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Abstract: In this paper, we address the problem of tracking control for a novel tilting
quadcopter in the presence of uncertainties and disturbance. To handle these effects, an adaptive
second-order sliding mode control (ASOSMC) is proposed to obtain fast convergence rate and
high precision with alleviating chattering effect. Considering the input saturations, a new scheme
is designed toward the time derivative of the control inputs where an auxiliary system is adopted
to the controller. Moreover, the overall uncertainties are expressed in a linearly parametric form
without any prior knowledge. It can be proved that the sliding mode manifolds can fast converge
to a small neighborhood around zero within finite-time, and then tracking errors exponentially.
Finally, simulation results are carried out to demonstrate the effectiveness and robustness of the

proposed controller.
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1. INTRODUCTION

Quadcopter has seen a boost in popularity and been
an active research topic in various applications, such
as exploration, search, rescue, and monitor Tayebi and
McGilvray (2006); Hoffmann et al. (2007); Bouabdallah
and Siegwart (2005); Ma and Ji (2016). The development
of quadcopter is toward the trend of interacting with
hostile and cluttered environments Jiang et al. (2018).
Developing fully actuated flying vehicle is of significant
for operations in ruins and narrow space Ji et al. (2019,).
The performance of the conventional quadcopter is limited
due to the generated force only in a single plane. Namely,
the translational and rotational movements cannot be
controlled independently.

Motivated by these requirements, several actuation strate-
gies have been developed to obtain fully control abil-
ity over 6 degrees of freedom (DOF). Brescianini and
D’Andrea (2016) derive an omni-directional quadcopter,
which makes the vehicle a novel set of maneuvers feasible.
Long and Cappelleri (2013) adopt two sets of propeller:
central-rotating coaxial propellers and perimeter-mounted
ducted fans to provide lift and lateral force respectively.
Ryll et al. (2016) proposes a novel concept with six pro-
pellers tilting along corresponding axes. Considering the
volume and maneuverability, a tilting quadcopter is de-
signed and first flight tests, although preliminary, clearly
demonstrate its superiority over the conventional quad-
copter Ryll et al. (2013). To further improve the con-
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trol bandwidth, a dual-axes tilting quadcopter including
Servo and Push parts is designed, where the thrust and
gyroscopic torque are integrated to drive the vehicle. It
is a remarkable fact that the mass and the skeleton of
the vehicle is time-varying while object grasping and the
tilting mechanisms working. Moreover, the aerodynamic
damping would degrade the tracking performance when
outdoor flights, especially. However, we cannot have an
exact compensation because the parameters are obtained
based on some special conditions without covering some
unpredictable environments, which has not been fully con-
sidered before.

The sliding mode control (SMC) has been a powerful tool
to handle uncertainties and external disturbance Zheng
et al. (2014). There exist two serious problems: singu-
larity problem and the chattering effect. For the first
problem, a fast nonsingular terminal sliding mode control
(FNTSMC) is developed in Boukattaya et al. (2018), which
not only guarantees the system states fast converge both
at a distance and a close of the origin, but also avoids
the singularity problem. However, the above-mentioned
literature always consider the upper bound of uncertain-
ties is known in advance, which puts constrains on the
system states to some extend. To alleviate the second
effect, boundary layer techniques, continuous saturation
function and sigmoid function are used to replace the
discontinuous function Huang et al. (2008); Jin and Sun
(2008); Yao et al. (2018). The adverse impact is that
the high precision cannot be guaranteed anymore, and
the selection of parameters in these functions seriously
affects the tracking performance. Another method drawn
intensive attention is the high-order sliding mode control
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Fig. 1. The tilting quadcopter Vehicle.

