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Abstract: We consider the design of reduced-order observers and output feedback stabilizing
controllers for sampled-data strict-feedback systems with time-varying sampling intervals.
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1. INTRODUCTION

Modern and practical control systems use digital comput-
ers with zero-order holds and samplers to control plants.
Such control systems are called sampled-data control sys-
tems. Recently, the use of wired or wireless communication
networks, in which sensor data and control commands
are communicated, becomes popular in the sampled-data
control systems, because of many merits (for details see
Hespanha et al (2007), Zhang et al (2001), and references
therein). In such sampled-data control systems, sampling
intervals become time-varying. It is well-known that the
analysis and design of sampled-data systems with time-
varying sampling intervals are more difficult than those
for sampled-data systems with constant sampling intervals
(Cloosterman et al (2010), Hetel et al (2017)).

The analysis and the design of linear sampled-data systems
with time-varying sampling intervals have been widely
discussed by many researchers (for details see Hetel et al
(2017) and the references therein). For nonlinear sampled-
data systems with time-varying sampling intervals, the
emulation-like design of controllers and observers has
been given (Nesic and Teel (2004), Postoyan and Nesic
(2012a), Postoyan and Nesic (2012b)). But the design of
controllers and observers based on approximate discrete-
time models has not been actively discussed. Recently,
the design frameworks of nonlinear sampled-data control
systems with constant sampling intervals based on ap-
proximate discrete-time models (Arcak and Nesic (2004),
Nesic, Teel, and Kokotovic (1999)) have been extended
to those of nonlinear sampled-data systems with time-
varying sampling intervals (van de Wouw et al (2012)).
When state feedback controllers, which are designed based
on approximate discrete-time models using a nominal
sampling interval, globally asymptotically (GA) stabilize
approximate models, the sufficient conditions on a nominal
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sampling interval and the upper and lower bounds of time-
varying sampling intervals are given for the semiglobally
practically asymptotic (SPA) stability of the exact model
(van de Wouw et al (2012)).

In this paper we consider the sampled-data strict-feedback
system with time-varying sampling intervals:

Te = fl(xc) + g(xc)zm Ze = fQ(‘Tca Zmuc) (1)

with y(k) = z.(si) where . € R" and z, € R™= are the
states, u. € R™ is the control input given by wu.(t) =
uc(sk) =: u(k) for any t € [sg,sk+1) and k € Ny :=
{0,1,2,...}, y € R"™ is the sampled observation, and
sk > 0 are monotone increasing sampling times satisfying
0 =350 <81 <+ <8 < Sgt1 < ---. When sampling
intervals are constant and known for the system (1), the
design of reduced-order observers and output feedback
controllers has been discussed (Katayama (2016)). Here we
extend the results in Katayama (2016) to the same design
problems for the sampled-data system (1). Following van
de Wouw et al (2012), we first introduce a nominal
sampling interval 7™ to construct the Euler model of the
system (1). We use Katayama (2016) to design reduced-
order observers and give sufficient conditions that the
design observers are semiglobal and practical in sampling
intervals for the exact model of the sampled-data system
(1). Then we design state feedback controllers that GA
stabilize the Euler model and we give similar sufficient
conditions for the SPA stability of the closed-loop exact
model. Finally, we combine the designed observers and
state feedback controllers to construct output feedback
controllers and give sufficient conditions for the SPA
stability of the closed-loop exact model. We also give
numerical examples to illustrate the proposed design of
reduced-order observers and output feedback controllers.

Notation: Let | - | be a norm of vectors and matrices, and
B, = {z € R"||z| < r}. A function « is of class K (a € K)
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if it is continuous, zero at zero and strictly increasing. It is
of class K, if it is of class K and unbounded. A function
B: R>0 X R>9 — R is of class KL if for any fixed ¢t > 0,
the function 5(-, t) is of class K and for each fixed s > 0 the
function S(s,-) is decreasing to zero as its argument tends
to infinity (Khalil (2002)). For simplicity of expression, we

write f(1m(-),m2(-)) = f(m;, m2)(-)-
2. PRELIMINARY RESULTS

For the sampled-data system (1), we assume that time-
varying sampling intervals Tj = spy1 — Sp satisfy Ty €
[T, Tas] for any k € Ny where Ty and T,, are the
maximal and minimal sampling intervals, respectively and
they are design parameters that can be assigned arbitrar-
ily. Since u.(t) = u(k) for any ¢ € [sk, Sk+1), the exact
(discrete-time) model of the system (1) is given by

