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Abstract: This paper proposes a two loops control system structure for position and attitude
of the Quadrotor flying vehicle. To control the Quadrotor’s center of gravity position in the
instantaneous horizontal inertial planes, a small disturbance linearization-based Proportional-
Derivative controller is employed in the outer (position) loop to provide reference pitch and
roll tilting commands to the inner (attitude) loop. The outer loop also generates the thrust
command required to track desired altitude trajectories. The inner loop utilizes a novel
Adaptive Robust Generalized Dynamic Inversion (ARGDI) control design that is made by
augmenting a direct adaptive control element in the baseline Robust Generalized Dynamic
Inversion control system. The adaptive control law is obtained via a control Lyapunov function,
and it aims to reduce the dependency of the control system on the geometric and inertia
parameters of the Quadrotor in order to overcome control performance degradation due to
modeling and parametric uncertainties, and due to external wind disturbances and dynamic
scaling of the Moore-Penrose Generalized inverse. Computer simulations are performed in the
Matlab/Simulink environment on a six DOFs Quadrotor model to demonstrate the robust
globally asymptotically stable performance of the two loops control system. Additionally,
performance of the inner ARGDI attitude control loop is tested on an experimental Quanser’s
three DOFs Hover test bench.

Keywords: Adaptive Robust Generalized Dynamic Inversion, Sliding Mode Control, Small
disturbance theory, Quadrotor control, Global asymptotic stability.

1. INTRODUCTION

Designing an effective Quadrotor flight control system is
a challenging task due to its nonlinear complex dynamics
and because of stability and performance concerns regard-
ing modeling and parametric uncertainties, external dis-
turbances, and actuator dissimilarities, see, e.g., Mahony
et al. (2012). To address these problems, numerous linear
and nonlinear control methodologies were investigated in
the Quadrotor control literature.

Among the linear control methodologies, PID and LQR
control designs were implemented on Quadrotor platforms,
e.g., Bouabdallah et al. (2004). However, linear control
methodologies have limited capabilities in achieving good
performance over wide ranges of operations and strong
nonlinearities. To perform high performance maneuvers
with good tracking performance, several nonlinear con-
trol methodologies have been developed for the Quadro-
tor vehicles. Among the nonlinear Quadrotor control de-
signs that appear in literature are adaptive control Zhou
et al. (2018), Sliding Mode Control (SMC) L’afflitto et al.
(2018), Model Predictive Control (MPC) Falanga et al.
(2018), Integral Back-Stepping Control Poultney et al.
(2019), Fuzzy Logic Control Vitzilaios and Tsourveloudis

(2009), Nonlinear Dynamic Inversion (NDI) Das (2018),
etc.

The NDI control design is attractive because of its sim-
plicity, intuitiveness, and practicality. However, among the
limitations of the NDI control approach is the requirement
of exact mathematical modeling of the controlled plant’s
system dynamics, performance degradation because of the
simplifying approximations that are needed to invert the
plant dynamics, elimination of useful nonlinearities, the
square dimensionality restriction, and the possibilities of
square inversion singular configurations.

On the other hand, the Generalized Dynamic Inversion
(GDI) control methodology has been capable of overcom-
ing the shortcomings and challenges of NDI Ansari et al.
(2018). The methodology is based on prescribing one or
more virtual differential state constraints that express the
prime control design objectives. The differential state con-
straints are evaluated along the trajectories of the dynam-
ical system, and are imposed on its closed loop dynamics
by means of the dynamically scaled Moore-Penrose Gener-
alized Inverse (MPGI). If the number of virtual constraints
is less than the number of control variables then another
component of the control vector that is orthogonal to
the range space of the MPGI provides an extra design
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freedom that can be utilized to satisfy other control design
objectives. The GDI control methodology has been applied
to numerous aerospace and robotics applications, see, e.g.,
Ansari et al. (2019a); Ansari and Bajodah (2017b,a).

