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Abstract: This paper investigates robust observer based H., control problem for uncertain
discret-time Takagi-Sugeno fuzzy systems. By using fuzzy Lyapunov functions and some special
derivations, Sufficient relaxed conditions for synthesis of a fuzzy observer and a fuzzy controller
for T-S fuzzy systems are derived in terms of a set of linear matrix inequalities (LMIs) which
can be solved using a single-step procedure. The proposed approach provides more relaxed
conditions comparing with the existing techniques in literature which use a quadratic Lyapunov
function and the so-called two-step procedure, also ensures better H., control performance.
Simulation example is presented to show the effectiveness of the proposed design method.
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1. INTRODUCTION

In recent years, the Takagi-Sugeno (T-S) fuzzy model has
been proved to be a good representation of a wide class of
nonlinear dynamic systems. The TS fuzzy dynamics model
is a system described by the fuzzy if-then rules which
gives local linear representations of nonlinear systems. In
(Chang et al., 2011; Benzaouia and El Hajjaji, 2016), the
stability analysis and synthesis problems for the T—S fuzzy
models are studied by using the LMI technique.

According to the T—S fuzzy model, the concept of PDC
(Benzaouia and El Hajjaji, 2016; Benzaouia et al., 2010;
Benzaouia and El Hajjaji, 2011) was employed to design
the observer-based fuzzy controller (Benzaouia and El Ha-
jjaji, 2016; Lo and Lin, 2004). In the state feedback control
theory, the whole information of the state are assumed as
known and measurable. But, in many practical nonlinear
control systems, some states are often unavailable. For
this reason, the output feedback (Benzaouia and El Ha-
jjaji, 2016; Nachidi et al., 2011) and the observer design
technique (Lo and Lin, 2004; Benzaouia and El Hajjaji,
2016) are used. Applying the observer design approach,
the fuzzy controller can be designed by the PDC tech-
nique with estimated states. In general, the design problem
of the observer-based fuzzy controller cannot be directly
solved by the linear matrix inequalities (LMIs) technique.
Therefore, In (Lo and Lin, 2004), conditions guaranteeing
the existence of observer-based H,, controllers are given in
terms of bilinear matrix inequalities (BMIs), which are not
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convex and NP-hard to solve. Besides, the so-called two-
step procedure which appears as a drawback is proposed
based on a single-quadratic Lyapunov function approach
to both continuous and discrete-time problems with or
without uncertainty. For discrete-time fuzzy systems with-
out uncertainties, (Chang et al., 2011) has proposed a
new design method of robust observer-based control based
on H,, norm and on a non-quadratic Lyapunov function.
However, their technique uses also two steps for solving the
stability conditions. An improvement of the control design
method using one step procedure is proposed in (El Haiek
et al., 2017).

This work presents a novel approach for the fuzzy observer-
based H,, control for a class of uncertain discrete-time
T-S fuzzy systems. By applying the fuzzy Lyapunov
function instead of a single-quadratic Lyapunov function
approach together with some special derivations, relaxed
stabilization conditions are proposed in terms of a set of
LMIs, which gives less conservative results than that in (Lo
and Lin, 2004). Furthermore, single-step procedure is used
instead of the so-called two-step procedure. Simulation
example and a comparison with some existing results are
given to illustrate the merits of the proposed method.

The organization of this paper is as follows. Section 2
presents the structure of uncertain fuzzy system and gives
some preliminaries. Section 3 contains the main result
where new stability conditions for an uncertain fuzzy sys-
tem via an observer-based robust H., control are given.
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In Section 4, simulation example is provided to illustrate
the design effectiveness. Finally, the conclusion is given in
Section 5.

Notations : X = X7 < 0 (X = X7 < 0) means the
matrix X is symmetric and negative definite (symmetric
and negative semi-definite). X7 denotes the transpose of
X. sym(M) means M+M™*. The symbols I and 0 represent
the identity and zero matrix with appropriate dimensions,
respectively. The symbol "*’ represents the symmetric term
in a block matrix. The notation Y}, stands for >__, h;(k)Y;
and Yua for Yy, + AY,,.

2. PRELIMINARIES

Consider a discrete-time T—S fuzzy dynamic model with
uncertainties, in which the ith fuzzy IF-THEN rule is
described as follows:

Ri s if gl(k) is Mu and ... fp(k') is Mpi then

z(k+1) = (A; + AA)z(k) + (Bi + AB;)u(k) + (E; + AE;)w(k)
z(k) = (Cri + AC1)x(k) + (D; + AD;)u(k) + (F; + AF)w(k)

y(k) = (Cai + ACh)x(k) + (Ri + AR;)w(k)

(1)
where x(t) € R™ is the state variable, z(t) € RY is the
controlled output variable, w(t) € RY is the disturbance
variable, u(t) € R™ is the input variable, y(t) € R® is
the output variable. Matrices A; € R™*"™ B; € R"*™,
Cy; € qun, D; € R¥™*™ | Cy € R*™ | E; € Rnxv s
F; € R7*Y, R; € R°*Y are known real constant matrices,
My, ¢+ = 1,2,...,r,d = 1,2,...,p are the fuzzy sets,
r is the number of fuzzy rules, and &;, d=1,2,...,p are
premise variables. We assume that the premise variables
do not depend on the state variables estimated by a fuzzy
observer and control input vector.