(HOSMC), such as twisting algorithm Torres-Gonzdlez
et al. (2017), super twisting Moreno and Osorio (2012),
and second-order SMC (SOSMC) Ding and Li (2017);
Qiao and Zhang (2018); Mondal and Mahanta (2014). The
fundamental of SOSMC is that the discontinuous function
is used in the time derivative of the controller inputs,
and after integrating we can obtain a continuous function.
Namely, we can achieve high tracking precision without
losing robustness properties. However, most of the existing
SOSMC does not consider the input saturations effects,
which is of significant from a practical point of view. And
to our best knowledge, the result is still scarce about these
constrains. Motivated by the above discussion, the main
contributions of this paper include:

(1) We first propose a novel tilting quadcopter concep-
tion, where the Push mechanism can be arbitrary
within [—~7F, 7] to further improve the reliability and
the agility of the vehicle.

(2) Considering the uncertain effects, a new form of
ASOSMC is proposed, which can guarantee fast
finite-time convergence and high precision with al-
leviating the chattering effect. Moreover, the overall
uncertainties are expressed in a linearly parametric
form without any prior knowledge.

(3) A new scheme is designed toward the time derivative
of control inputs, and an auxiliary system is further
introduced to obtain favorable performance even with

input saturations.

The outline of this paper is organized as follows. In Section
II, a novel tilting quadcopter and its dynamics is devel-
oped. In Section III, an ASOSMC is applied to obtain a
fast convergence rate and high precision performance. In
Section IV, simulation results are conducted to demon-
strate the effectiveness and robustness of the proposed
controller, followed by the conclusion in Section V.

2. DYNAMIC MODELING

In this section, a novel fully actuated tilting quadcopter is
first proposed, which is able to decouple the translational
and rotational movements by tilting the Push and the
Servo parts as shown in Fig. 1. Moreover, unlike the tilting
mechanisms in Segui-Gasco et al. (2014); Elfeky et al.
(2016), which can only be within small ranges, the Push
mechanisms proposed in this paper can be within [—%, Z]

272
to get a more agile version.

2.1 Preliminaries

Before developing the dynamics, we set the following
frames: the World frame Ry and the body frame Rp.
The kinematic model of the vehicle can be described as,

X = RQ, (1)
where x = [#,0,%,2,y,2]" is composed of the attitude
and the position in the Ry; Q = [Py, @b, b, Vba Vby» Vo) -

is the angular and linear velocities in the Rp. The matrix
R = diag(R1, Ry) is given by,

[1 s¢th cotd
mell S @)
) (2)
[chcy) —chsyp+spsbcy)  s¢sip+cpsbcy
Ry = | cOst) copcp+spstsyy —spcyp+cosbsy |
| —sf spch coch

where ¢- = cos(+), s- = sin(+), and t- = tan(-).

Assumption 1. The attitude of the tilting quadcopter: roll

¢, pitch 0, and yaw 1) are all bounded by (-3, 7).

Assumption 2. There exist positive constants 7; and 7o
such that |R|| < 7, |R7Y| < 74, H%(R)H < 7||x|, and
|4 (R1)|| < 72|x| hold.

2.2 The Dynamics of the Tilting Quadcopter

According to the Newton-Euler equations, the dynamic
mode of a tilting quadcopter can be developed as,

JQO+ HQ)Q+ NQ)Q+ Gy + Ag = 70, (3)
where J = Jy + AJ is the inertial matrix with the
added mass m; H(Q) = Hy(2) + AH is the Coriolis
and centrifugal force matrix; N(2) = No(2) + AN is
the nonlinear aerodynamic damping interaction; G, =
Gpo + AGy is the gravity vector; Ag is the unknown but
bounded external disturbance, and 7q is the control input.
Jo, Ho(2), No(2), and Gyo are the normal values of the
corresponding terms. AJ, AC(2), AN(Q), and AG, are
uncertain terms. More details can be found in Ji et al.
(2019,). And we give the following assumptions:

Assumption 3. There exist positive constants b; (i =

1,---,5) such that the following inequalities hold.
1] < b1, [H(Q)] < bl )
[N < b3 + bal|Q], (|Gl < s,

where b; (¢ =1,--- ,5) are unknown constants.

Assumption 4. The external disturbance and its time
derivative: ||Aq| < bg and ||Aql| < b7, where bg and by
are unknown positive constants.