This paper presents a two loops direct adaptive control
design structure that is based on the GDI control de-
sign methodology. A Proportional Derivative (PD) con-
strained control type is applied in the outer (position)
loop on Quadrotor’s dynamical equations of motion that
are linearized via the small disturbance theory to produce
pitch and roll attitude commands while controlling the
quadrotor’s altitude. The inner (attitude) GDI control
loop produces the control torque commands for desired
roll, pitch, and yaw attitude tracking. To enhance the
GDI control loop robustness against system uncertainties
and external disturbances and MPGI dynamic scaling, a
SMC element is augmented with the baseline controller
resulting in the Robust GDI (RGDI) control law. Finally,
an adaptive control loop is augmented within the inner
loop to further reduce the dependency of the Robust GDI
(RGDI) control design on the inertia parameters of the
Quadrotor. The adaptive RGDI (ARGDI) control system
performance is validated through numerical simulations
on a six Degrees of Freedom (DOFs) simulator of X4-
flyer quadrotor considering nominal and perturbed flight
conditions.

A dynamic modeling brief of the Quadrotor is presented
in section 2. The two loops control system is described in
section 3. The outer position and inner attitude control
systems are designed in sections 4 and 5, respectively.
The computer simulations and the experimental results are
given in section 6, and the paper is concluded in section 7.

2. QUADROTOR MODELING

The Quadrotor’s main frame is assumed to be a rigid
body, and its center of gravity (CG) is assumed to coincide
with the origin OB of the body coordinate system. The
Quadrotor’s body-fixed reference frame is denoted by
B(xb, yb, zb), and the inertial Earth-fixed reference frame
is denoted by E(xe, ye, ze). The total Quadrotor’s thrust
force in the negative zb direction is given by

T =

4∑
i=1

Ti = b

4∑
i=1

ω2
i , i = 1, 2, 3, 4 (1)

where Ti is the thrust force of the ith rotor in the negative
zb direction, b is the lift coefficient of an individual rotor
and is assumed to be identical for the four rotors, and ωi
is angular speed of the ith rotor, and it is negative for
i = 1, 3 and positive for i = 2, 4. The torques generated by
the rotors about the xb axis (τx rolling torque), yb axis (τy
pitching torque), and zb axis (τz yawing torque) are given
by

τx = db(ω2
4 − ω2

2) (2)

τy = db(ω2
3 − ω2

1) (3)

τz = k(ω2
1 − ω2

2 + ω2
3 − ω2

4) (4)

where d is the moment arm of Ti about OB, i = 1, · · · , 4.
The yawing moment τz that is given by (4) is generated by
the rotors’ drag forces that tend to rotate the Quadrotor
in opposite directions by creating reaction torques on the

Quadrotor’s body, where the drag-to-moment coefficient
k is determined experimentally Leishman (2002); Mahony
et al. (2012). The Quadrotor is an under-actuated dynam-
ical system having a 4-dimensional input vector

u = [T τx τy τz]
T

(5)

and a twelve dimensional controlled state vector

x =
[
xe ye ze ẋe ẏe że φ θ ψ φ̇ θ̇ ψ̇

]T
(6)

where φ, θ, and ψ are respectively Euler’s roll, pitch,
and yaw angles that are used as coordinates of angular
orientation Nelson (1997). The relation between the input
vector u and the angular speeds of the rotors is given by
Mahony et al. (2012)

u = R
[
ω2
1 ω2

2 ω2
3 ω2

4

]T
(7)

where R is the 4× 4 full rank constant matrix given by

R =

−b −b −b −b0 −db 0 db
db 0 −db 0
k −k k −k

 . (8)

The translational Quadrotor’s kinematics in E is given by
the vector equation

µ̇ = v = [ẋe ẏe że]
T

(9)

where µ and v are the inertial displacement and ve-
locity vectors of the Quadrotor’s center of gravity OB,
respectively. The translational Quadrotor’s dynamics are
modeled by Newton’s equations of motion

m
Edv

dt
= mgnE − TnB (10)

where m is the Quadrotor’s mass, g is the acceleration due
to gravity, and

Edv

dt
= v̇ = [ẍe ÿe z̈e]

T
(11)

is the time derivative of v relative to E, and the unit
vectors nE and nB are in the positive ze and zb directions,
respectively. Expressing (10) in E and solving for the
inertial accelerations ẍe, ÿe, and z̈e yield[

ẍe
ÿe
z̈e

]
=

[
0
0
g

]
− LEB

 0
0
T

m

 (12)

where LEB is the Lx(−φ)→Ly(−θ)→Lz(−ψ) transforma-
tion matrix from B to E, see, e.g., Nelson (1997). The final
form of (12) is[