CC(k + 1) = Fka(x,zm)(k), Z(k + 1) = F2€T,C (x7z,u)(k)(2)

with y(k) = x(k) where Ffp (z,2z,u)(k) = z(k) +
oM ) tg(we)ze) (s)ds and Fip, (x, z,u) (k) = 2(k)+
fj:+Tk Ja(ze(s), ze(s),u(k))ds. Since Ty, € [Ty, Th] is un-
known, the exact model (2) cannot be used for design
purposes and we must use the approximate models to
design observers and controllers. We now introduce a nom-

inal sampling interval T* € (T,,,Ty] and consider the
following exact and Euler models of the system (1)

w(k+1) = Fip- (2, z,u)(k), 2(k+1) = Fyp. (2, 2,u)(k)(3)
and

x(k + 1) = FlaT* (Z‘,Z)(k), Z(k + 1) = FQaT* (Z‘,Z,U)(k’) (4)
with y(k) = z(k), respectively where Fi4.(z,2) = = +
T*[f1(x) + g(z)z], Fsp.(x,z,u) = z + T* fo(z, z,u), and
(Fip-, Fsp.) is given by (Fip, ,Fgp ) with sp = KT*
and T, = T*. Let x. = [27 27", x = [2T 27|,
Rln) = oz, foon = [H6)F 492 g

Fi(x,u) = Fi(z,2,u) = [gigz“ﬂ for i = e, a. Then

the system (1) is rewritten by
y(k) = we(sp)- ()

The discrete-time models (2)-(4) are also rewritten, respec-
tively by

Xc = f(XC?uC)7

x(k+1) = Fp, 06 uw)(k), y(k) = z(k), (6)
X(k+1) = Fp.(x, u)(k), y(k) = x(k), (7)
x(k+1) = Fr.(x, u)(k), y(k) = x(k (8)

For given positive real numbers (A, A,,A,), let Q =
Ba, x Ba, x Ba, and assume
Al: 1) f1, fo, and g are locally Lipshitz and there exist

Ly,, Ly, lg > 0 satisfying |fo(z,2z,u) — fa(Z, Z,0)] <
Ly, (e =2|+ |2 =2+ [u—al), | f(x,u) = f(x,0)| < Ly(]x—
X|+ |u—1al), and |g(x)| < I, for any (x,z u) (z,z,u) € Q
where y = [z7 27",

2) £1(0) = 0, £2(0,0,0) = 0.

By A1, there exists 77" > 0 such that F&(z, z,u) is well-
defined for any (z,z,u) € Q and T € (0,T7). It is well-
known that there exist 4 € K and Tz# € (0, T 1# | satisfying
|Fé(x, z,u) — F&(x, z,u)| < TH(T) for any (z,z,u) € Q
and T € (O,TQ#), ie., F¢(x,z,u) is one step consistent
with Ff(z, z,u) (Nesic, Teel, and Kokotovic (1999)).

3. DESIGN OF REDUCED-ORDER OBSERVERS

Since y(k) = x(k), we use the Euler model (4) to design
discrete-time reduced-order observers that estimate z(k)
of the exact model (2). We first assume:

A2: On the compact set, ¢(-) = ¢g7g(-) € R"™=*"= is
nonsingular and ¢~1(-) is bounded, i.e., for given A, > 0,
there exists Iy > 0 satisfying |¢p~(z)] < [, for any
2] < A,

Since z(k) = ¢~ (y)g" W{(py — v)/T* = fr(y)}(k) =

U (y, py)(k), we can consider the system

2(k41) = 2(k) + T fo(y, Or- (y, py), u) (k)
+TH[Yr- (y, py) — £|(k)
= (I =T*H)z(k) + T*z- (y, py,u) (k) (9)

= OT* (2a Y, PY, U)(k)
where (py)(k) = y(k-+1) and Lz (y, py, u) = H¥- (y, py)+
foly, O« (y, py),u) (Katayama (2016)). Let e, = z — 2.
Then we have e, (k+1) = (I —T*H)e, (k) and we assume:
A3: Let T > 0 be given and H = diag{h(1), ..., h(n.)}
where h(i) > 0 satisfies [I—T*h(i)| < 1 for any T* € (0, 7.
Remark 1. For any T* € (O,T], there exists a positive
definite matrix Pr- satisfying (I —T*H)T Pr(I —T*H) —
Pr« = —=T*I. Then Pp- > 0 is given by

