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Abstract: In this paper it is proved that a networked discrete-time switching system, equipped
with a given switches digraph, is input-to-state stable, provided that there exist multiple
Lyapunov functions (one for each mode) for each subsystem in the network, satisfying suitable
standard inequalities, and provided that a set of suitable vector small-gain conditions are
satisfied. The small-gain theorem here provided for the input-to-state stability takes into
account the switches digraph. That is, the less is the number of edges in the switches digraph,
the less is the number of involved Lyapunov inequalities and small-gain conditions which, if
satisfied, guarantee the input-to-state stability of the entire switching system under study. The
multiple Lyapunov functions for the entire system, guaranteeing the input-to-state stability,
are determined by the multiple Lyapunov functions for each subsystem in the family. To the
author’s best knowledge, this is the first paper in the literature concerning small-gain theorems
for the input-to-state stability of nonlinear discrete-time switching systems with given switches

digraphs.
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1. INTRODUCTION

Switching systems have been extensively studied in the
literature (see Liberzon, 2003, Liberzon & Morse, 1999,
Sun & Ge, 2011, and the references therein). Sufficient
Lyapunov conditions for the input-to-state stability of
discrete-time switching systems are available in the lit-
erature (see Kundu & Chatterjee, 2016, Lian et al., 2017,
Liu et al. 2016, and the references therein). In (Kundu
& Chatterjee, 2016), under suitable Lyapunov conditions
on each subsystem of the family, which allow for non
input-to-state stable cases, a walk strategy on the switches
digraph is studied such that the overall switching sys-
tem is input-to-state stable. Stability issues for discrete-
time switching systems with constraints in the switching-
dwelling signal are studied in (Geromel & Colaneri, 2006,
Kozyakin, 2014, Lu et al., 2018, Pepe, 2019, Philippe et
al., 2016, Zhang et al., 2014). In particular, in (Pepe,
2019) the input-to-state stability property for discrete-
time systems with given switches digraph is characterized
by necessary and sufficient conditions by multiple Lya-
punov functions. The switches digraph allows to reduce
the number of involved necessary and sufficient Lyapunov
inequalities, as selected by self-loops on modes (which are
allowed to dwell on) and directed edges between modes
(wich are allowed to switch from one to another). Small-
gain theorems for continuous-time switching systems are
available in the literature (see Dashkovskiy & Pavlichkov,
2017, Long, 2017, Long & Zhao, 2014, Yang & Liberzon,
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2015). As far as the discrete-time case (see Jiang et al.,
2004, Jiang & Wang, 2001 for non-switching nonlinear sys-
tems) is concerned, to our best knowledge, the small-gain
methodology based on multiple Lyapunov functions for
nonlinear switching systems with given switches digraph
has not been exhaustively developed in the literature. The
aim of this paper is to fill this gap. In this paper it is
proved that a discrete-time switching system, with given
switches digraph, is input-to-state stable, provided that
there exist multiple Lyapunov functions, one for each mode
(see Branicky, 1998, Daafouz et al., 2002, Jungers et al.,
2017, Hetel et al., 2008, Pepe, 2019), for each subsystem in
the network, satisfying suitable standard inequalities, and
provided that a set of suitable vector small-gain conditions
are satisfied. We remark that the small-gain theorem here
provided for the input-to-state stability takes into account
of the switches digraph. That is, the less is the number of
edges in the switches digraph, the less is the number of
involved Lyapunov inequalities and small-gain conditions
which, if satisfied, guarantee the input-to-state stability
at study. The small-gain conditions here provided are the
discrete-time switching counterpart of well known small-
gain conditions developed in the framework of networked
systems described by ordinary differential equations in
(Dashkovskiy et al., 2011). The small-gain conditions are
obtained by inequalities on multiple Lyapunov functions
(one for each mode of each subsystem) on the basis of the
switches digraphs of each subsystem. From those multi-
ple Lyapunov functions for each subsystem, and by the
small-gain conditions (which take the switches digraph of
each subsystem into account), a set of multiple Lyapunov
functions (one for each mode of the entire system) are
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obtained for the entire discrete-time switching system.
By this set of multiple Lyapunov functions for the entire
system, equipped by an entire switches digraph as obtained
from the ones for subsystems, the input-to-state stability
is proved by means of results in (Pepe, 2019). To our best
knowledge, this is the first result in the literature con-
cerning small-gain theorems for the input-to-state stability
of nonlinear discrete-time switching systems, with given
switches digraphs. A simple academic example with an
unstable subsystem in the family is studied, in order to
show how the methodology here provided works.