ẍe
ÿe
z̈e

]
=

[
0
0
g

]
−

[
sψsφ + cψsθcφ
−cψsφ + sψsθcφ

cθcφ

]
T

m
(13)

where the abbreviations cψ and sθ refer to cosψ and sin θ,
etc. Denote the angular velocity vector of B with respect
to E by Ω, and express it in B as

Ω = [p q r]
T

(14)

and denote the angular velocity vector of the ith rotor with
respect to E by Ωri , and express it in B as

Ωri = [p q r + ωi]
T
. (15)

The Quadrotor’s rotational kinematics is given by the
relation between the time rates of Euler’s angles and the
body components of Ω as Nelson (1997)
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φ̇θ̇
ψ̇

 =

[
1 sφtθ cφtθ
0 cφ −sφ
0 sφ/cθ cφ/cθ

][
p
q
r

]
(16)

where tθ stands for tan θ. Equation (16) is rewritten
compactly as

Ψ̇ = Γ(φ, θ)Ω. (17)

The angular momentum vector of the Quadrotor about
OB is

H = JΩ + Jr

4∑
i=1

Ωri (18)

where J = diag [Jx, Jy, Jz] is the 3× 3 Quadrotor’s main
frame’s diagonal inertia matrix, such that Jx, Jy, and Jz
are the principal moments of inertia constants, and Jr =
diag [0, 0, Jr] is the approximate 3 × 3 rotor’s diagonal
inertia matrix, where Jr is the rotor’s polar moment of
inertia constant about the rotor’s axis of rotation, and
is assumed identical for the four rotors, and the rotor’s
transverse moments of inertia constants about the axes in
the plane of rotor’s rotation are assumed ignorably small.
The time derivative of H relative to E is given by the basic
(transport) kinematical equation Kasdin and Paley (2011)
as

EdH

dt
=

BdH

dt
+ Ω×H =

JΩ̇ + Ω×JΩ + Jr

4∑
i=1

Ω̇ri + Ω×Jr

4∑
i=1

Ωri (19)

where Ω̇ = [ṗ q̇ ṙ]
T

and Ω̇ri = [ṗ q̇ ṙ + ω̇i]
T

are respec-
tively the time derivatives of Ω and Ωri relative to B, and
Ω× is the cross product matrix that corresponds to Ω, and
is given by

Ω× =

[
0 −r q
r 0 −p
−q p 0

]
. (20)

The rotational Quadrotor’s dynamics are modeled by
Euler’s equations of motion

EdH

dt
= τ (21)

where τ = [τx τy τz]
T

. Substituting (19) in (21) and

solving for Ω̇ yields the following Quadrotor’s rotational
dynamical equations of motion in B

Ω̇ = −J−1
(

Ω×JΩ + Jr

4∑
i=1

Ω̇ri

+ Ω×Jr

4∑
i=1

Ωri − τ

)
. (22)

The acceleration form of Euler’s kinematical equations
(17) is derived next to have the control input appear in

the equations. The time derivative of Ψ̇ is

Ψ̈ = Γ̇(φ, θ, φ̇, θ̇)Ω + Γ(φ, θ)Ω̇ (23)

where Γ̇(φ, θ, φ̇, θ̇) is the element-wise time derivative of
Γ(φ, θ). Substituting (22) in (23) yields the following

compact expression for Ψ̈

Ψ̈ = F + Gτ (24)

where

F = Γ̇(φ, θ, φ̇, θ̇)Ω− Γ(φ, θ)J−1
(

Ω×JΩ

+ Jr

4∑
i=1

Ω̇ri + Ω×Jr

4∑
i=1

Ωri

)
(25)

and
G = ΓJ−1. (26)

Moreover, because |r| << |ωi| and |ṙ| << |ω̇i|, (22) is
approximated by omitting r and ṙ in the expressions of
Ωri and Ω̇ri .

3. ARGDI CONTROL SYSTEM STRUCTURE

In proposed two loops structured control system, the outer
(slow) positional loop utilizes PD control to generate
reference pitch and roll tilting commands to inner attitude
loop. Additionally, the outer loop controls the altitude of
the quadrotor by producing the thrust control variable.
The inner (fast) attitude control loop utilizes the proposed
ARGDI design to control the yaw, pitch and roll attitude
variables by producing the three control torque variables.