1 1
—T*h(1)]" " h(n.)[2—T*h(n,)]

Pr. = diag{ }

h(1)[2
and q1 < )\mzn(PT*) é )\mam(PT*)
Q1 = 1/(2hmam) q2 = 1/(hmzn[2 - Thmaz])u hmzn =
min;— 1,..,n, h(Z), hmaw = maX;=1,..n, h(l)7 and )\mzn(PT*)
and )\mam (Pr-) are the minimal and maximal eigenvalues
of Pr«, respectively.

Let F} = Fi(x,z,u) = Fp(x,u), Fip = Fip(z,z u) =
Flr(x,u) fori=e,aand j = 1,2, 0%. = Or«(2,y, Fip, u),
O%. = Orp-(2,y, Fipe,u), U5 = Uy« (y, Ffp), and U5, =

Vo (y, F4.). Let Vs (z,2) = el Pre,. Then

< @2 where

Q1|€z| <VT*( 2, (10)
V< (Fype, O7.) — Ve (2, 2) = (11)
Let T# = min{T, T}, 0 < T}, < Tpy < T#, T* = €T, +

(1 —e)Tn, and 0 < € < 1. Assume A1-A3. For given
positive real numbers (D, d.) and (A;, A,,Ay), let R =

@D?, 7 =qd?/2, A, > A, +\/R/q1 = A, + Dev/a2 /1,
A11 - ) |Of(11“* }7

max{|Ff|, [ |, |OF-

2) < gole.|?,
—T*|e, 2.

sup
(z,2,u)€Q,|2|<A,

max{|Ff.

a|F%*

7|\I}%’*

Ao = sup

(z,2,u)€Q,|2|<A., Te(0,T#)
Ay =max{A;, A, AL, ALY

2
(12)
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Remark 2. For any |z1|, |22, |21], |22] < Aj, there exists
Ly > 0 satisfying

|V« (21, 21) — V= (22, 22)| < Lv (|21 — 22| + |21 — 22[)-(13)
Finally, let
Yob = "Yob(T*a Tma TM)

=Ly [1+ (hmaz + L, llg] [Yun +5(T7)],

oLy T
(VA2 + A2 + A,)(eBrMT 1),
-r r r
ob — w0, 14
My, = mln{ T T qu} (14)

where My = max{|Ta — T*|, | Ty — T*|}.

Theorem 3. Consider the exact model (2) and the reduced-
order observer (9) with A1-A3. Assume that T*, T, and
Ty satisfy

’VOb(T*vaaTM) < Mob (15)

for given (A,, A,,A,) and (D,,d.). Then if |e,(0)] < D,
and (z,z,u)(k) € Q for any k € Ny,

e2 (k)] < \/5 - (;kTm) ()] +d.  (16)

for any k € N where e, = z — 2. Moreover, since (D,, d.)
can be chosen arbitrarily, the reduced-order observer (9)
is semiglobal and practical in T}, for the exact model (2)

To prove Theorem 3, we introduce the following result.
Lemma 4. Assume A1-A3. Let (A, AL, Ay, Az) be given.
Then for any |y| < Ag, |2| < Ay, |[u] < Ay, [2] <A, and
T € (0,T#), we have

VT* (F;T’ O%*) - VT* (27 Z/\') < _ T* (le |2

Ty - Tu

Proof. Let AV = [V« (F§p, O%.)
by (11) and (13), we obtain

—Yob). (17)

- VT* (Z, ZA’)}/TM Then

T* LV
AV < -7 le-|” + (|F2T Fyp.| +107. = O7-]).
M
By direct calculation and A1-A3, we have
T* L
AV < _T |6z|2+Tl[1+(hmaac+Lf2)l¢lgHF76“_F;"* :
M M

By the one-step consistency between F7. and Fjf., we
obtain |F% — F&.| < |Fs — Fg.| + T*4(T*). Let T* < T
(we have the same result for T* > T). By Al and
T# < Tz#, the solutions x.(t) of x. = f(xc(t),u), x.(0) =
x = [27 27" satisfy |x.(t)] < A for any t € [0,T#)
and we have |F% — Ff.| < Ly fTT*[|XC(s)| + |u|]ds. By
the Bellman-Gronwall’s inequality (Khalil (2002)), |F§ —
Fs.| < e T (x| + |u]) (e M — 1). Since (z,2,u) € €,

Ix| < /A2 + A2 and
<el T (VAZ+AZ 4 A,)

FT*3(T™).

|Ff — Fr- (e Mr —1)

Hence we have (17).

