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Abstract In this work, the admissibility analysis and the control problem are investigated for nonlinear
singular systems represented by interval type-2 Takagi-Sugeno (T-S) fuzzy models with time delay. First,
the interval type-2 fuzzy singular systems with time delay have been described. Second, the admissibility
analysis of the autonomous singular systems is studied. Third, the control problem has been investigated.
For this, an interval type-2 fuzzy control law is designed to guarantee the admissibility of the closed-
loop system despite the presence of uncertainties and time delay. To demonstrate the existence of the
proposed controller, by using generalised integral inequalities, sufficient delay-dependent conditions
are given in terms of Linear Matrix Inequalities (LM Is). Finally, an application to inverted pendulum
system presented by interval type-2 fuzzy models is afforded to show the effectiveness of the suggested

method.

Keywords: Interval type-2 fuzzy systems, singular systems, time delay, delay-dependent admissibility,

LMIs.

1. INTRODUCTION

Recently, the control problem for singular systems has been
studied in several researches due to their ability to describe
greatly many applications such as power systems and robot
manipulators. Studying singular systems is more complex be-
cause not only the stability should be guaranteed, but also the
regularity and non impulsiveness need to be verified Dai (1989).
Due to the effect of time delay on stability and system perfor-
mance, many researchers have focused on control problem for
singular systems with time delay Cui et al. (2013), Gassara et al.
(2014), Kchaou (2019). Several methods have been proposed
to deal with time delay such as Jensen inequality and Wirtinger
inequality which are special cases of generalized integral in-
equality Park et al. (2018).

In the last decades, the T-S fuzzy representation Takagi and
Sugeno (1985) has been considered to handle the control prob-
lem of nonlinear systems. Many results of controller synthesis
have been proposed using type-1 fuzzy model Chang et al.
(2012), Kchaou and Hajjaji (2017), Kchaou et al. (2018), Makni
et al. (2019). However, research results which consider type-
1 fuzzy model do not take into account uncertainties in the
membership functions. Thus, we should study the type-2 fuzzy
systems to solve the parametric uncertainties which are hidden
in the membership functions (we can cite Lam et al. (2013), Li
et al. (2017) and Tseng et al. (2017) and references therein).
For example, authors in Lam et al. (2013) have studied the
type-2 fuzzy systems where the time delay has not been taken
into account. Furthermore, in Li et al. (2017), singular systems

Copyright lies with the authors

have not been considered for the investigation of control prob-
lem. Moreover, authors in Tseng et al. (2017) have focused
on type-2 fuzzy control design for singular systems with time
delay. However, they have considered a classical Lyapunov-
Krasovskii functional which is a restrictive method.

In this work, the admissibility analysis and the control de-
sign problem are investigated for interval type-2 fuzzy singu-
lar systems in presence of time delay. Based on Lyapunov-
Krasovskii theory and using generalised integral inequalities,
delay-dependent conditions formulated in terms of convex op-
timization problem are proposed to ensure the admissibility
of the closed-loop system. Furthermore, simulation results are
illustrated to show the convergence of the inverted pendulum
system which prove the efficiency of the proposed control de-
sign.

This paper is organised as follows. In section 2, interval type-2
T-S singular systems with time delay is introduced. In section 3,
the admissibility analysis is presented. In section 4, the control
design and delay-dependent conditions are given to guarantee
the admissibility of closed-loop system in presence of time
delay. Section 5 presents the simulation results to show the ef-
fectiveness of the proposed design method. To close this work,
some comments are given in section 6.

Notations Throughout this paper, we note that X7 and X !
are the transpose and the inverse of matrix X, respectively. X >
0 represents a positive definite matrix. sym(X) = X + X7T.
In a matrix, * denotes the transposed element in the symmetric
position. x denotes elements that are not relevant to discussions.
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2. SYSTEM DESCRIPTION

In this paper, singular systems with time delay using the interval
type-2 T-S fuzzy approach have been investigated. This class of
systems can be represented as follows:

Zul

x(t) = (b(t), te[-m,0]

x(t) + Apix(t — 7) + Biu(t))

6]

where z(t) € R"™, u(t) € R™ denote system state and control
input vectors, respectively. ¢(t) denotes the initial condition for
—7 <t < 0. A;, Ap; and B; are system matrices. F is a
singular matrix which satisfies rank(F) = ¢ < n, T represents
a constant delay and ¢ is the premise variable. Membership
functions are defined as

il€() = u (E(0). (E()) + 21 (€ a(E(1)
S nle() =1 @
=1

where 0 < v, (£(t)), v (()2 L, v (&(1) + v(€(t)) =1

t
in which v, (£(t)) and 0;(£(t)) are weighting functions.