AA“ AB“ AEZ, AC’h, AD“ AFZ, ACQZ, AEZ represent
the time-varying uncertain matrices of appropriate dimen-
sions, and can describe the modeling errors of the nonlinear
system or the identification errors between an original
nonlinear system and its local linear representation. We
adopt the following form of uncertainties described in (Lo
and Lin, 2004) :

AA»L‘ AEZ' ABi Mli
ACy; AF; AD;| = | My | A(k) [N1 Na N (2)
ACQ'L' ARi M3i

Where the uncertain matrix satisfies A(k)TA(k) < I and
My, Ni, k = 1,2, 3 are known real matrices of appropriate
dimensions.

The T-S fuzzy model (1) is inferred as follows:

z(k +1) = Apaz(k) + Brau(k) + Epaw(k)
Z(k‘) = ClhA.Z‘(k?) —+ DhAu(k) + FhAw(k) (3)

y(k) = Copaz(k) + Rpaw(k)
The normalized membership functions are given by :
i(§(k
ha(e(k)) = —2EED) k) = [T, Mus(€alk))
> wi(&(k))
=1

where My;(€4(k)) is the grade of membership of £4(k) in
My;.

By definition, we have : 0 < hy(s(k)) <1, i hi(s(k)) = 1,
=1

Vi e {l,..,r}

The following fuzzy observer is proposed to deal with the
state estimation of system (3) :

&(k+1) = Ap&(k) + Bru(k) + Ln(y(k) — 9(k))
4)
9(k)
where Z(k) and g(k) are the estimated state and esti-
mated output, respectively. L, = >_._; h;(§(k))L;, L; €
R™ ¢ 4§ =1,....,r are the observer gains .

= Cap k)

The following fuzzy controller which based on the PDC
concept is employed :

u(k) = —Kpi(k) (5)
where Kj, = >7_, hi(§(k))K;, K; e R™*" i =1,...,r are
the controller gains to be determined.

By defining the estimation error as :

e(k) = (k) — &(k) (6)

And the the augmented state as : Z(k) = [;E](ﬂ])f)}

The closed-loop fuzzy system, comprising of plant (3),
observer (4) and PDC controller (5), becomes :

|:i'(k+ 1):| — |:Ahh th:| [j(k):| (7)
(k) Chh Dpn] w(k)
_ (|:Ahh0 tho} " [AAhh Ath]) . [»’E(k)}
Chho Dhno ACpLp ADpy, w(k)
Where
A, — [An—BnEn  BaKp By — Ep
hhO 0 Ay — LnCop | Br0 =g, ~ 1, Ry
Chno = [Clh — DpKp, DhKh]7 Dpno = Fn
AA, — ABLKp, ABpL Ky,
AApn =
AA, — ABpL Ky, — LpCre ABRLKp

AE;, }

ABpp, = |:AEh7LhARh ADpp = AFy,

AChp = [AC), — ADLK, ADLKy]

For the formulation of the main result, we recall the fol-
lowing definition and lemmas.

Definition 1. (Gao and Wang, 2005) The closed-loop fuzzy
system (7) is said to be asymptotically stable with an
H, performance v > 0 if it is asymptotically stable with
w(k) = 0, and under zero initial condition, satisfies the
following inequality:

2T (k)2(k) <42 Y wT (k)w(k) 8)

k=0 k=0

Lemma 2. (Chang et al., 2015) For matrices T , @, U, and
W with appropriate dimensions and scalar 3. Inequality

T+QW+WTQT <o ©)
is fulfilled if the following condition holds:
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T *

8QT +uw —gu —puT| <P (10)

Lemma 3. (Petersen, 1987) Let X, Y and A(k) be real

matrices with appropriate dimensions and A (k)A(k) <
I. Then, for any scalar € > 0

XAR)Y +YTATR)XT <e'XXT +evTy (11)

Lemma 4. (Tuan et al., 2001) Suppose ®;;;,¢,7,l =1,...,7,
are symmetric matrices. Inequality

Z ZZhl (k + 1)hi(k)h;j (k) @i < 0 (12)
=1 i=1 j=1
is fulfilled if the following conditions hold
D1 <0, i,l=1,..,r (13)
1 1 . . .
ﬁq’m + 5(@]‘1 + @) <0, 4,5,l=1,..,7 i#] (14)

3. MAIN RESULTS

The control objective of this paper is to develop a new
conditions in terms of strict LMIs which can be solved in
one step to determine the fuzzy controller and observer
gains (K, L;) such that closed-loop augmented system
(7) is stabilizable by based-observer controller (5) in the
presence of bounded disturbances.