Notation The symbol R denotes the set of real numbers,
the symbol R denotes the set of non-negative real num-
bers, the symbol N denotes the set of non-negative integer
numbers. For given positive integer n, R™ denotes the set
of real vectors with n entries, R’} denotes the set of real
vectors with n non-negative entrles R £0 denotes the set
of nonzero real vectors with n non-negative entries. The
symbol || stands for the Euclidean norm of a real vector, or
the induced Euclidean norm of a real matrix. The symbol
o denotes the composition (of functions). Given a,b € R™,
we say a > b if a; > b; for all i = 1,2,...,n. Let us here
recall that a continuous function v : RT — R™ is: of class
K if it is zero at zero and strictly increasing; of class K if
it is of class K and unbounded; of class L if it is decreasing
and converging to 0 as the argument tends to 4+oo. A
continuous function  : Ry x Ry — Ry is said to be of
class KCL if, for each fixed ¢ € R, the function s — 8(s,t),
s € Ry, is of class K, and, for each fixed s € Ry, the
function t — B(s,t), t € Ry, is of class £. The standard
acronyms GAS, ISS, and ODE stand for global asymptotic
stability or globally asymptotically stable, input-to-state
stability or input-to-state stable, and ordinary differential
equation, respectively.

2. SWITCHING SYSTEMS WITH DIGRAPHS

For the reader’s convenience, and for the self-containedness
of the paper, we briefly recall here the results in (Pepe,
2019), which will be used in next sections concerning small-
gain results for networked switching discrete-time systems.
Let us consider the discrete-time switching system de-
scribed by the following equation

x(k+1):fa(k)(x(k)7u(k))a k€N7
z(0) =&, 1)

where: z(k) € R™, n is a positive integer; u(k) € R™ is the
input signal, m is a positive integer; o is a function (the
switching-dwelling signal) from Nto S, S = {1,2,...,p},p
is a positive integer; for any j € S, f; : R" xR™ — R" is a
locally Lipschitz function, satisfying f;(0,0) = 0; £ € R™.
Let E(S) (see Kundu & Chatterjee, 2016) be the finite
set of all pairs (i,7) € S x S such that it is allowed
to switch (or to dwell if ¢ = j) from system described
by f; to system described by f;. A nonblocking switches
digraph G(S, E(5)) is associated to the switching system
(1) as follows (see Kundu & Chatterjee, 2016): 1) the set of
vertices is the set of indexes in S; 2) the set of edges FE(5)
consists of a directed edge (i,j) whenever it is allowed to
switch from vertex (system)  to vertex (system) j, 4,5 € S,
i # j, and of a self-loop (j,7) at vertex j whenever it is

allowed to dwell on vertex (system) j for two or more (even
00) consecutive time-steps. Let us define the following sets
(of switching-dwelling and input sequences)

={0:N—= 85| (c(k),o(k+1)) € E(S), Yk € N},

={u:N—>R"} (2)
Notice that any switching-dwelling signal ¢ € Mg is
constrained to adhere to the provided switches digraph.
For £ € R™, 0 € Mg, u € M,, we denote with xz(k, &, o, u),
k € N, the solution of (1) corresponding to initial condition
&, switching-dwelling signal o, and input signal u. We
recall here the 0-GAS notion and Sontag’s notion of ISS
(see Jiang & Wang, 2001, Jiang & Wang, 2002, Pepe, 2019,
Sontag, 1995).