We have:
[1i(§(t)) = Lé(é“( ), 1i(§(2))] )
= [Hﬁ H w; (f5(€ t))]
j=1 j=1
with
hw,; (f5(€())) = by, (f5(£(8))) = 0
in which 0 <y, (f3(E(1))). v, (f(6(1)) < 1 represent

the lower and upper membership functions and W;; are interval
type-2 fuzzy setof rules¢; ¢ =1,...,r, j=1...,p
Consider the following singular system with time delay.

{ Ei(t) = Az(t) + Apa(t — 7) 3)
z(t) = ¢(t), t € [-7,0]

Before starting, we recall the following definition and lemmas
which will be considered throughout the paper:

Definition 1. Dai (1989)

1. System (3) is said to be regular if det(sE — A) is not
identically zero.

2. System (3) is said to be impulse free if deg(det(sE — A)) =
rank(E).

3. System (3) is admissible if it is regular, impulse free and
stable.

Lemma 1. Park et al. (2018)

For a symmetric matrix M > 0, scalars a and b with a < b,

vector z, k = 1,...,3 and by selecting pg o(s) = 1,p1,0(s) =
2

s—a—"%and pyg = (sfa)2f(bfa)(sfa)+@,

the following result holds:

b 3
(b—a)/ 2(s)"E"MEZ(s)ds > > (2k—1)I'} (=

k=1

2)MT(2)
“4)

with

Ti(z) = E(2(b) —

Iy (2) = E(2(b) +

(a)) ,
(a)) — 2% [ Ez(s)ds

z
z

b
[5(z) = E(2(b) — 2(a)) + %/ Ez(s)ds

ﬁ /ab /Sb Bx(u)duds

Lemma 2. Uezato and Ikeda (1999)

Singular matrix F can be written as £ = Ep, Eg where E;, and
FEr are full column ranks. Let U be full row rank and V' be full
column rank such that UE = 0 and EV = 0. For symmetric
matrix P such that EX PE; > 0 and non singular matrix X,
we have PE+UT XV is non singular and the following result
holds:

(PE+UTXVT)"1 = PET + VXU (5)
with P and X are symmetric and non singular matrices, respec-
tively such that ~
EEPER = (ETPEL) land X =
Lemma 3. Zhang et al. (2018)
Based on Lemma 2, we have:

(VTv)—l _1(UUT)_1

(PE+UTXVDTE(PE4+UTXVT)"t = ET

6
(PE+UTXVT)y " TET(PE+UTXVT)=E ©

In the following section, the admissibility analysis is studied.

3. ADMISSIBILITY ANALYSIS

In this part, the admissibility analysis of system (1) with u(¢) =
0 has been studied. For this, we propose the following Theorem.
Theorem 1. System (1) with u(t) = 0 is admissible if there
exist symmetric matrices P > 0, X137 > 0,Q > 0, R > 0,
Wi > 0 and Wy > 0, for constant delay 7, such that the
following LM Is hold:

Uyyy Uyop Uiz Uiy TATRT
% Woy Waz; Woy 7ALR
U= | x  x Way Wy 0 |<OVi=l:r (7)
* * * Wyy 0
* * * * —R ]
with
Py P P37
P=| x Py Py
ES * P33
Uy = sym((PuE + UM X1 V)T 4) + sym(ETP12E)