Proof of Theorem 3. Let x and z be the states of the exact
model (2) and assume (z, z,u)(k) € €, for any k € Ny. For
simplicity of notation, let T'= Tk, (z, z,e.) = (x, 2, e, ) (k)
and (pz, pz) = (z,2)(k+ 1).
Similar to Katayama (2016), we can show that if r <
Vr«(z,2) < R, then

Vs (FQST, O%*) — Vr- (Z, 2) < _ T* ‘62|2

Tas =Ty 2

(18)

and if Vp«(z,2) < r, then Vp«(F$p, O%.) < R. Thus
Vi« (2, 2)(0) < R implies Vp«(z, £)(k) < R for any k € Ny.
Since T' < Ty and T* = €T, + (1 - G)TM, T*/T]\/j >1—c¢
and we have
Vs (pz, pz) — Vi« (2, 2) - (1—¢€)le.(k)|?
T - 2

when Vr«(z,2) > r. Then similar to Arcak and Nesic
(2004), we can show that if Vir«(z, 2)(0) < R, then

V- (2, 2) (k) < max{exp ( m) Vr-(2,2)(0),

T4+ T Yop }- (19)

If g2le.(0)]> < R, then Vr+(z,2)(0) < R and we obtain

ex (k)| < \/3 exp (

By (10), (14), and (15), T*vep < 7 and from the definitions
of r and R, we have le.(0)] < \/R/q2 = D, and (r +
T*yop)/q1 < 2r/q1 = d2. Hence |e,(0)] < D, implies (16).
Since 4 (e™T/T) = eX1T(LyT —1)/T?, we have Lye <
elsT ITy}. Also note

eliT /T < max{elsTm /T,
z 1
eLrMr 1 = LMy Z LfMT

r+ T* Yob
q1 '

m> e-(0)] +

and 4 € K. This implies the existence of 0 < T},, < T <
Ty satisfying v, < v for given v > 0. Hence there exist
0 < T,, < T* < Ty satisfying v, < M,y for given
(De,d.) and the reduced-order observer (9) is semiglobal
and practical in Ty, € [T}, Tp] for the exact model (2).

4. DESIGN OF STATE FEEDBACK CONTROLLERS

Let state feedback controllers u(k) = wur«(x(k)) be de-
signed based on the Euler model (4) and assume:
B1: There exist Wr«(x), a1, as € K, az € K, and

T > 0 satisfying aq([x]) < Wr(x) < ax(|x|) and
Wr- (Ff. (x, ur+(x))) = Wr-(x) < —T"as(|x]) for any
x € R™%*7= and T* € (0, TF).

B2: For given A, > 0, there exist Ly, Tf > 0 satisfying
[Wr-(x) = Wr=(X)| < Lw|x—Xx| for any [x|, [x| < A, and
T* € (0,T]).

B3: For given A, > 0, there exist L,, Tf > 0 satisfying
lur= (x)| < Ly|x| for any |x| < A, and T* € (O,Tf).
Remark 5. By B1, there always exist Tf > 0, Wr-(x),
a1, az € Koo and ag € K. Let (D, d,) be given positive
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real numbers, A,, A, > 0 satisfy A2 + A2 < D2, L,
T# > 0 satisfy B3 with A, = D,, and A, > L,D,. Let
T#, Ly > 0 satisfy B2 with

Ay = sup
(z,2,u)€Q,T€(0,TY)
max{|F7(x u)l, |[Fr (O u)l, Dy} (20)
Let T# := min{T{,..T#}, 0 < T,, < Ty < T#,
r=ai(dy)/4, and R = as(Dy).