Definition 1. The system described by (1), with u(-) = 0,
is said to be 0-GAS if there exists a function § of class
IKCL such that, for any initial condition £ € R™ and for any
switching-dwelling signal o € Mg, the corresponding so-
lution z(k, &, 0,0) of (1) satisfies, for k € N, the inequality

(k. &,0,0)] < B(IE], k) (3)
Definition 2. The system described by (1) is said to be ISS
if there exists a function § of class KL and a function
of class K such that, for any initial condition £ € R", for
any input signal u € M,, and for any switching-dwelling
signal o € Mg, the corresponding solution x(k, &, o, u) of
(1) satisfies, for k € N, the following inequality

(k. &, 0,u)| < B(IE]; k)+7< S 1Iu(j)|>, (4)

J=0,1,
where the second term of the sum in the right-hand side
of (4) is taken equal to 0 for & = 0.

Theorem 3. (Pepe, 2019) The following statements are
equivalent:

a) the system described by (1) is 0-GAS;
b) there exist p continuous functions V; : R* — R,
i € S, functions «a;, i = 1,2, of class Ko, and
a function ag of class K, such that the following
inequalities hold, for all i € S, (4,1) € E(S), x € R™,
bl) a1 (|2]) < Vi) < aa(jal),
b2) Vi(fi(z,0)) = Vj(x) < —as(|z|)
Theorem 4. (Pepe, 2019) The following statements are
equivalent:

a) the system described by (1) is ISS;

b) there exist p continuous functions V; : R® — RT,
i € S, functions oy, i = 1,2,3, of class K, and
a function a4 of class K, such that the following
inequalities hold, for all ¢ € S, (4,1) € E(S), z € R",

u € R™,
bi) ar(jz)) < Vi(e ) a(|x),
b2) Vi(fj(@,u)) = Vj(x) < —as(|z]) + ca(lul).

3. NETWORK OF SWITCHING SYSTEMS

Let us consider the network of discrete-time switching
subsystems described by the following equations

xz(k + ]-) = fi,oi(k)(x(k)7u(k))v k eN,
z;(0) = x; 0, (5)
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where: z;(k) e R™,i=1,2,...,N; N, n;,i=1,2,...,N,
are positive integers; z(k) = [z] (k) 23 (k) --- x4 (k) }T,
k € N; u(k) € R™ is the input signal, k¥ € N; m is a
positive integer; o; : N — S;, S; = {1,2,...,p;}, is the
switching-dwelling signal related to sub-system i, p; is a
positive integer, i = 1,2,...,N; fi; : R x R™ — R™,
i =1,2,...,N, j € S;, are locally Lipschitz functions
satisfying f; ;(0,0) = 0; n = ZZV:I n;. Let Ey(Sk), k =
1,2,..., N, be the finite set of all pairs (i,j) € Sk X Sk
such that it is allowed to switch (or to dwell if i = j)
from subsystem described by fj; to subsystem described
by fr ;. A nonblocking switches digraph G (Sk, Ex(Sk)),
k=1,2,..., N, is associated to each subsystem as follows:
1) the set of vertices is the set of indexes in Sk; 2) the set
of edges E}(S)) consists of a directed edge (7, 7) whenever
it is allowed to switch from vertex ¢ (subsystem k at mode
i) to vertex j (subsystem k at mode j), 4,5 € Sk, @ # j,
and of a self-loop (j, ) at vertex j whenever it is allowed
to dwell on vertex j for two or more (even oo) consecutive
time-steps. Let p = II)Y ;p; and let S = {1,2,...,p}. Let
L:S5— 51 x5 x---x Sy be a bijective function, and
let L; : S — S;,i=1,2,...,N, be the function defined,
for j € S, as the ¢ — th entry of L(j). We can write the
entire system with subsystems (5), with a unique switches
digraph, as follows