+sym(tETPE) + Q + 72W + — W2 - 9ETRE
Ui9; = (PLE+UTX V)T Ay, — ETP12E +3ETRE

Uy3; = TAT PioE + 7ET PyE + T ETPLE — TET Pi3E
—24ETRE

Wiy = %QA?PBE + %2ETP23E + gETP?:‘SE +30ETRE

Uy = —-Q —9ETRE

Vo3 = TAL PloE — TET Py E + 36 ETRE

Uyy = 5 AT PiyE — 7 ET Py E — 30ET RE

Wa3 = —12ET Pys B — 12ET PLE — 192ET RE — 72W,

Uyy = T ETPy3E + 180ET RE

U4y = —180ETRE — T-W,

where U and V' are defined in Lemma 2.
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Proof. The proof is divided into two parts. The first one deals
with the regularity and impulse freeness and the second one
analyses the stability of the system. Since rank(E) = ¢ < n,
there exist two invertible matrices M and NV such that

[1,0
MEN_[O 0}

Define
A1 Ajo

_ _ Ri1 R
M T M 1 — 11 12
R {Rm Ros

MAlN _ |:Ai11 Ai12:|

Pij11 Prjio

M Tp .M~ =
L |:Plg21 Pyjoo

:|7j17273

0
~TrrT _
MU —{UlT

such that Uy and V; are invertible.

],VTN: [0 vi']

From condition (7), it is easy to declare that ¥;; < O.
Considering positive matrices ), W7 and W5, we get:
4
T
\Ijlli_(Q+T2W1+ZW2) <0 €]

Pre and post-multiplying equation (8) by N7 and N, we obtain:

* *
<0 9
{* sym(AngUlTXllVlT) ©)

Knowing that ZT: wi(€(t)) = 1and p;(€(t)) > 0, we get:
=1

Zul

So, Z 1i(€(t))Azoo is non singular. Thus, according to Defi-

Nsym (AL UL X1, ViE) <0 (10)

n1t10n 1 the autonomous singular type-2 T-S system is regular
and 1mpulse free. To study the stability, we consider the follow-
ing Lyapunov-Krasovskii functional:

V(z(t)) = Vi(z(t)) + Va(z(t)) + Va(z(t)) + Va(z(t)) (A1)
where
Vi(z(t)) = At )TPtA( ) ;
At) = {(VET/ dﬂf%s/(/ Fﬂﬁw}
Va(z(t)) = [ a(s)TQu(s)ds
Va(x(t)) = f ft+0 (s)TET RE#(s)dsdf
= 7-/ / z(s) T Wiz (s)dsdf
77’ t+0

ng (s)dsdfdu

YNNI

The derivative of V' (z(
system (1) is given as

t)) along the trajectory of autonomous

V(x(t) = Vi(a(t)) + Va(@(t)) + Va((t) + Va(x(1))
Vi(z(t)) = sym(A)TPA(®L)) = A ()T rAq(t)  (12)
where Eit)
Av(t) = E(x(t) - ot — 7))
TExz(t) Ex(s)ds

Ao(t) =

/ / s)dsdf
—7 Jt4+0

sym(PnE +UTX 1 VT)  PhE PsE
T= * sym(PayE)  PaE
* * sym(Ps3E)
and

Va(a(t)) = 2(t)" Qu(t) — x(t — 1) Qu(t — 7)
Va(x(t)) = 72(t)T ET RE&(t) — T/tt i(s)" ETRE#(s)ds
. (14)

Ze(t) T Wha(t) — T/t—‘r z(s)TWyx(s)ds

7_4 ,}_2 0 t
+—a(t) T Waa(t) — —/ / x(s) T Wax(s)dsdf
4 2 —7 Jt+6 (15)

13)

Vi (x(t)) =7

From (14) and using Lemma 1, we get:
[ " b(s) ETRE(s)ds < C(OTACE) (16)
with o
¢(t) = {x(t)T x(t — T)T 71_/:T m(s)Tds

9 [0 gt T
— / / z(s)T dsdf }
T —7 Jt+0

a7)

—9ETRE 3ETRE -24ETRE 30ETRE

Ao * —9ETRE 36ETRE —30ETRE
- * * —192ETRE 180ETRE
* * * —180ETRE

(18)

From (15) and using Jensen inequality, we have:

t t t
77—/ z(s)TWha(s)ds < 7(/ :p(s)ds)TWl(/ x(s)ds)
t—r t—T1 t—T1

19

- / / ng (s)dsdf
—T t+9
T 0t
< - / / (s)dsd) WQ(/ / z(s)dsdf)
—7 Jt+6 —7 Jt+0
(20)
Considering equations (12), (13), (16), (19) and (20), we obtain:
) < Zuz T(W; + 72 RO)C() - (21)
where
Wi Wigp Wiz Wiy
o — | ¥ W22 oy Woy
v * * \1’33 \1134 ’
* * X \IJ44
and

Qi = [Al Ahi 0 0], Vi:].,Q,...J’
According to equation (7) and Schur complement lemma, for
i=1,2,...,r,V(z(t)) <0. Thus, system (1) is admissible.