4. PD CONTROL FOR OUTER LOOP

The desired acceleration commands along xe and ye direc-
tions are computed by replacing ẍe and ÿe by ẍed and ÿed,
and φ and θ by φr and θr respectively in (12), resulting in[

ẍed
ÿed

]
= −

[
sψs(φ+4φ) + cψs(θ+4θ)c(φ+4φ)
−cψs(φ+4φ) + sψs(θ+4θ)c(φ+4φ)

]
T

m
(27)

where
φr(t) = φ(t) +4φ(t) (28)

θr(t) = θ(t) +4θ(t) (29)

The variables 4θ and 4φ representing the reference tilt-
ing commands generated by the outer positional loop
to stabilize the positional coordinates. The trigonometric
functions about the instantaneous values φ(t) and θ(t)
are expanded using small disturbance theory assumptions
yields the following linear system[

ẍed
ÿed

]
= Mu + N (30)

where

M = − T
m

[
sψcφ − cψsθsφ cψcθcφ
−cψcφ − sψsθsφ sψcθcφ

]
N = − T

m

[
sψsφ + cψsθcφ
−cψsφ + sψsθcφ

]
, u =

[
4φ
4θ

]
.

The control expression is obtained by solving (30) as

u = M−1
([
ẍed
ÿed

]
−N

)
. (31)

The virtual dynamics of the Quadrotor’s center of gravity
OB in arbitrary horizontal inertial planes is chosen to be
in the following form

ẍe + c1(ẋe − ẋed) + c2(xe − xed) = ẍed (32)

and
ÿe + c3(ẏe − ẏed) + c4(ye − yed) = ÿed (33)

where c1, c2, c3, and c4 are strictly positive scalars. The
control expression u is obtained by substituting ẍed and
ÿed from (32) and (33) into (31).
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Similarly the thrust force is realized by solving the third
scalar equation of (12) for T yields

T =
m

cθcφ
(g − z̈e). (34)

Hence, the asymptotically stable virtual altitude dynamics
of OB is prescribed as follows

(z̈e − z̈ed) + c5(że − żed) + c6(ze − zed) = 0 (35)

where c5 and c6 are strictly positive scalars. The required
control thrust T is obtained by solving (35) for z̈e and
substituting in (34), resulting in

T =
m

cθcφ
[g − z̈ed + c5(że − żed) + c6(ze − zed)]. (36)

5. INNER LOOP CONTROL DESIGN USING ARGDI

This section presents the ARGDI design of the three
control torques required to track the reference roll, pitch
and yaw attitude commands. We define the desired angular
position and body rate vectors as

Ψd = [φr θr ψd]
T
, Ωd = [pd qd rd]

T
(37)

and define the state deviation function χ as

χ = eToKeo (38)

where eo = Ψ − Ψd, and K is a 3 × 3 positive-definite
constant matrix. We now define the sliding mode variable
s as

s = χ̇+ a1χ+ a2

∫ t

0

χdt (39)

where a1 and a2 are positive constants. The time derivative
of s given by (39) is evaluated as

ṡ = χ̈+ a1χ̇+ a2χ. (40)

Hence, (asymptotic or finite-time) convergence of ṡ to
zero implies asymptotic convergence of χ, χ̇, and χ̈ to
zeros. Evaluating χ̇ and χ̈ along solution trajectories of
the Quadrotor’s attitude dynamics given by (17) and (24)
yields the following form of (40)

ṡ = Aτ −B (41)

where
A = 2eToKG (42)

and

B = −2ėToKėo − 2a1e
T
oKėo

− a2eToKeo − 2eToK(F− Ψ̈d). (43)

The expression of B given by (43) involves F, which
depends essentially on the Quadrotor’s inertia parameters
and angular speeds of the four rotors. Therefore, inaccura-
cies in attitude and attitude rate measurements adversely
affect the computed online values of B. For that reason,
we will assume that B is unknown and we will replace the
function B in the proposed control law by an estimation
variable B̂ that will be updated adaptively as will be
shown. The proposed ARGDI control law τ is given by

τ =

τeq︷ ︸︸ ︷
A∗B̂ + Pζ−

τrbt︷ ︸︸ ︷
cA?sign(s) (44)

where τ eq is the GDI equivalent control part and τ rbt is
the SMC robustifying control element. The dynamically
scaled generalized inverse A? is given by

