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Abstract: This paper proposes a Lyapunov-based adaptive backstepping approach to dis-
tributed optimization of nonlinear uncertain multi-agent systems. The model of each agent
is in the strict-feedback form with parametric uncertainties. By only using local objective
functions, this paper aims to solve the distributed optimization problem for the multi-agent
system such that the outputs of the agents converge to the optimizer of the total objective
function. Based on the idea of adaptive backstepping, the distributed optimization problem
for the high-order multi-agent system is decomposed into solving the optimization or control
problem for multiple first-order subsystems. The technical contributions lie in a Lyapunov-based
design for distributed optimization, and a refined nonlinear damping design to deal with the
newly appearing nonlinear uncertain terms caused by optimization. Based on the new designs,
a Lyapunov function is constructed for the entire system, and the LaSalle-Yoshizawa Theorem
is employed for convergence analysis. It is shown that the objective of distributed optimization
is achievable if the local objective functions are convex with at least one of them being strongly
convex. Computer-based numerical simulation is employed to show the effectiveness of the

proposed design.
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1. INTRODUCTION

In the past decades, distributed optimization has attracted
increasing attention due to the demand for solving opti-
mization problems through parallel and coordinated com-
putation ?7?7?. Promising applications of distributed opti-
mization include sensor networks 7, signal processing 7,
power systems ? and robotic networks 7.

Aiming at developing a systematic theory for distributed
optimization, 7?7 have exploited discrete-time algorithms

Several existing methods have been refined for distributed
optimization, such as gradient-based control 7?77, in-
tersection computation ?, alternating direction method
of multipliers (ADMM) ? and extremum-seeking control
(ESC) ?. The information exchange topology has been

generalized from the static case 77 to the switching case
72

Although most of the existing results focus on multi-agent
systems modeled by first-order or second-order integrators,
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some recent results have shown the interest in systems
involving more complex dynamics. The recent works 77
consider linear multi-agent systems, and the study in
77 focus on nonlinear multi-agent systems. 7?7 study the
distributed adaptive optimization problem for nonlinear
multi-agent systems in the normal form with parametric
uncertainties.

This paper studies the distributed adaptive optimization
for nonlinear uncertain systems in the popular strict-
feedback form. References 7?7 also studied the observer-
based adaptive fuzzy backstepping control of uncertain
nonlinear pure-feedback systems.

The challenge lies in unified Lyapunov-based designs for
distributed optimization and adaptive control, as well as
the convergence analysis of the resulted closed-loop sys-
tem. In this paper, the problem is solved through a refined
backstepping design 7. The initial step of the recursive
design fixes the distributed optimization problem with the
outputs of the agents considered as the virtual control
input. Then, for each agent, a constructive design is de-
veloped to deal with the subsystems one-by-one, until the
true control input appears. New nonlinear damping terms
are employed to the constructive design to cope with the
nonlinear terms introduced by the distributed optimiza-
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tion algorithm. Along with the constructive design, a Lya-
punov function can be constructed for the resulted closed-
loop system at the same time, and the boundedness and
convergence of the states are guaranteed by the LaSalle-
Yoshizawa Theorem 7.

2. NOTATIONS AND TERMINOLOGY

|-| denotes the Euclidean norm for vectors and the induced
norm for matrices. For A € R™*™ |A| represents its
induced 2-norm, and rank A represents the rank of A.
For real matrices A and B, A ® B represents the Kro-
necker product. We use 1 to represent the N-dimensional
[1,...,1]7, and use Id to represent the identity function.
By default, Y ;_, a; = 0 for any a; € R and any k > s.