O
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Remark 1. Comparing with Tseng et al. (2017) and Li et al.
(2017), authors have chosen a classical Lyapunov-Krasovskii
functional. However, we have considered an augmented vector
and a triple summation to construct a new functional which
reduce the conservatism of the proposed methods.

4. CONTROL DESIGN AND ADMISSIBILITY
SYNTHESIS

In this section, a type-2 fuzzy control law has been designed
to not only compensate non linearities but also to stabilize the
closed loop singular type-2 fuzzy systems despite the presence
of time delay. For this, we construct the following control law:

= 3w G K ()

in which 14 (£(¢)) is defined in equation (2). After that, consid-
ering equations (1) and (22) the singular closed loop system is
given as follows:

=2 > mal€E)ny (e
i=1 j=1
+Apix(t — 7))
System (23) is admissible if the condition presented in the next
Theorem holds.
Theorem 2. System (23) is admissible if there exist symmetric
matrlcesP11>O P* >0, X11>0 Q>O R>O Wy >0

and Ws > 0 and matrices Hj, L;, for constant delay 7, such
that the following LM I's hold:

(22)

) ((A; + BiK;)z(t) 23)

U, <0 (24)
\i/ij + \I’ji <0 25)
with _ _ _ _ _

U115 P12 P13 Yig Pisig

- *  Way o3z Woy Wos;
U5 = * x W3z Uy 0 (26)

* * * Wy O
* * * * @55

- Pyy P
re TR
4
\1/111']' = sym((PHET + VXllU)TA?) + T2W1 + %WQ
+sym((H;E" + L;U)"B') + Q — 9ERE"

Wio; = Api (P11 ET + VXHU)PJr 3ERET
U3 =T7EP»ET + TQEP23E — 24ERET
Uy, = —EngET +Z EP33ET +30ERET
V1565 = (PHET + VX11U)TAT + (H,ET + L;U)T BT
Uy = —Q — 9ERET
\1123 = —’TEPQQET + 36ERET
Uy = ——EP23ET — 30ERE™
Wos; = (PHET + VX11U)TAT
\1133 = —T EPQSET - TQEP23ET - 192ERET — T W1
Ugy = —TEP33ET + 180ERE™
Uy = —180ERET — T_W,

Uss = —(PuET + VX1 U)T — (PLET + VX1 U)+ R

Proof. According to Theorem 1, by setting Pjs =
Py3 = 0 and by replacing A; with A; + B; K in equation (7),
we obtain the matrix ¥;;. Let ¥ = (P E + UL Xy, VT)~T
H; = K;Pj; and L; = K;V Xj;. Pre and post-multiplying

0 and

U;, by diag(T T,Y,Y,R~!) and its transpose, equation (26)
holds using Lemmas 2 and 3 and the following expressions :
Q=PuE+UTXVT)"TQ(P1LE + UTXMVT)*l

R= (P E+ UTXHVT; 'R(PhE+UT X vT)=T

Wl = (PllE + UTX11V )7TW1(P11E + UTX11VT)71
WQ = (PllE + UTX11VT)7TW2(P11E + UTXllvT)il
Then, the controller gains can be computed through the follow-
ing equation: ~ ~

K;=(H;ET" + L;U)(PhET +VX,U)"!