.T(k?+ 1) = fo(k)(x(k)ﬂu(k))v ke Na

x(0) = o, (6)
with o : N — S and, for j € S, v = [2] 2] - x%]Te
R* z; e R™,i=1,2,...,N, u e R™,

fj(xvu) =

T
g @ @ o fop@o]
Let E(S) be the finite set of all pairs (j,1) € S x S such
that, (Lg(j), Lk(1)) € Ex(Sk) for all k =1,2,..., N, (ie.,
it is allowed to switch, or to dwell if j = [, from subsystem
(5) described by fi 1,(;) to subsystem (5) described by
Jr,p,@), for all k = 1,2,...,N). A nonblocking switches
digraph G(S, E(S)) is then associated to the entire system
(6) as follows: 1) the set of vertices is the set of indexes
in S; 2) the set of edges E(S) consists of a directed edge
(4,1), for j,1 € S, j #1, whenever (L (j), Lx(1)) € Er(Sk)
for all k = 1,2,..., N, and of a self-loop (j,j), for j € S,
whenever (Lk( i), Lk( )) € Er(Sk) forall k =1,2,..., N.

4. SMALL-GAIN ASSUMPTIONS

We introduce the following Assumptions 5, 6, which will
be used in forthcoming Theorem 7.

Assumption 5. There exist locally Lipschitz functions
Vij:R" =R, i=1,2,...,N,j=1,2,...,p;, functions
a; ;1 of class Koo, i = 1,2,..., N, (4,1) € E(S), functions
Vil Lk =1,2,...,N, (§,1) € E(S), either of class K
either identically zero, with ~v;;;; = 0,7 = 1,2,..., N,
(4,1) € E(S), functions v, 7 of class Ko, functions p; ;;
of class K, 1 = 1,2,...,N, (5,1) € E(S), such that the
following inequalities hold:

a) Y(|zil) < Vij(@i) <73(lwal), V@i € R™,

i=1,2,...,N, j €S
b) ViL,y(fiL,y(@ ) = Vi, y(i) <
N
—0ia(Vizo() (@) + Y Yokt Vi, (@) + pigia (Jul),
k=1
Vao=[af 23 - z%]TeR",
VueR™, i=1,2,...,N, (j,l) € E(S) (8)
Let us define, for j € S, the function Viec; : R" — Rf
as, for z = [z] 2l ... :rjj\}]T € R, x; € R, ¢ =
1,2,....N,
Vieej(x) =

T
(Vi) (1) Van,gy(@2) - VNoyg)(@n) ] (9)

Let us define, for (j,1) € E(S), the functions 4;; : RY —
-1
RY, A7} :RY = RY, T RY - RY, Q0 : RY - RY x

RY, pji : RY = RY, for s = [s1 52 ... sN]T € RY,
n € Ry, as follows
1
a1 j(s1) 0‘1{1( 1)
a2,j,1(s2) _ oy i (s2)
Aju(s) = : A (s) = : . (10)
an ji(sn) ax,yljJ(sN)
FJ l(s
N N N T
[ZVlkglsk Z'V2kgl5k)"'Z'YN,kgl5k ,
k=1 h—1 k=1
(11)
Qj(s) =
M1, 1;1% g 71,2,;’,1582; 'Yl,N,j,lESN;
Y2,1,5, V2,2,5,1\52 - Y2,N,5,I\SN
’ ! g . (12
VN,l,j,l(Sl) IN2,50(82) - YNNG(SN)
T
pii(m) =[p1.50(M) p2.0(0) -+ pnji(n)] (13)

We can rewrite compactly the inequalities (b) in Assump-
tion 5, for x € R™, u € R™, (4,1) € E(S5), as follows

Viee,(fj(@, 1)) = Viee,j(x) <

(A5 + 150 (Voee,j () + pjallul) (14)
Assumption 6. For any (j,1) € E(S), for any s € Rf,
s > 0, for any £ = 1,2,...,N, Q;,(s)ex # 0, where
er, k = 1,2,... N, is the canonical basis in RY. There
exist a vector pu € Rf, @ > 0, functions B;;, i =
1,2,...,N, (j,1) € E(S), of class K, such that, for any
s = [s1 82 ...
inequalities hold