Substituting (1) into (3), we can have:

MOX)X +C(Q,)X + D(Q X)X+ Guw + Ay =7y, (5)
where M (x) = Mo(x) + AM; C(Q, x) = Co(2, x) + AC;
D(97X) = D0(97X) + AD7 Gw = GwO + AG, AX =
R~ TAq, and 7, = R~ T1q. The terms My(x), Co(£2, x),
Dy(92,x), and G0 are their normal values as,

Mo(x) =R " JoR™*,
Co(Q,x) = R™T(Ho(Q) — JoR'R)R™ (6)
Do(Q,x) = RT"No()R™, Guo = R~ Go
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And AM (x), AC(Q,x), AD(Q,x), and AG,, are uncer-
tain terms due to the uncertainties. By integrating the
overall uncertain terms and the external disturbance into
a vector A, the dynamics (5) can be converted as:

Mo(x)X + Co(€2, X)X + Do(€, X)X + Guwo + A =7y, (7)
where A = AM(x)X + AC(Q, x)x + AD(Q, x)x + AG, +
A,. According to (4), (5), Assumption 2, and 3, the
following inequality holds:

Al < a1 + az||X]| + asllx]1%, (8)
where a;(i = 1,--- ,4) are unknown positive constants.

3. ADAPTIVE SECOND-ORDER SLIDING MODE
CONTROL FOR A TILTING QUADCOPTER WITH
INPUT CONSTRAINS

8.1 Preliminaries

Lemma 1. There exist positive constants: ¢, d, m, and real
variables z and yo such that Qian and Lin (2001):

C X _c
[0|[yo|? < C—mI%I‘” +——m Tyt (9)

+d c+d
Lemma 2. For r; € R(i = 1,--- ,n) and 0 < p < 1, the
following inequality holds Huang et al. (2005):
(Ir[ +lral + - +r)? < raf? + [ref? + -+ [ra]” (10)
Lemma 3. Consider the Lyapunov function V(x), which
satisfies the following inequality Yu et al. (2005),

V(x) < —aV(x) —bVF(x) +¢ (11)
where a, b, and ¢ are positive constants, 0 < 8 < 1. Then
the system state x could converge to a small neighborhood
around the origin in finite-time.

3.2 SOFNTSM

Let us review the second-order fast nonsingular terminal
sliding mode (SOFNTSM) manifold, which is composed of
the proportional-derivative sliding mode (PDSM) and the
fast nonsingular terminal sliding mode (FNTSM) as:

s1=¢é+ kie, So =51+ k28’182 + kgéfl, (12)
where e represents the tracking error; k;(i = 1,2,3)
is positive constants; 1 < 1 < 2, and [ > (1. If

the reaching phase control law makes the sliding mode
manifold s, converge to zero, we then have,

S1 + k‘2812 + kgéll =0 (13)
According to Yang and Yang (2011), the sliding mode s;
can be fast reached to zero in finite-time. When the sliding

mode s; = 0, there is é + k1e = 0, which means that the
tracking errors converge to zero exponentially.

3.8 Adaptive Second-Order Sliding Mode Control with
Input Saturations

As discussed above, we adopt PDSM manifold as,

S1 :€2+K161, (14)
where e; = x — xq — &1 and e = x — xq — &2 with x4 being
the desired tracking states and K7 the positive definite
matrix. & and & are auxiliary vectors designed later. The

FNTSM manifold can be described as,

So = 81 + K2812 + Kgé'fl, (15)

where K5 and K3 are positive definite matrices. Differen-
tiating both sides of (15), we can have,

$= 81+ P2 Kdiag(|s1|77)s1481 Ksdiag(|s:|77) 1. (16)

According to (7), we can further have,
ér=Po(.x,%) — My A= &, (17)

where Py(Q,x, X) = My ' (1, — CoX — DoX — Guo) — Xa-
Similarly to e, we can get,

i 1. . d, . 1A &

€2 ZMolTx"‘P(Q,XaX)—(%(Mol)A‘FMo 1A)_52 (18)
where P(, x,X) = 4 (Mg ") (my — Cox — DoX — Guo) —
Mo_lﬁ(Cox + Dox + Guo) — %j{d. Referring to (17) and
(18), we can get,