For a function ¢ : RP — R? V¢ represents the gradient
wherever it exists. A function ¢ : R? — R is convex if, for
any 0 < a <1, p(al + (1 —a)2) < ap((1) + (1 —a)p((e)
holds for all (1,{o € RP. If ¢ is differentiable, then its
convexity can be equivalently defined by VT (()(¢1 —
C2) < o(€1) — ¢(¢2) for all (1,¢( € RP. A differentiable
function ¢ is strictly convex if the inequality above is strict
whenever (1 # (2, and it is called w-strongly convex with
w > 0if (VT((1) = VT () (G — G2) 2wl — G| for all
(1,2 € RP. A vector-valued function ¢ : R? — RP is called
Lipschitz with constant 1, or simply called J-Lipschitz, if

[1(C1) = (C2) < VG — G for all €1, ¢ € RP.

A weighted digraph G is a triple (N, &, A) where N' =
{1,..., N} is a nonempty, finite set, & is a subset of A" x A/
with (Z,’L) ¢ E for all i € N, and A = [aij]NxN is
the weighted adjacency matrix with a;; = 0 for all 7, j
satisfying (j,4) ¢ € and a;; > 0 for all 4,5 satisfying
(7,7) € €. Elements of A/ are referred to as nodes, and an
element (4, j) of £ is referred to as the edge from i to j. The
Laplacian of a weighted digraph G, denoted by L, is defined
as L = [lij}NxN with l“‘ = Ej;éi Qi and lij = —Q4j for
j # i. Clearly, L1y = 0. The digraph G is quasi-strongly
connected (QSC) if there exists some ¢ € N such that
there is a directed path from ¢ to i for each ¢« € N\{c};
the node c is called the center of G. The weighted digraph
G is weight-balanced if } ..\ aij = > ¢z aji holds for all
i € N. For a weight-balanced digraph, LT1y = L1y = 0.
See Figure 1 in Section 6 for an example of a weighted
digraph.

3. PROBLEM FORMULATION

Given a multi-agent system composed of N agents with
each agent described by

ik = Tigor1) + 9ip(@ir)0i, k=1, ,n;—1 (1)

Tin, = Wi + g, (Tin, )0s (2)

Yi = Ti1 (3

for i € NN = {1,...,N}, where z;3 € R" for k =
1,---,n; is the state, u; € R™ is the control input, Z;; =
(5, ,2%]T, y; € R™ is the output, g, : RFw — R

is a vector valued locally Lipschitz function, and 6; € R
are unknown parameters. Notice that the outputs of all the
agents have the same dimension while their states could
have different dimensions.

Consider the optimization problem

c(r) =Y eilr) (4)
ieN

where each ¢; : R™ — R, referred to as local objective

function, is differentiable. ¢(r) is known as the (total)

objective function.

Jmin c(r),

We make an assumption on the local objective functions.
Assumption 1. The objective function c satisfies that

(1) each ¢; with ¢ € N is convex, and at least one of ¢; is
w-strongly convex with constant w > 0;

(2) for each i € N, the gradient Ve; is ¢-Lipschitz with
constant 9 > 0.

Remark 1. The first condition of Assumption 1 guarantees
the existence of the unique solution to (4). The second con-
dition is used for the design of a distributed optimization
algorithm. Note that the second-order differentiability is
not required for ¢; and ¢, and at least one of the local
objective functions is required to be strongly convex.

Denote y. € R™ as the global minimizer of ¢ in (4). For
the multi-agent system (1)—(2), distributed optimal output
agreement aims to design a control law for each agent
by using the local measurements z; and Ve;(y;) and the
information exchange between the agents such that all the
signals in the closed-loop system are bounded, and the
outputs of the agents converge to y*, i.e.,

Jim ;i (t) = .. (5)

The information exchange topology of the multi-agent sys-
tem is described by a digraph G = (V, £, A). Specifically,
each agent is represented by a node in G, and (i,5) € £
if the information of agent i is available to agent j. The
element a;; in the adjacency matrix A represents the
weight of the edge (4, 4). The following assumption is made
on the digraph.

Assumption 2. The digraph G is QSC and weight-balanced.