SN]T € R+ 20> the following small-gain

i (DsaoTiu0 A7l (s) = 5) <0, (D) € E(S), (15)
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where the function D;,; : RY — RY, (j,1) € E(9), is

defined, for s = [s1 55 ... sy]" € RY, as follows
Dji(s) = s+ Bju(s), (16)
and f;; : Rf — Rf is defined, for s = [s1 s2 ... SN]T €
Rf , as follows
Bia(s) = [Buja(st) Baja(sa) -+ Brju(sn)]" (17)

5. SMALL-GAIN THEOREM FOR ISS

The following theorem provides small-gain results for the
ISS property of system (6).

Theorem 7. Let Assumption 5 and Assumption 6 hold.
Then, system (6) is ISS. Moreover the p functions V; :
R" — Ry, defined, for z € R", as V;(z) = p Vyeci(2),
i € S, satisfy conditions (b1), (b2) in Theorem 4, when
applied to system (6).

Proof. The proof is obtained by the application of The-
orem 4 to system (6), with the functions V;, i € S. As
far as the conditions (b1) in Theorem 4 are concerned, the
following inequalities hold, for any x € R"™,

o ([z]) < Vi(z) < aof|z]) (18)
with a1, ay functions of class Ko, defined, for s € RT, as

ap(s) = inf
s=[z1 20 -+ ZN | €RY, |z|=s
T T
{7 [z A=) - 2(ew) )"}
as(s) = sup
z=[21 22 -+ 2N ]TERY, |z|=s

(W17 3(z2) -+ 7)) (19)

As far as the conditions (b2) in Theorem 4 are concerned,
we have, from (14), for any (j,1) € E(S), for any = € R,

W(fj(xvu)) - VJ(.%‘,U) =

NJT (Vvec,l (fj (.’t, U)) - Vvec,j (.’E)) S
P (= A0+ Tg0) Voee,j (@) + n7 pra(lul), — (20)
From (15), it follows that
p Dol vec,g( ) =
WD 0 ;00 AT} 0 Ay i(Vawoy(2)) <
Iz Aj,l(Vvec,j(w)) (21)

and thus the inequality follows

~17 A1 (Viee,j(2)) < =p" Dji o Tj(Viee, (7)) (22)
From (20), (22) it follows that

( i(@,u) = Vi(z,u) < —p" Djg 0T 1(Viee j(x))
P 1 (Voee i (@) 4+ 1" pja(lul) =
i1 (Voee () = 1 Bj.1(Viee,j ()
+MTFJJ( e (@) + 1" pjallul) =
—1" Bj1(Voee 5(x)) + 1" pja|ul) <
—as(Vj(x)) + au(lul), (23)

where a3, a4 are the functions of class Ko and K,
respectively, defined, for s € Ry, as

as(s) = (j,l)eEi(%g, %Rn{ﬂ Bji(Voec,j(2))
| 1 Voee,j () = s}, (24)
as(s) = sup {u"pju(s)} (25)

(4.DEE(S)

Therefore, the inequalities (b) in Theorem 4 are satisfied
with function ag of class Ko, and function a4 of class K
defined, for s € R, as as(s) = as o ay(s), as(s) = as(s).
The proof of the theorem is complete.

Remark 8. The small-gain condition (15) is the switching
discrete-time counterpart, with multiple Lyapunov func-
tions and switches digraph, of the small-gain condition for
continuous-time networked systems described by ODEs in
(Dashkovskiy et al., 2011). In (Dashkovskiy et al., 2011)
also linearly scaled gains were considered, leading to a nice
condition on related coefficients, which was firstly used in
the discrete-time case in (Pola et al., 2016). A same small-
gain condition by linearly scaled gains as well as a small-
gain condition by nonlinear gains as in (15) are used in
(Battista & Pepe, 2018), for nonlinear networked discrete-
time systems with bounded time-varying and uncertain
time delays, by means of Lyapunov functions independent
of the time delay, one for each subsystem. A key point in
the proof of Theorem 7 is given by steps (21) and (22).
Such simple mechanism was used in (Battista & Pepe,
2018) in the framework of networked discrete-time time-
delay systems (see the proof of Theorem 8 in (Battista &
Pepe, 2018)), and reveals to be helpful in the framework
of networked switching systems with switches digraph con-
sidered in this paper, as well.