32 :él-l—ﬁgKgdiag(\sl|ﬂ271)$1—|—51K3diag(|$1|ﬁ171)-

(A+My i+ P+ K Py—éo— K1),

where A = — (£ (My") + K1 My ")A - My 'A. According

to the above Assumptions and (8), the following inequality
holds:

(19)

1A < 01+ BaIXI| + 65]1X]1* + Oall X%, (20)

where 0;(i = 1,---,4) are positive unknown constants
and its proof is omitted here for brevity. Considering
the practical applications, the control inputs are subject
to saturation effect due to the physical limitations of
actuators, and can be described as:

. {T, (imein < Tyi < Tmax)
Txi

0 (others) (21)

where Tpin < 0 and Tyax > 0 are the minimum and
maximum control force or torque generated by the tilting
quadcopter and 7; will be designed later. To handle the
input saturations (21), an auxiliary dynamic system is
constructed as:

&L=—-Li&+&

§a = —Laba + &3

s = —Ls&s + My ' AT,
where L;(i = 1,2,3) are all positive matrices and A7 =
7 — T with 7 being the controller without input satu-

rations. We then develop the reaching phase controller 7
including two parts: 7. and 7s,:

(22)

T = '/:_eq + '/:_sw (23)
with
oy =Mo(P(Q X, 0)— K1 Po(S X0 X) — Ky 142
Teq = 0( ( >XaX) 1 0( 7X7X) 81 3 51
- %Kgflediag(|81|52_1)é§_’61 — L&y — Laés (24)
+ Ki(—L.& + &),
and
Faw =—Mo[(01402|X[|+03 ] X [|*+0a X [I° +p)sgn(s2)
(25)

1
+— K3 Kyso],
1
where K, are positive definite matrix, p is positive con-
stant, and 0;(i = 1---4) are the estimated parameters of
0;. The update laws for the estimated parameters 6; can
be described as,
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01 = o (Bu|sT Ksdiag(|51)% )| - 61)
b2 = aa(Bu|s3 Ksdiag(|s1]™ ~)[|x]| — 02)
O3 = as (|3 Kadiag(|s1| ) [1X]1* — 0s)

(
Oa = aa(Br|s3 Kadiag(|s:|™)[[1X]* — 6a),
where ozi(i =1,---,4) are positive constants. Then we can
give the following theorem:

(26)

Theorem 4. Considering the closed-loop system (7) with
parametric uncertainties and external disturbance, an
adaptive SOSMC is developed based on the auxiliary
dynamic system (22), the reaching phase controller (23),
and adaptive laws (26). The PDSM s; and the FNTSM
s can fast converge to a small neighborhood around the
equilibrium and the tracking error e is then guaranteed
to converge to a small neighborhood around the origin
exponentially.

Proof. We first select the following Lyapunov function
candidate for the tilting quadcopter system as,
4
1

3
1 1 s
Vi =*82TS2+§;71§-T§¢+§§ a; 67,

5 2 (27)

where 0; = 9i—éi(i =1,---.,4
tiime derivative of (27) is,

3 4
Vi=syéot+ > &&—> a7 '0:6;
1=1 i=1

Considering the input constrains, we let 7, = 7+ A7 with
AT =7, — 7. In view of (19), (23), (24), and (25), we then
have,
5369 =50 51 + Bosa Kodiag(|s|*27 1),
+B1sy Kadiag(|5:|" ) (—P — K1 Py
1 -
— K3 gQ K3 Kodiag(|s,[7271)877

B
—Lobo—Labs+ Ky (~L1& +&) —

+03] X1+ 0l X[+ p)sgn(s2)

) is the estimated error. The

(28)

(91+92||XH

K51K432 (29)

61
+ My A7+ P4 K Py + A + Loy + Ls&s
— My AT — Ky (—Li& + &)
=153 Ksdiag(|s1]7 ™ )(A — (01 +02 (X[ +05]|x |
1
EK31K482)
Substituting (29) into (28), we can get,