A∗ =
AT

AAT + ν(t)
(45)

where ν(t) satisfies the first-order forced dynamics

ν̇(t) = −ν(t) + γ
‖ei(t)‖2

‖eo(t)‖2
, γ > 0, ν(0) > 0 (46)

where ei = Ω−Ωd, and ‖ · ‖ denotes the Euclidean norm.
In (44), P is the null projection matrix given by

P = I3×3 −A+A (47)

and ζ ∈ R3 is a null control vector that is designed to
stabilize the Quadrotor’s angular body rate dynamics. In
this paper we utilize the design of ζ that is given by Eq.
(74) in Ansari et al. (2019b). The (discontinuous) SMC
term τ rbt in the ARGDI control law given by (44) works
to robustify the closed loop performance against model-
ing uncertainties and external disturbances and dynamic
scaling of the MPGI, where c is a positive sliding mode
constant gain, and sign(.) is the sign function. Substituting
the expression of τ given by (44) in (41) yields

ṡ = δAB̂ − cδAsign(s)−B (48)

where δA = AA∗. Because ν ∈ (0,∞), the expression ofA∗
given by (45) implies that 0 ≤ δA < 1. Let the unknown

function B be the sum of the estimate B̂ and an estimate
error B̃. Then a stability condition of (48) is derived by
considering the following Lyapunov function

V =
1

2
s2 +

1

2γ1
B̂2 +

1

2γ2
B̃2. (49)

The time derivative of V is given by

V̇ = sṡ+
1

γ1
B̂

˙̂
B +

1

γ2
B̃ ˙̃B

= s
(
δAB̂ − cδAsign(s)

)
− sB̂ − sB̃

+
1

γ1
B̂

˙̂
B +

1

γ2
B̃ ˙̃B

= sδAB̂ − sB̂ − cδA|s| − sB̃

+
1

γ1
B̂

˙̂
B +

1

γ2
B̃ ˙̃B

= s(δA − 1)B̂ +
1

γ1
B̂

˙̂
B − cδA|s|

−B̃
(
s− 1

γ2

˙̃B

)
=

(
s(δA − 1) +

1

γ1

˙̂
B

)
B̂ − cδA|s|

−B̃
(
s− 1

γ2

˙̃B

)
. (50)

The expressions of
˙̂
B and ˙̃B are chosen as

˙̂
B =−γ1(k1B̂ + s(δA − 1)) (51)

˙̃B =−γ2(k2B̃ − s) (52)

where k1, k2 > 0. Hence, V̇ becomes

V̇ = −cδA|s| − k1B̂2 − k2B̃2. (53)

The obtained expression for V̇ is only negative semi
definite because δA may take the zero value. Therefore, the
conclusion that follows is that the points s = 0, B̂ = 0, and
B̃ = 0 are Lyapunov stable. Since V is non-increasing and
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bounded from below, it must converge to a constant value.
Moreover, Lyapunov stability of s = 0, B̂ = 0, and B̃ = 0

implies boundedness of ṡ,
˙̂
B, and ˙̃B, which together with

the boundedness of δ̇A imply boundedness of the second
derivative V̈ . Therefore, V̇ is uniformly continuous, and
hence it follows from Barbalat’s lemma that asymptotic
convergence of V implies asymptotic convergence of V̇ to
zero. Therefore, B̂, B̃ in addition to the product δA|s|must

converge to zero. Nevertheless, convergence of B̂ and B̃ to
zeros implies that the (unknown) function B converges
to zero, which implies from (43) that eo and ėo must
converge to zeros. Convergence of eo to zero implies the
convergence of A and δA to zeros as inferred from (42),
and the convergence of ṡ to zero follows from (48).

The proposed ARGDI control law preserves the geometric
structure of a conventional GDI control law. The ARGDI
control law given by (44) can be rewritten as

τ = A∗(xp, ν, t){B̂ − c sign(s)}︸ ︷︷ ︸
∈R(AT )

+ P(xp, t)ζ︸ ︷︷ ︸
∈N (A)

(54)

which consists of two parts that act on two orthogonally
complement subspaces of the control space: a particular
part that acts on the range space R(AT ) and an auxiliary
part that acts on the nullspace N (A). This mutual or-
thogonality of the two control subspaces allows to design
the particular control law independently from the auxiliary
control law.