4. BACKSTEPPING DESIGN FOR DISTRIBUTED
ADAPTIVE OPTIMIZATION

4.1 Initial Step for Distributed Optimization

This subsection presents the design for the initial step,
mainly focusing on distributed optimization. A Lyapunov
function is constructed to characterize the proposed dis-
tributed optimization algorithm, and will be used later to
construct a Lyapunov function for the entire system.

Consider the distributed optimization algorithm

> ai —vp) = > aijlai — q;) (6)

JEN JEN

1> agily; —yj) (7)
JEN

where yi € R" and ¢; € R" are the states, y; is the

output of agent 4, a;; are elements of A, and p > 0 is a
design parameter.

Ui = —=Veilys) —

i

Here, y; can be considered as the virtual control input
for distributed optimization. If y; = y; and a;; = aj;,
then the existing results, e.g., 7, can readily guarantee the
convergence of the algorithm.
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For convenience of discussions, rewrite the system (6)—(7)
in the compact form

y" = —-Acy) — Ley" — Lgq (8)

= uLly" 9)

where y" = [yI7,. .,y 1", ¢ = laf,....qf]", v =

Wi, unl”, Ady) = Vi), ... Vien(yn)]", and
Ly=L®I,,

The existing result (?, Theorem 4.1) gives the equilibrium
of the system (8)—(9) with y = y". The result is given here
to make the paper self-contained.

Proposition 1. Under Assumptions 1 and 2, [yST,qg]

an equilibrium of the system (8)—(9) with y = y" if

Lggo = —Ac(In ® yx), (10)
Yo = 1IN @ Yu. (11)

Taking any [y57, qf' |7 satisfying (10)—(11), define
=9 —v, 4=4q—qo- (12)

Then, the system (8)—(9) is transformed into

y=—(Ac(y") — Ac(y)) — Loy — Laq + (Ac(y") — Ac(y)),
(13)
§=nLgy (14)
where Aq(y") = [VTer(y]),...,VTen(yy)]T and the
property L1y = 0 is used. Denote Z = g7, q"1" as the

state of the system.

Define 3; = yI — y. for i € N. By using the definitions of

yh in (11) and ; above, we have § = [g1,...,7%]T. Also,
define g = [g7,...,9%]T with
Ui =Yi — Y- (15)

The following result gives a method to construct a Lya-
punov function for the system (13)—(14).

Proposition 2. Consider the system (13)—(14). Under As-
sumptions 1 and 2, there exist constants ki, ko, x2, x3 > 0
and 0 < x1 < 2/3 such that

pP= /J,kle kQL
T koLt kqlIy

192
Q1= pki(HY + H — xoIy) — ko <XIN + ZuLLT>
1

are positive definite, where H = B + L and B =

diag(bl, BN bN) with
_ Jw if ¢ is w-strongly convex,
b = {0 otherwise. (16)
Moreover, with
Vo(2)=2z"(P®1,,)Z, (17)
it holds that
)‘min(P)|Z|2 < VO(Z) < )‘maX(P)|Z|2 (18)
Vo(2) < =27 (Q ® In,)Z + dlg|® (19)
where d = 92 (uky /x2 + k2/x3) and
Q1 QQ:l
= 20
¢ [QS Qs (20)

is positive semidefinite with Q2 = ko LTL and Q3 = (2 —
X1 — x3)k2 LT L.

4.2 Recursive Steps:
Dynamics

Handling High Order Uncertain

This subsection presents the constructive design procedure
for desired nonlinear adaptive control laws. It is shown that
the distributed optimization algorithm leads to a nonlinear
uncertain term appearing at each step of the recursive
design, and the nonlinear damping technique is refined to
handle it. To simplify the discussions, this subsection only
gives the design for the case of n, = 1.

