresponding functions, constants,

and matrices denoted by i, pexti, ki, Vi, Xi, X, X2,

X21 and X?2. In the next theorem, we quantlfy the error
between the interconnection of continuous-time stochastic
subsystems and that of their discrete-time abstractions in
a compositional fashion.

Theorem 14. Consider an interconnected stochastic con-
trol system ¥ = Z(X,...,%y) induced by N € Ny
stochastic control subsystems ¥; and the coupling matrix
M. Let each subsystem >; admit an abstraction ; with
the corresponding SStF S;. Then
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N
V(x,2) = Zﬂisi(xiwi‘i)a (14)

is a stochastic simulation function from the interconnected
system ¥ = Z(¥4,...,Xy), with coupling matrix M, to

Y =7Z(%y,...,XN) if there exist p; > 0,4 € {1,..., N},
and T
M S M
[IL;] Kemp []Li] =0, (15)
M = M, (16)
N N
MH 2 C HWZ; (17)
i=1 i=1
where B B
m Xyt mXi?
7cmp = 21 MNXIIVI 22 MNX}V s (18)
p1 X3 ) p1 X7
- pn X3 pn X5

and ¢ = Zivzl q2; with go; being dimensions of the internal
output of subsystems X;.

5. CONSTRUCTION OF STOCHASTIC STORAGE
FUNCTIONS FOR A CLASS OF SYSTEMS

In this section, we focus on a special class of continuous-
time stochastic affine systems and impose conditions en-
ibling us to establish an SStF from its finite abstraction
3 to X. The model of the system is given by

dé(t)=(A¢(t)+Br(t)+ Dw(t)+b)dt+GdW,,

Y qG(t) = Ci&(t),

CQ(t) = ng(t),
where A € R"*" B e R"*™ D e R"*P (Cy € R1*" Oy €
R#=*" G € R™, and b € R™. We employ the tuple

M= (A7B7017025D5G5b)7

to refer to the class of stochastic affine systems in (19).
The time-discretized version of ¥ is proposed as

E(k +1) = E(k) + p(k) + Dw(k) + Re(k),

219 G(k) = Cig(k),
Ga(k) = Cag(k),

(19)

k €N,

(20)
where ~D and R are matrices chosen arbitrarily, and Cy =
C1P, Cy = Co P with P as chosen in£22) (cf. Theorem 19).

Our main target here is to employ X as the discrete-time

version of ¥ in order to establish an SStF from S to X
through ¥ while quantifying the best approzimation error.

Later, in Remark 20, we show that R = 0,, and D = 0,, %,
result in the least approximation error in our settings.

Now, we describe the finite abstraction of ¥ as
(& + 1) = TH(E(K) + (k) + Dib(k) + Re(k)),
188 (k) = Cuéh),

(k) = C¢(k),

k e N,

(21)

where map Hg : X = X satisfies the inequality (7). Now

we candidate the following quadratic stochastic storage
function

S(z,2) = (x — P#)T M(x — P#), (22)
where P is a square matrix and M is a positive-definite
matrix of an appropriate dimension. In order to show that

S in (22) is an SStF from 3 to ¥, we need the following
key assumptions over X.

Assumption 15. Assume that there exists a concave func-
tion v € Ko such that S satisfies

S(z,2") = S(z,2") < y(||z" —2"]), Vz,2’,2" € X. (23)

Note that Assumption 15 is always fulfilled for the function
S in (22) as long as it is restricted to a compact subset of
X x X.