6. SIMULATIONS AND EXPERIMENTAL
VALIDATION

To illustrate the performance of the proposed two-loops
control methodology, numerical simulation was created
in Matlab/Simulink environment. Computer simulation
is performed on a six DOFs quadrotor simulator whose
nominal inertia and aerodynamic parameters are listed in
Table 1. Moreover, lab experiments are also conducted to

Table 1. Quanser’s 3 DoF Hover specifications

Parameters Description Value Unit

m mass 2.850 kg
d arm length 0.280 m
Ix inertia 0.055 kg.m2

Iy inertia 0.055 kg.m2

Iz inertia 0.110 kg.m2

b thrust factor 0.877e−5 –
k drag factor 1.527e−4 –

visualize real time closed loop performance on Quansers 3
DOF Hover test bed.

6.1 Computer Simulation

In computer simulations, the capability of proposed two-
loop controller is tested using Matlab/Simulink software.
The helical trajectory with variable amplitude is com-
manded For pitch and roll axis, the tracking of desired
sinusoidal profiles is validated, where the commanded sinu-
soidal positional coordinates are governed by the following
kinematical equations

xed(t) = ±Am sin(2πft), yed(t) = ±Am(t) sin(2πft+π/2)

where maximum value of Am is 10 m. The desired altitude
profile is defined as zed(t) = t. A realistic scenario is

demonstrated by introducing 20% random variations in
the aerodynamic coefficients and inertial parameters, to
gain a qualitative insight of the robustness characteristic
and sensitivity of proposed two-loop control architecture.
In simulation nominal parameters are considered to model
the plant however these parameters are assumed to be
unknown for ARGDI and are estimated online in the
sense of Lyapunov. The key performance indices such as
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Fig. 1. Helical trajectory

positional coordinates, attitude tracking curves, and the
control inputs are shown in Figs. 1(a)-1(c). The posi-
tional response curve in three dimensions is shown in Fig.
1(a) which demonstrate effective tracking of the helical
path. The ARGDI control realizes better attitude tracking
curves with fast convergence as shown in Fig. 1(b). The
corresponding thrust input and control torques are shown
in Fig. 1(c) which reveals none of them achieved the sat-
uration limit. Hence the proposed methodology is robust
against parametric variations and proven to be effective
for wider range of operations.

6.2 Experimental Results

To further verify and examine the stabilization and track-
ing response of ARGDI based attitude control, an experi-
ment is performed on Quansers 3DOF Hover test bed. The
hover system consists of a frame with four propellers and is
mounted on an air bearing joint such that it rotates freely
in all the three rotational axes. Encoders are used to mea-
sure the angular positions for yaw, pitch and roll channels.
In the experiment the sinusoidal inputs are commanded to
the pitch and roll axis which are defined as

θd(t) = ±5 sin(2πft), φd(t) = ±5 sin(2πft+ π/2)

whereas the desired yaw angle is set to be zero. The
experimental curves using ARGDI control are summarized
in Figs. 2(a)- 2(b). The time histories of attitude tracking
curves are shown in Fig. 2(a) which demonstrate better
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(b) Control torques

Fig. 2. Experimental results

and accurate tracking performance. Moreover correspond-
ing control torques are shown in Fig. 2(b) depict that
the commanded torques are remain within the reason-
able range and never saturate. The experimental studies
demonstrate the tracking capability of ARGDI control in
the presence of significant inherent uncertainties in the
physical parameters of the hover test bed and proves to
be competent enough for its real time application to the
complex nonlinear systems.

7. CONCLUSION

In this paper, a six DOF model of quadrotor vehicle
is implemented with the intention to evaluate the per-
formance of a continuous two loops control architecture
for stabilization and tracking problem of this complex,
open-loop unstable flying vehicle. In the outer loop, PD
controller generates the desired tilting commands along
with required thrust to control quadrotor position in three
dimensional inertial space. The inner loop exploit the
attributes of ARGDI control to guarantee finite time at-
titude tracking along with online estimation of systems
unknown dynamical parameters. Lyapunov stability prin-
ciple is employed to establish the finite time stability of
the closed loop system. Numerical simulation and real time
experiments are presented to evaluate the performance of
the developed control system.
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