Fori=1,---, N, introduce the state transformation
€ik = Tik — Qy(k—1)s k=1,...,n (21)
0; = 0; — 0; (22)
where o0 = ¥y, o, are virtual control laws of ej-

subsystem for k =1, -+ ,n;, and 0, represents an estimate
of the unknown parameter 6#;. Furthermore, for k =
1, e, Ny define €k = [67;1, s ,eik]T and
s lop 45

V;k(eik, 91) = + 59?1_‘1 10i. (23)
Then, we recursively design «;; as well as the update law
for 0; until the appearance of the true control input u;.
Step 1. From (1) and (21

is

§\éz‘k\2

), the dynamics of e;1-subsystem

én = ez + ain +who; — gl (24)
where w;; = g;1. Taking the time derivative of V;, one has

"/il = 62'1(62'2 —+ (6751 —+ wgél — y:) — éZTFl_l(él — I‘iwileﬂ).
(25)
Consider the virtual control law
i1 = —pinein — whb; —mien. (26)
Then, (25) becomes
Vil = —pﬂ@?l - mi16121 +eneix — eny;
— éle“;l(éz — Fiwileﬂ). (27)

Step k+ 1 for 1 < k < n; — 1. Suppose that for the &;;-
subsystem we have designed virtual control laws

aaz 1) A
— Pij€ij + Z ) jzs Ti(s+1) — w;l;az

daii-1y \?
— M;;€ij5 (W) +Uij7 (28)

1 doy
Y10~ gis and

Qi5 = —€i(j-1)

O
+ MDTU
00,

where w;; = g;5 —

d aai(s—2)
Vij = Zei(s_l)iAFi’wij (29)
s=1 801
with a;—1y) = €io = 0, 3‘2‘13 gio = 0, T = wiei,
wij = [wh, - ,wiTj]T and 1 < j <k such that
k .
Vik = — Zpise?s + €ikei(k+1) + 9?(7‘11€ — F;lei)
s=1
aO‘z(s 1)
+ —_— Li7in — 9
(2 o, )" )
k 2
day(s_ 0w
- Zmisezzs <(r;(r1)) é(ér D zsyzr
s=1 Yi o—1 Yi
(30)
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Property (27) ensures the validity of the hypothesis for
k=1.

Consider the e;(41)-subsystem. From (1) and (21
have

), we

. Doy,
€i(k+1) = €i(k+2) T Mi(k+1) — 871‘1'(5“)
30% daiy, .
Fwl 0 — —E0; — Ly 31
k1% = 5 ayr Y (31)

Then, along the trajectories of the system (31), the deriva-
tive of Vj(x41) satisfies

Oais A
Vitkt1) szse% + <Z 28, ez(s+1)> (LT — 0:)

+ €i(k+1) |:eilc + €i(k+2) T Q(k+1)

aazk A
- Z Tics+1) + Wigksn)0i -

A, 6O‘i(s—l)

—b;
00

i

Oay, 4 ]

+§;T(T 7F1_19AZ — 1sy:
i(k+1) ) v 8y;ﬂ
(32)
Consider the virtual control law
- aa‘k
Q(k+1) = —C€ik — Pi(k+1)€i(k+1) T Z ﬁxi(ﬁl)
S:]. 18

A Oa k
wiggni + —5= T

2
Mi(k41)€i(k+1) (87’) +Vik+1). (33)

Then, the equation (32) becomes

k+1

Vi(kJrl) = - Zpisefs + €i(k+1)€i(k+2) T éZ‘T(Tz‘(k+1)
s=1

: " D
—T71,) + ==
) (z o

s=1 ?

ki:l <3Oéz(é 1)) R daigs1)
=) misel, -y
oyr — Oy

ei(s+1)> (CiTitht1) — 0;)

€isY; »

(34)
where we used

b — LiTie—1) = b,

i

=Dy + Timige — Timie—1)

— i + Diwigeir.

Clearly, the Vi(kﬂ) defined by (34) is in the form of the
Vir defined by (30).