By Remark 5, we can choose a nominal sampling interval
T = €l + (1 — )Ty for some 0 < e < 1. We also
obtain |x| < D, < Ay, |up-(x)| < L,Dy < A,, and

P50t ) s | P (o), [P (x, )| < A for any (2, 2,u) €
Q. Finally, let

rYSf = 'st (T*7 Tm) TM)

L;T*
e~ f

(14 Lu) Dy ("M — 1) +5(T*)),
R—r r

T F}
Then we have the following results. Their proofs are similar
to those of Lemma 4 and Theorem 3, respectively.

Lemma 6. Let D, > 0 be given and assume Al, B1-B3.
Then

1
Mgy = min{§a3 oay(r),

Wr- (F7(x; ur- (X)) — Wr- () T
= < ——las(|x]) = 7ss]
T T
for any |x| < D and T € (0,T%).
Theorem 7. Consider the closed-loop exact model
x(k +1) = Ff, (x(k), ur-(x(k))) (21)

with A1 and B1-B3. Assume that 7%, T,,, and Ty,
satisfy Ysf (T, Tom, Thr) < My for given (Dy,d,). Then
if |x(0)] < D,, there exists § € KL satistying |x(k)| <
B(Ix(0)|, kT,,) + d, for any k € Ny. Moreover, since
(Dy,dy) can be chosen arbitrarily, the closed-loop exact
model (21) is SPA stable.

5. DESIGN OF OUTPUT FEEDBACK
CONTROLLERS

Let £ be the state of the reduced-order observer (9) and

¥ = [27 2717 = [y 27)". Consider the output
feedback controller
u(k) = ur+(X(K)), 2(k+1) = Or-(2,y, py, u) (k) (22)

that is obtained by combining u = wup-(x) and the
reduced-order observer (9). Let e, = z — 2. Then x = x —
[0 )"

1] and the controller (22) is rewritten as

u(k) =up-(x = [0 X' T7)(k),
ex(k+1)=z(k+1)— Or-(3,y, py,u) (k).

Let 4 = [xT el']. Then the closed-loop systems of the
models (6)-(8) and the controller (23) are given by

(23)

p(k+1) =

Ff, (u(k)) (24)

Ff (x, %)

- |:F2€Tk(X7a) - OT*(27y7F16Tk(X7ﬁ)7ﬁ‘):| (k)v

u(k +1) = Fr.(u(k))

:{ ) F%*(X,ﬂ) _ ](k‘)
FQZT* (X7 ﬂ) — Or- (éa Y, FllT* (X7 1)), ’[L)

for i = e, a, respectively where 4 = ur«(Y).

Remark 8. Assume A1-A3 and B1-B3. Then by BI1,

there exist Tg# > 0, Wr«(x), a1, a2 € Ko, and a3 €

K. Let (D,d) be given positive real numbers, (D,, D)

positive real numbers such that Di + D? < D2, and

(As, A.) positive real numbers such that A2 + A2 < D?.

Let L., T > 0 satisfy B3 with A, = D, + D,,
Lu(DX + De) < Au, and Q) = BAm X BAz X BAu'
Then |ups(x)|, |lur-(X)] < A, for any |u| < D. Let
TF, Ly > 0 satisfy B2 with A, = Ay Let T# =
min{T, T}, ... T#}, 0 < T, < Ty < T#, A, > A, +
D, and T* € (T, Ty]. Let Ay and Ay be defined by
(12) and (20), respectively and A = maX{Al,Ag} Then
|5 O w)ls [FROG )], [Fpe O w)ls [F. O @)l [F7- (vl
|F&. (x, @) < A for any |u| < D and T € (0,7#) where
u = up=(x) and @ = up«(x).

We now replace B3 by the following slightly stronger
assumption.

, 1.e., there exists

C1: up~(x) is continuous and ur«(0) =0
< Ly|x — x| for any

0
L, > 0 satisfying |ugp«(x) — ur= (%)
IXl; [xl < A

Let ¢ be a positive real number and Up« () = W« (x) +
cVr«(z,2) as a candidate of Lyapunov functions that
guarantees the SPA stability of the closed-loop exact
model (24). Then by (10) and B1, we have a;(|x|) +
cqile|* < Up(u) < aa(|x]) + cqzle-|* and by Katayama
(2014), there exist ayy aps € Koo satisfying api(|u|) <
() + carlex[2 and awa([ul) > @a(lx]) + cgales . Thus
we obtain