Vi <Bisy Kadiag(|$1% ™) (A — (01 +0s xI|+0s] x|
+‘94||X||3+P>Sgn(32)—EK§1K482)—()\min(L1)

+0] X% +p)sgn(sz) -

1
—35) 16 = min(L2) = &5 & — (Amin(Ls)
4
1 ooz
71)§g§3+§A%TMO‘TMO_1A% =Y a; 0,6, (30)
i=1
By selecting parameters as: Apin(L1) > %, Amin(L2) > 1,

and Apin(L3) > 1, it can make the coefficients before
variables positive. For the term ¢l¢; using Lemma 1
property yields,

—Ter = — el —V2A>eT6)? +V2(el6))s

V2

<- 2 _2\@5?51 —V2(eT6)E + - (31)

£X¢y and €F¢, follow the same process. And we, thus,
have,

Vi <Bisy Kadiag(|s:] 1) (A

— (140 1XI|+ 01

3
A 1 c
+94Hx||3+p>sgn<s2>——K31K4s2>—51 ;f?@-

B
V2es o 1
9 ;nglz Za zza

where ¢; = min((2—v/2)(X min(Ll)—%), (2=v2)Amin (L2)—
1)7(2 - ﬁ)(Arrlin(LB) - 1))7 Cy = min(Q()\min(Ll) -
%)7 2(/\min(L2)_1)7 2(Amin(L3)_1)>7 and C3 = g(Amin(Ll)
FAmin(L2) + Amin (L3) — 2) + AT My T My A7, Substi-
tute (26) into (32), and we can have,

(32)

Vi <Bals3 Kadiag(1s1 I (1A] = (61 + el X
. . \/ic 3 1
+0a X7 +OalX P +0)) — S5 D (€76
=1

)\mln (K4dl&g( | S1 |ﬁ1

-2 Zg%

(33)

4
+c3 + Z éiéi-
i=1

For term 6,0, using Young’s inequality and Lemma 1, we
can obtain,

Vi <B1 || Ksdiag(|51 /") (IA] = (01 + 2] %] +03] X1
+94||>'<H3+P))HS2H Amin (Kadiag(]é1]77" ))52 2

6125% MZ@ &) %—;202
=1
— 77;:21|9i|+c57

where ¢4 = # and ¢5 = c3 + Zf:1(§ + 362). From
(20), it can be known that (||A]| — (81 + 62| x| +0s]/%||*+
04]1%|2+p)) < 0. Then applying Lemma 2 to (34), we can
get,

(34)

3 1
. 1 1 1 15
Vi S—M1(§5332+52§‘T5i+52% '07)
=1 =1
V2o

- Mz(?(sgsz)% t5 Z(S;‘Téi)%

i=1

4 ~

i=1

<—mW
where p; = min(2)\min(K4diag(|s'1|/il_1)),cl,C4ai) and
po = min(v28: || Kadiag(|s: "I (|A] = (01 + 6allX] +
O311x11% +041x]1>+p)), c2, ) According to Lemma 3, the
sliding manifold s, auxﬂlary dynamic vectors &;, and

estimated errors 6; are all ultimately bounded. And these
values could converge to a small neighborhood o < ﬂ

(35)

o

1
- /-1’2‘/12 + Cs,
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around the equilibrium in finite-time with 0 < ¢ < 1. Let
us rewrite (15) as

, s
S1 +K2812 -‘v-Sll(Kg— 72) =0. (36)
s7
We first assume |[$1]| > (& )% which implies K3 — %% >

0. As such, the function (36) could follow the same ﬁnlte—

time convergence property. In other words, |51 < (& )51
will hold in finite-time. Accordingly, we can further get the
sliding mode s; could converge to the following region,

lsall < | K337 || + [|sal| < 20 (37)
in finite-time as well. For the analysis of the PDSM man-

ifold (14), follow the same process above. This completes
the proof.