Step n;. When k = n;, set ejn,41) = 0 and aip, = u;.
Then, equation (30) is rewritten as

‘/zn.b = - Zpisegs + einiei(n,;+l) + é;,T(T'Vn1 - F;léz)
s=1
W Doy :
+ Z fw@i(s—i—l) (F1T1n7 — 01)
s=1 891
i Ociis—1)\ > O O
2 i(s—1) i(s—1) e
_ Szzlmise,;s <8yf) — ; Tyzeisyi.
(35)
Consider the control law for the true control input
nlfl
i(n;—1
U = Qjp,; = z(ni—l) DPin; €in, + Z 7) i(s+1)
~ 5‘041- -
— 27;1 0+ (Til I)Flel
’ 00;
aai(n-fl) 2
- tn; Cin . in 36
o (B2 s

n;—1 0t(n, 1)
Gin; — 2521 890; Gis and Vin; =

3(116 2
> €i(s—1) ( )Fiwmr

where w;,, =

To eliminate the terms of 6 from the right-hand side of
(35), we design the update law for 6; as

0; =TiTin, (ézn”ez) = Fﬂf];l;h €in,; - (37)
Then, equation (35) becomes
g
- 8047(9 1)
an - szs zs meezs < ayl
Oa
- Z —gur sl (38)

Remark 2. The proposed recursive design introduces non-
linear damping terms ? to the virtual control laws to
address the terms of g/, to avoid the usage of high-order
derivatives of y; .

5. STABILITY ANALYSIS

This section gives the main result of the paper.

Theorem 1. Consider the multi-agent system (1)—(3) with
the controller defined by (6)—(7) and (21)—(37). Under
Assumptions 1 and 2, the objective of distributed optimal
output agreement is achievable by appropriately choosing
pij and m; fori=1,...,Nand j=1,...,n

Proof. Denote X = [Z7T, éle,HlT, N7 . 67T

+ § Vvuh 617747 z

with b > 0 to be determined later. Then, along the trajec-
tories of the closed-loop system considered by Theorem 1,
it holds that

. Define

V(X)=b(Z (39)
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N
V(X) =bVo(Z) + ) Vin, (Ein,.07)
=1
N n;
gAbZTK2®I%)Z+Wd@F"E:E:Pwei
1=1 s=1
N n;
+33 0 o
1=1 s=1

By using %; = 7 — 9« = 97, (13) and Lg = Lgq, we have
971 < 917l + i) + | Lillgl + | Lalld]

which used the 9¥-Lipschitz property of V¢;. Then, it holds

that

g7 1P < 49%(|g]? + 13

Substituting (41) into (40) yields

)+ AL |51 + 41 Li?|g*. (41)

N Uz
V(X) < =bZ"(Q® I,)Z + bdlj]> = > > pisel,

+ZZ

(WP + 3P+ ALl

i=1 s= 1
+4|Zi2ld ). (42)
By using (19), Qs = (2 — x1 — x3)k2L” L and Lg = Lq,
inequality (42) becomes
N Kz
V(X) < =bZT(S®1,,)Z —bi"dj— > > pises,
i=1 s=1
(43)
. ! A Sl SQ
I _ =T ATT o _
with Z/ = [g*,¢' ', S = {SQT Sg},and
N
S =bQ — ZmilLiPIN — 192diag(m1, cee ,mN),
i=1
N g 1
S:kETE7Sr:b7— miii21,mi: s
2 2 3 =003 ; |Li|*In ; p—
d = diag(p1, — m19?%, -+ ,pn1 — mn9?) — bdly.

Proposition 2 guarantees the positive definiteness of ¢
and @3, which means that given specific m;s, L; and L;, we
can choose b large enough such that S is positive definite.
With such b, we can choose p;; large enough such that d
is positive definite. Then, (43) implies

N n;

—bdlg? = >3 pise 0.

i=1 s=1
(44)

V(X)<-bZ2T(S®1,,)Z

This guarantees the boundedness of X (?, Theorem 4.1).
Then, the boundedness of x;; for ¢ = 1,...,N and k =
1,...,n; can be proved following the standard analysis of
the backstepping approach ?.