)
|

ayi(|pl) < Ur- (1) < ava(|ul). (25)
Let T = T, u = ur(x), @ = ur«(x), and AU =
[Ur-(F%(un)) — Up«(1)]/Tar. Then AU = AW + cAV
where AW = [Wrp- Fe(x,A)) WT*( N/ T, AV =
Vi« (F§p(z, z,0), Op« (2, y, Fip(x, 2,4), )=V« (2, 2)] /Tt -
By Lemma 4, AV < (T*/TM)(\eZ\Q—’yob) and by Lemma

/\,.\

6, we have
AW < W« (F7(x, u) — Wr=(x)
Ty
|WT*( (X’ )) WT*( (X’ ))|
Ty
< _TM [a3(|XD - 'st]
F AL () = (G )l

Since |Ff(x,a) — Fp(uu)l < Ly Jy [I%(s) = xe(s)] +
|& — ul]ds, we use the Bellman-Gronwall’s inequality to
have [Xc(t) — xe(t)] < |6 — ul(efst — 1) and |F$(x, @) —
F&(x,u)| < T*|a — u|(el#™ —1)/T,. By C1 we have
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*

T T*
AW < — —
< —oa(l) + -

[’st + @(Tm,TM)|€Z|],

LT,
erfiM —1
LwL,
w T,
Let € be a sufficiently small positive real number and
@(Tm, TM) 15

e Cemuny Y

O(T, Th) =

Then we have

*

T
Ty

T*
MH%F+@&RM+— (Ysf + ¢Yob)

*

T
Tyv

O (T, Tar)es| (1 _ ef) .

¢
If |e.| < ¢, then

le.]

O(T, Tar)les | (1 - 5) < O(Tp, Tos)les| < ¢

¢

and if |es| > & then ©(Tp, Thr)les| (1 le z‘) < 0. Hence

we have
*

7,

T*
AU < [le=* + as(Ix] +
M

where Yo (T, Ton, Tar) = 7vs¢ + ¢Yob + €. By Katayama

(2014), there exists ays € K satisfying aps(|u|) < le.|? +
as(|x|) and we obtain
T T .
AU < _T OCU3(|M|)+T770)C(T avaTM)' (27)
M M

For given positive real numbers (D, d), let »r = ay1(d)/4,
R = ayz(D), and
R—r r
—_— =} 2
L T

.1 _
M,y = mln{§QU3 o agy(r)

Then we have the following result. Its proof is similar to
the proof of Theorem 3.

Theorem 9. Consider the closed-loop exact model (24)
with A1-A3, B1, B2, and C1. For given positive real
numbers (D, d), assume that T, T,,, and Tjs satisfy
Yot (T, Trm, Tar) < Moy, Then if |pu(0)] < D, there exists
B € KL satistying |u(k)| < B(|u(0)|, kT,,) + d for any k €
Npy. Furthermore, since (D, d) can be chosen arbitrarily,
the closed-loop exact model (24) is SPA stable.

6. A NUMERICAL EXAMPLE

Ezample 1. Consider

Fo = 2o, 3o = e+ 0.012,(1 — 22) (29)

with y(k) = x.(sk). The system (29) satisfies A1l and

A2 Let T =1 and H = 0.5. Then A3 is satisfied and
a reduced-order observer is given by

Bk+1) = (1= T"H)2(k) + T*[Ur. —y

40.01T7- (1 — y*)] (k) (30)
where U« = (py — y)/T*. Let (z¢,2.)(0) = (0.4,0.4)
and 2(0) = 0. Then we have |z.(¢)|, |2.(t)| < 0.8 for any
t € [0,30] and we obtain Ly = 1.0128 and Ly = 1.749. By
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Fig. 1. Time response of |e(k)| for T, = 0.1

direct calculation, we also have 4(T) = 1.1314(exp(L;T)—
LT —1)/T and 4(0.1) = 0.1836.