4. SIMULATION RESULTS

To demonstrate the effectiveness and robustness of the
proposed ASOSMC, simulation is carried out in this
section. The tilting quadcopter is commanded to track
the desired trajectories to illustrate the superiority ca-
pability of the fully actuated vehicle over the conven-
tional quadcopter. The desired trajectories are set as
Xd = [cos(0.3t — 0.8), 0.6 cos(0.4¢) 4+ 0.2, cos(0.45¢ + 0.4) —
0.3,0.4 cos(0.4t) + 0.5,c0s(0.3t — 0.5),cos(0.5¢ + 0.4) —
0.5]T. The parameters of the dynamics are summarized
in the following table. We further add 30% random un-

Table 1. Parameters of the tilting quadcopter

Parameters  Values Parameters Values
dy,ds,ds 1.0 m 2.878 kg
da,dy, dg 1.0 I 0.04463 kgm?
91,93, 95 0.2 1y 0.04463 kgm?
92,94, 96 0.3 I, 0.04463 kgm?

certainties to these parameters and external disturbance
Aq = [0.02sin(0.2¢),0.01 cos(0.5t) 4+ 0.01,0.02 cos(0.3t —
0.2),0.3 cos(0.1¢),0.1 cos(0.3t — 0.2) + 0.1,0.3sin(0.3¢t —
0.2)]T. The parameters in ASOSMC scheme (23), adaptive
law (26), and auxiliary system (22) are set as: §; = 1.5,
By = 2.8, p = 0.1, K; = diag(1.2,1.2,1.2,1.3,1.3, 1.3),
K, = diag(0.7,0.7,0.7,1,1, 1), K3 = diag(0.27,0.27,
0.27,0.9,0.9,0.9), K, = diag(75, 75, 75,50,50,50), L; =
diag(1,1,1,1,1,1), Lo = diag(1.5, 1.5,1.5,1.5,1.5,1.5),
Ly = diag(1.5,1.5,1.5,1.5,1.5, 1.5), Tmax = [0.3,0.3,0.3,
5,5,—10]T, and T = [~0.3,-0.3, —0.3, =5, —5, —40).
Then the simulation results are shown as follows.

The tilting quadcopter can well track the desired com-
mands and the tracking errors converge to a small neigh-
borhood around the equilibrium as shown in Fig. 2. It
can be seen that the roll ¢, z and y channels reach the
saturated constrains at the beginning of the tracking as
shown in Fig. 3. Between 15-20 seconds, the ¢ and o
trigger the saturation constrains. All these controller are
constrained within the predefined region, which means
that the proposed scheme can deal with the physical
constrains. Moreover, the control inputs are smooth and
continuous, which alleviates the serious chattering effect
dramatically.

It can further illustrate that the auxiliary system has
an effect on the system once the inputs saturation is

- - ¢ ASOSMC —¢ REF 2 - - 2 ASOSMC —z REF

10, _
i a1,
0 -
0
-1

0 10 20 30 40 50 0 10 20 30 40 5

¢ (rad)

=}
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— 1 ’
R )
B 0 =
y -1
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0 v, WW
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time (s)
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Fig. 2. The rotational and translational movements.
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Fig. 3. The control inputs with input constrains.
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Fig. 4. The auxiliary variables.

triggered as shown in Fig. 4. And the auxiliary system
finally converges to a small neighborhood around zero as
derived in Section 3. The performance of the PDSM s; and
the FNTSM manifold s is shown in Fig. 5. The s could
fast converge to a small neighborhood around the origin
in finite-time. And the PDSM s; can then fast converge to
a small region around zero within a finite-time.

5. CONCLUSION

In this paper, we propose a novel tilting quadcopter featur-
ing the capability of decoupling the translational and ro-
tational movements. Considering uncertainties and input
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Fig. 5. The PDSM s; and the FNTSM s,.

saturations, a new form of ASOSMC with an auxiliary
system is proposed by combining the FNTSMC and the
SOSMC to achieve fast convergence rate and high preci-
sion with alleviating chattering effect. It can be rigorously
proved that the proposed ASOSMC can make the sliding
mode manifolds fast converge to a small neighborhood
around the origin in finite-time and tracking errors expo-
nentially. Simulation results can further demonstrate the
effectiveness and robustness of the proposed ASOSMC.
In our future work, we will further consider the control
allocation problem for this over-actuated system.
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