With (44), by using the LaSalle-Yoshizawa Theorem (?,
Theorem 2.1), we have
N Uz

Y met) <0

i=1 s=1

hm(wZWS®%JZ—hM2—

t—o0
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Recall that S and d are positive definite, and p;; > 0 for
k=2,---,n;. Then, it holds that
Jin [5(t)] = lim [g(8)] = lim |g(t)| = lim |ei| =0,

(45)

for k = 2,---,n;, which, together with the fact y; —

Yo = Yi — Yl + Y] — Y = Ui + Ui, leads to limy o0 (yi(t) —

y«) = 0, and equivalently the satisfaction of (5). This ends

the proof. o

6. AN EXAMPLE

In this section, we employ a multi-agent system composed
of four pendulums to show the effectiveness of the proposed
design. For i = 1,...,4, each pendulum is described by (?,

p. 5)
i’il = X2 (46)
0; 1
jj‘ig = 71% sin Ti1 — e —X;2 + ZZ (47)
Yi = T (48)

where z;; and x;5 are the states, g is the acceleration due
to gravity, l; and m; are the length and the mass of the
bob separately and T; is the control input representing
the torque applied to the bob. In our example, we take
mi = 1,m2 = 1.2,m3 = 1,m4 = 0.5,[1 = 0.1,12 =
0.2,l13 = 0.15,l4 = 0.1,60; = 0.5,0, = 04,05 = 0.2,0, =
0.3 and g = 9.8. The objective is to render all of the
four pendulums to a desired position, i.e., the outputs
y; for ¢ = 1,2,3 go to a common value determined by
the optimization problem (4) with ¢;(r) = 0.5(r — ) for
i = 1,2,4 and ¢3(r) = r — 1. The information exchange
topology and its adjacency matrix are shown in Figure 1.
One can check that Assumptions 1 and 2 are satisfied and
the optimal solution of (4) is y, = 2.

0001
1000
| l A=10100
4 3 0010

Fig. 1. The information exchange digraph G and the
adjacency matrix A.

By taking g;1 = 0,¢;2 = —x;2/m; and introducing a new
control input ; such that T; = m;l2(g/l; sin ;1 + u;), the
system (46)—(48) is transformed into the form of (1)—(3).

We use the distributed coordinator (6)—(7) with u =
1 and the adaptive backstepping control laws in the
form of (21)-(37) with the estimation 0; in the form
of (37). In particular, the control law is u; = a2 =
— pizeiz — (Pi1 + mi1) @iz — wi2b; + winLizioein/m; —
migeig(p“ + mil)z, éz = 71‘1’261'2/7’)% with the parameters
[ = 1,mi1 = maa = m32 = my1 = mya = 0.6, M2 =
ma1 = 0.8,m31 = 0.7,p12 = p32 = 0.002,p22 = pso =
0.001,p11 = 79.98,p21 = 79.99,p31 = 80.1 and py; = 80.
The trajectories of y; are shown in Figure 2. It is shown
that all the y; converge to y. = 2.
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time

Fig. 2. Trajectories of the outputs of four pendulums with
initial states y"(0) = [1,2,3,0], ¢(0) = [1,—1,1,0],
21(0) = [0,1,2, 3] and x5(0) = [1,1,0.1,0].

7. CONCLUSIONS

This paper studies the distributed optimal output agree-
ment problem of nonlinear multi-agent systems taking the
parametric strict-feedback form. A class of distributed
optimal coordinators is proposed and shown to have ro-
bustness with respect to tracking errors. This kind of
coordinators can estimate the optimizer exponentially if
there exists no tracking error under a mild assumption
on the optimal objective function and the interconnection
topologies. By means of a refined adaptive backstepping
method, state-feedback control laws are constructed that
render the closed-loop multi-agent system stable. In ad-
dition, it is shown that the distributed optimal output
agreement problem can be solved.
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