First we assume T} = 0.1 (s). Then from the simulation
result (Fig 1), the offset d. = d.(0.1) in (16) is less than
0.05 and there is a gap between 0.05 and d.(0.1) for t > 5.
Let Tpy = 0.1 (s), T* = (Tyy + Tn)/2, and consider
three cases T,, = 0.09, 0.08, and 0.07 (s). Then we have
(T, Yun) = {(0.09,0.1235), (0.08,0.2596), (0.07,0.4105) }.
We use the values of v, and @(O 1), and ]0.05—d.(0.1)] to
expect that (16) with d. = 0.05 is satisfied for (T, Th,) =
(0.1,0.09) and it is not satisfied for (Tas, T,,) = (0.1,0.07).
In fact Figs 2 and 3 show the time responses of |ez( )|
for T,, = 0.09 and T, = 0.07 (s), respectively where the
black, red, and blue lines correspond to different sequences
of sampling intervals. As we see Figs 2 and 3, we have a
desired result.
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Fig. 2. Time response of |e, (k)| for T} € [0.09,0.1]

e(k)]
=3
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Fig. 3. Time response of |e, (k)| for T} € [0.07,0.1]

Ezxample 2. Consider

Te = x? — Te+ Ze, Ze = Ue, Y(k) = xc(5%) (31)
where u.(t) = u(k) for any t € [sg, Sg4+1). The system (31)

satisfies A1 and A2. Let T' =1 and T* € (0,7’) a nominal
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sampling interval. Then the Euler model of the system (31)
is given by

ok +1) =rpe(k), 2(k+1) = 2(k) + T*u(k),  (32)

and y(k) = x(k) where rp« = rps (2, 2) = a+T* (23 —2+2).

Let H = 0.8. Then A3 is satisfied for any T* € (0,7 and
the reduced-order observer is given by

2k+1)=1—-T"H)z(k) +T* (¥~ +u)(k)  (33)
where U+ = (py—1vy)/T* —y3+y. Consider the subsystem
x(k+1) = rp-(x, 2) (k) where z is a virtual input. Then the
state feedback controller that GA stabilizes this subsystem
is given by z = kr«(z) = —2® and we have 4. (z) =
rr«(z, k< (2)) = (1 — T*)z. Let Wips(z) = 2. Then we
have Wips (rf.) — Wip«(z) = —T*z% — T*(1 — T*)z? <
—T*z? for any T* € (0,T). All conditions of Theorem
3 in Nesic and Teel (2006) are satisfied and there exist
(ur+(x), Wr+(x)) satisfying B1-B3 for the Euler model
(32). Moreover, ur«(x) is given by

Ak« Ap 1
ur(x) = S 4 286 o(lrr

)¢ (34)

where Akrs = kp« (rr«) — K (2), Ao = o(|rr=]) — o(|z]),
§ = [z — rr-(2)]/o(lz]), e(s) = 1/[2w(s)(1 + s)], and
w(s) =1+ 2s[1+T(3s2 + s+ 1)]. We can also show that
the state feedback controller (34) satisfies C1. Then the
output feedback controller is given by

u(k) = ur~(x(k)),
2k +1) = (1 — T*H)2(k) + T*(Vre + u)(k)
]T

(35)

where x = [y 2

Let (xc,2.)(0) = (1.5,0). First we assume T}, = T,
i.e., T, is constant. Then numerical simulations show
that the SPA stability of the closed-loop exact model is
guaranteed for any T* € (0,0.169] (s). Next we assume
Ty € [T, Ty for any & € Ny. Let T, = 0.1 and
T = (T + Tar)/2. From numerical simulations, we
have Tpy = 0.127 (s), i.e., the SPA stability of the
closed-loop system is guaranteed for any T} € [0.1,0.127]
(s). Figure 4 shows the state trajectories (z,z) of the
closed-loop system where the black, blue, and red lines
express the state trajectories for the sampling interval
sequences (Tp,T1,T2,-++) = (0.1245,0.1034,0.1247, - - ),
(To, T1, Ts, - --) = (0.1116,0.1050, 0.1244, - - -), and

(To, Ty, Ty, - --) = (0.1228,0.1093,0.1211, - - -), respectively.
As we see Fig 4, the designed output feedback controller
(35) achieves the SPA stability of the closed-loop system.

7. CONCLUSION

In this paper we have considered the design of semiglobal
and practical reduced-order observers and SPA stabiliz-
ing output feedback controllers for the exact model of
sampled-data strict-feedback systems with time-varying
sampling intervals. We have given the sufficient conditions
that the reduced-order observers and controllers designed
based on the Euler model achieve the desired control
performance for the exact model.
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Fig. 4. State trajectories (x, z) of the closed-loop system
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