The following Corollary provides small-gain results for the
0-GAS property of system (6).

Corollary 9. Let, in (6), u(-) = 0. Let Assumption 5 hold
with v = 0 and let Assumption 6 hold. Then, system
(6) is 0-GAS. Moreover the p functions V; : R* — R,
defined, for z € R", as V;(z) = pu? Vyeei(z), i € S, satisfy
conditions (b1 ), (b2) in Theorem 3, when applied to system
(6).

Proof. Just consider subsystems described by functions
fij t R" xR™ — R™, 4§ =1,2,...,N, j €5, defined,
for z € R", u € R™, as f; j(z,u) = f; ;(x,0). Then, by
Theorem 7, it follows that the new constructed networked
system is ISS. As the solution of the new constructed
system does not depend on the input, it follows that the
input can be chosen identically zero. Thus the inequality
(4) with u(-) = 0 returns the inequality (3) for the system

described by f;;, which yields the 0-GAS property of
the system described by (6), with u(-) = 0. As well,
with the new constructed system, the Lyapunov functions
Vi, i € S, satisfy conditions (b1), (b2) in Theorem 7.
Furthermore, since the left-hand side of the inequality in
(b2), in Theorem 7, does not depend on u € R™, it follows
that it holds in particular with v = 0, thus returning
condition (bz) in Theorem 3. The proof of the corollary
is complete.
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Remark 10. Notice that Assumption 6 requires the func-
tions ay; j 1,4 =1,2,..., N, (4,1) € E(S), to be of class Koo
Therefore, the weaker condition (b2) in Theorem 3, which
involves a3 of class IC, is not exploited in Corollary 9. In
Corollary 9, the constructed multiple Lyapunov functions
satisfy condition (b2) in Theorem 3 with ag of class Koo

6. EXAMPLE

In order to show how the methodology presented in the
paper works, let us consider the following simple network
of two scalar subsystems, with S; = {1} (i.e., the first
subsystem is not switching), and S = {1,2} (i.e., the
second subsystem is switching between two modes):

[ 0.225(k) + Gaga (w1 (k) + u(k)
za(k +1) = { Bial0) + bataas (1) 20

where 1 (k),z2(k),u(k) € R, k e N, §; € R, i = 1,2,3,
¢ : R — R, ¢ = 1,2,3, are arbitrary locally Lipschitz
functions satisfying |¢;(v)| < |y|, v € R, i = 1,2,3. With

the notation of the paper, we have, for x = {2] € R?,
u € R,

fia(z,u) =0.521 + 61q1(x2) +u
fea(z,u) = 0.222 + d2g2(x1) + u

fo2(x,u) = 3x2 + d3q3(21) (27)

The second subsystem has an unstable mode (i.e., the
mode 2 characterized by f22). We have S; = {1},
El(Sl) = {(]., 1)}, SQ = {1,2} Let

EQ(SQ) - {(L 1)7 (L 2)a (27 1)}

Notice that the switches digraph of the second subsystem
does not allow a self loop (2,2), that is, whenever the
second subsystem, at time &, is on unstable mode 2, then
in k+1 it must switch to mode 1. In this case we have p = 2
and S = {1,2}. Let the bijective function L : S — S7 x Sy
be defined as follows: L(1) = [1 1], L(2) = [1 2]. We
obtain E(S) = {(1,1),(1,2),(2,1)}. Let, for z; € R, i =