5. SIMULATION RESULTS

In this section, the pendulum system (Lam et al. (2013), Su et al.
(2013)) described in this work by a Type 2 T-S fuzzy singular
model is provided to further demonstrate the performance of
the developed control scheme :

—3ampLé2 (t)sin(20(t))/2 + 3gsin(0(t)) — 3acos(6(t))u(t)
4L — 3amyp Lcos?(6(t))

with 6(t) represents the angular displacement of the pendulum,

g=9.8m/ 2, me represents the mass of the cart, m,, represents

the mass of the pendulum, a = 1/(m. + mp), L = 0.5m

which is the length of the pendulum and u(t) represents the

force applied to the cart. The system can be described as:

6(t) =

@1(t) = 22(t)
B2(t) = fi(t)z1(t) + fa(t)u(t)
0 = Lsin(z1(t)) — z3(t)
where

fit) =

27

(g — ampLa3(t)cos(x1(t))) sin(z1(t))
(4L/3 — amy, La(t)cos? (z1(t))) 21 (t)
)

—acos(x1(t)

f 2 ( ) 41, 2
/3 — ampLcos?(x1(t))

x1(t) denotes the angle of the pendulum from the vertical,
x2(t) denotes the angular velocity, x3(t) denotes the relative
horizontal distance from the pendulum center to cart. m, and
m. are uncertain parameters which satisfy m. i, = 2Kg <
Mme < Memaz = 3Kg and Mp min = ]-Kg < my <
Mp maz = 2K g.
The interval type-2 fuzzy model with time delay is presented as
follows :

=3 mlE(®)

(1 =) Ajz(t) +vAz(t —7) + Biu(t))

(28)
with
100 0 10
E=({010]|, Ay =192902 0 O]
000 —0.483 0 —1
0 10 0 10
Ay=19.29020 0 |, A3 = 2352 0 0 1
0.483 0 —1 —0.483 0 —1
0 10 0
Ay = 123520 O —0.6667]
0.483 0 — 0
0
By =DBj3, By =B, = —0.0792]
0

Assume that z1 (¢) is measurable, the lower and upper member-
ship functions are given as follows:
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hy,, (1) =1~ e_(”f/l's)7 by, (21) = 0.4e—(#7/02)
thl(xl) = hwll_(xl)a thg(xl) =1- hW12($1)
hyy,, (x1) = 1 = hw,, (1), hyy,, (21) = hy,, (21)
hW41 (z1) :ﬁwg (1), hW42 9512) hw,m(

EWu(xl) = 0.25¢™ (r1/0_3)’ thz( ): e (@ 1/2:5)
}J’Wm(xl) = thl(xl)’ tha(xl) =1 7QW12(x1)
]}WBI (1‘1) = 1 - 7W11(1‘71)7 hW32 (1‘12 = hW12 (1’1)
hW41 (xl) = hW31 (131), hW42(x1) = thz(xl)

For v = 0.1, 7 = 0.2, if equations (24) and (25) hold, we
get via yalmip toolbox the following controller gain matrices:
= [61.1636 14.0391 0.0645 |
K, =[283.7181 69.2988 0.0022]
=[92.0017 16.7493 0.0792 ]
K, =[394.3674 96.6673 0.1035]

For the simulation results, the initial conditions are chosen as
2(0) = [r/6 — 1.4 0.25]T.

Figures 1-3 show the simulation results. Figure 1 illustrates the
state responses of the open-loop system. Figure 2 presents the
responses of the system state and the convergence of the control
force is demonstrated in Figure 3. Figure 1 shows that the
autonomous system is unstable. However, from Figure 2, it is
clear that the closed-loop interval type-2 fuzzy singular system
is stable. As a result, the designed interval type-2 fuzzy control
law can completely compensate the non linearities. Moreover,
the closed-loop system converges to zero in a small time even
the presence of time delay and the existence of uncertainties
considered in the membership functions. Thus, our control
design scheme is effective.
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Figure 1. State responses of autonomous system
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Figure 2. State responses
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Figure 3. Control force of u(t)

6. CONCLUSION

In this work, a control design method has been elaborated for
an interval type-2 T-S fuzzy singular systems with time delay.
The proposed method allows the convergence of the state of
closed-loop system. For the admissibility analysis, sufficient
conditions have been presented in terms of LM Is. Finally, the
performance of the suggested method has been illustrated via an
application to inverted pendulum. As future work, we will focus
on the control problem for the same class of systems while
considering a time varying delays and mismatched membership
functions.
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