Assumption 16. Let ¥ = (A, B,C1,Cs, D, G, b). Assume
that for some constant & € Ry, there exist matrices
M =0, K, Q and H of appropriate dimensions such that
the following matrix (in)equalities hold:

(A+BEK)' M+ M(A+ BK) < —&M, (24a)
BQ = AP, (24b)
D = BH. (24c)

Note that stabilizability of the pair (A, B) is necessary and
sufficient to satisfy condition (24a). Moreover, there exist
matrices @) and H satisfying conditions (24b) and (24c) if
and only if im AP C im B and im D C im B, respectively.
Assumption 17. Let ¥ = (A, B,C1,Ca, D, G, b). Assume
that for some constants 7 > 0and 0 < & < 1—e ™" with a
sampling time 7, there exist matrices X!, X2, X?2! and
X?22 of appropriate dimensions such that
re ¥ rBT MB 0

0 me *TrDT MD

B [EM + 03 X220, c{xﬂ} (25)

XIQCQ Xll

Remark 18. Note that in Assumption 17, matrices B, D, Cs
are those in the system dynamics, constant and matrix
R, M are the same as those satisfying the condition (24a),
and constants and matrices 7, 7, &, X1, X2, X', X?2 are
our decision variables to be designed. One can readily
satisfy this assumption via semi-definite programing tool-
boxes and then check the compositionality condition (15)
with obtained conformal block partitions X%, 4,5 € {1,2}
of subsystems (cf. the case study).

Now we provide another main result of the paper showing
that under which conditions S in (22) is an SStF from %
to 2. N
Theorem 19. Let ¥ = (A, B,C1,Cs,D,G,b) and X be
its finite MDP with discretization parameter d. Suppose
Assumptions 15, 16 and 17 hold, C; = C; = C1P, and
Uy = Cy = C3P. Then the quadratic function S in (22) is
an SStF from ¥ to X.

The functions and constants @, pext € Koo, 0 < K
and ¢ € Rsq in Definition 8 associated with S in (22
computed as

a(s) = 7/\min(M) s2,

>\max (C’ITCI)

K:=FRk+e "7,

<1,
) are

Vs € Rzo,

pess(s) = (14 D1+ )1 +7)s), Vs € R,
Y= e FTr(GT MG + 7T||\/./T;le2)
(14 7)8) + (1 + %)(1 + %) Te(RTR))
(14 %)(1 )1+ ni) 1D ).

where 7,7',7” > 0 are some positive constants chosen
arbitrarily.
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Remark 20. Note that for the discrete-time system ¥ in
(20), pext, and ¢ defined above reduce to

pext(s) = (L +7)(1+17)s), VseRso,
Y= e r(GT MG + ||V Mbl|?)
a1+ %) Te(RTR))

+y((@+ 7)1+ %) 1D [ [l

Moreover, if the abstraction ¥ is non-stochastic (i-e.,
R =0,) with D = 0,,xp, then
Pext(s) :==7(s), Vs € Rxg,
Y i=e *T7(GT MG + 7|V Mb|?).
This simply means if the concrete system satisfies some
stability property (cf. (24a)), it is better to pick non-
stochastic discrete-time system rather than stochastic ones

since the non-stochastic systems provide smaller approxi-
mation errors (cf. the case study).

Note that D = 0,x, (i.e., not having any internal input
in the abstract systems in (21)) will result in less approxi-
mation errors. In fact, a smart choice of the interface map
(9.3) in Appendix of (Nejati et al., 2020) still ensures that
the output trajectories of abstract systems follow those
of the original ones with a quantified probabilistic error

bound which gets smaller if D= 0 5p-
6. CASE STUDY

To illustrate the effectiveness of the proposed results,
we apply our approaches to a temperature regulation
in a circular network containing 100 rooms and con-
struct compositionally a discrete-time system from its
original continuous-time dynamic. We then employ the
constructed discrete-time abstractions as substitutes to
compositionally synthesize policies regulating the temper-
ature of each room in a comfort zone. By employing Theo-
rem 11, we guarantee that the distance between outputs of

continuous-time system 3 and discrete-time system ¥ will
not exceed € = 0.5 during the time horizon Ty = 12 with a
probability at least 91%. Due to lack of space, we provide
all details of the case study in the arXiv version (Nejati
and Zamani, 2020).
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