2, Vii(xr) = iz, Vo (x2) = rafae|, Vao(x2) = 73|22,
with r; positive reals to be chosen, i = 1,2,3. As far
as Assumption 5 is concerned, by exploiting the sector-
boundedness property of the functions ¢;, i = 1,2,3, we

have, for x = [xl} €R?, u R,
To

(28)

ViL,oy(fro y(z,u) = Vi, (o) <

r1|d
—0.5V17L1(1)($1) + 1| 1‘ Vs L2(1)( ) + r1|u|
VQ,L2(1)(f2,L2(1)(=T U)) - VQ,Lz(l)( 2) <
1)
—0.8V5, 1,(1)(22) + 2| 2‘ ViL )y (w1) + ralul

ViiLo ) ()@, w) = Vi, oy (1) <

~0.5V, 1, (1) (1) + 1'5”1/2 Lo (@2) + 71 [ul
Va,Ly2) (f2,0.(1) (T, )) Va,Lo1)(72) <
_%V&,Lz(l)(q@) + rslda| Vin )y (w1) +r3lul
Viin, ) (1o @) (@, ) = Vip, o) (1) <

T1 |(51|

—0.5V1’L1(2) (1‘1) +

Vo, 1,(1) (f2, 10 (2) (2, U))
_7"3 — 3’/“2

Va,Ly(2)(22) + 71Ul

Vi, 1,(2)(22) <

72|35

Va, Ly 2)(w2) + V1L, (2) (1) (29)

T3
Let us choose 71 = r3 = 1, ro = 0.25. As far as Assumption

. s
6 is concerned, we have, for s = [sl } € R2,
2

0.5s 0.5s
Ara(s) = {0 831}’ Ar2(5) = {0 233}’

4 0.5s1 4101|592

21 02582 025|(52|51 ’
4|01 |s2 |01]52

I'1,2(s) [52|s } {025(53|81 (30)

Let us choose §;;.(s) = ws, s € Ry, with w suitable
positive real, ¢ = 1,2, (4,1) € E(S). The application
of the small-gain condition (15) leads to the following

equivalent conditions (successful sufficiently small w can
be consequently chosen)
max {2|dz],0.5|95]} < < L (31)
X
2 8 208, |’

where p = [p1 po ]T is the vector invoked in the small-
gain condition (6). Therefore, if the following condition on
parameters §;, i = 1,2, 3,

20|(51| max{2|52\,0.5\53|} <1 (32)
holds, then the system described by (26) is ISS. Multiple

Lyapunov functions for the entire system, by which the
ISS property is proved according to Theorem 4, are given

by V; : R2 = R*, i = 1,2, defined, for z = [2} € R?,
Via(z)

oy o1 | Via
as Vi(z) = p {Vm(m)

satisfying inequalities (31), and with above choice of r;,
i = 1,2,3. A solution (in the unknown variable u), of
inequalities (31), is guaranteed to exist by condition (32)
on parameters 6;, 1 = 1,2, 3.

], with 1 and po positive reals

7. CONCLUSION

A small-gain theorem for the input-to-stability of a net-
work of switching subsystems, equipped with switches
digraphs, is here provided. The switches digraphs may
accommodate for unstable subsystems in the family, as
long as no consecutive steps on those subsystems are
allowed. The more information they take, the smaller the
number of required small-gain inequalities (with arbitrary
switching equal to p?, the square of the number of modes of
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the entire system). The provided small-gain theorem yields
the explicit construction of multiple Lyapunov functions,
one for each mode, for the entire switching system, on the
basis of multiple Lyapunov functions for each subsystem.
Future developments will concern the maximal allowed
permanence on unstable subsystems such that the input-
to-state stability is still preserved. A further development
is the application of the results by multiple Lyapunov
functions, here provided, to discrete-time systems with
unknown and time-varying time delays (see Battista &
Pepe, 2018, Hetel et al., 2008, Pepe et al., 2018), which
naturally arise in networked remote control. Stabilization
issues (see Deaecto et al., 2015, Fan et al., 2012) will be
also topic of forthcoming investigations.
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