Lemma 5. Closed-loop fuzzy system (7) is asymptotically
stable with an H., performance v > 0 if there exist
positive scalars €157, €25, symmetric matrices Pi;(P;),
Py (Py), matrices G1, G2, Gs, Y;, and Kj, for 4,j,1 =
1,2, ...,7, such that the following conditions are satisfied

ZZZh (k)hi(k 4+ 1)Qu < 0 (15)
=1 j=11=1
Where
r —Pu * * * *
0 —Ps; * * *
0 0 7721 * *
Q41 G1BZ’KJ‘ G1E; Qua *
Q. — 0 Q52 Q53 0 Q55
LT Q61 GsD;K; GsE; 0 0
0 0 0 Mu Mll
0 0 0 0 —MgL]
Qo1 €1;51N3K; €15;iN2 0 0
L €251 N1 0 g2i51N2 0 0
* * * * * ]
* * * * *
* * * * *
* * * * *
* * * * *
—1 * * * * <0 (16)
Mg; 7611‘]‘[ * * *
0 —€2451 * *
0 0 0 —€14j1 *
0 0 0 0 —€2451

Q41 = G1A; — G1B;K; Q52 = G2 A; — Y;Coj

Q61 = G3C1; — G3D; K Qg1 = €141 N1 — €141 N3 K

Q53 = G2E; — YR Q55 = —G2 — G5 + Py

Qu=-Gi1—G{ +Py Li=G3'Y;

Proof.

From (Lo and Lin, 2004; Chang et al., 2011), the closed-
loop fuzzy system is asymptotically stable via observer-
based control with the required H,, constraint if the
following conditions hold :

— P, * * * 0 * * ok

0 7721 * * 0 0 * ok
Anno Brno Pyt o* AApp ABpp 0 %
Chh() Do 0o I AC’M AD}LO 00

<0 (17

Ihnh Adpn

From (2), AJpp, can be given by :
Adpp = sym(S1A4)T1) + sym(S2A(¢)T2) (18)

Where :

=000 M M, Mzh}
[N1 N3Kj;, N3Kj, No 00 0]
[0000 (—LyMg)" 0]
[ 0N, 00 0]

So =

The equation (17) can be written as follows :

Jhhh + [51 52] {A(t) 0 } {;ﬂ +LT <0 (19)

~—~
T

By applying Lemma (3), it comes that:
Z < Jnnn + €5, SST + e, TTT (20)

-1
o[ ] 1]

X

Where : &), = ZZh (k)h; (k

=1 j=1
Schur complement, X is equivalent to:

[61” *] Applying the
2ij

thh * *
ST —Ehhh * <0 (21)
T 00—,

Substituting each term of (21), we have the following

conditions :
33 hon

=1 j=1 I=1

i (B)hi(k + 1)Ly (22)
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Where
i —Py; * * * *
0 —Pgi * * *
0 0 —2I * *
A; - B;K;  BK; E; e iTh *
N 0 A; — LiCoj E; —L;R; 0 Pyt
U7 Oy - DK DK F; 0 0
0 0 0 ML ME
0 0 0 0 —-ML L;!
N1 — N3K;  N3K; No 0 0
i Ny 0 N, 0 0
* * * * * 7
* * * * *
* * * * *
* * * * *
* * * * *
-1 * * * * <0 (23)
MZTZ —€14j1 * * *
0 0 —€2451 * *
0 0 0 —enp % 1
0 0 0 0 —e5 ]

It is noted that
(V- '(-V-QTF <0Q>0,
implies that
vVt < —v-vT4Q
Thus, Pre-and post-multiplying (22) by

diag{], I, I, Gl, GQ, Gg, I, I, €144l 621']'[} and its transpose,
respectively, and using the previous inequality, we can see
that I';;; < Qjj;1, It follows that if (15) holds, then (22) is
satisfied. This completes the proof.

Inequalities €2;;; are expressed by a set of bilinear matrix
inequalities (BMIs) which are very hard to solve numer-
ically due to the existence of the bilinear (i.e., product)
terms G1Bin, G3Din and 61ile3Kj. In the literature,
the so-called two-step design approaches is used to handle
these bilinearities. In this paper , a new H., performance
synthesis criterion is presented in the following theorem,
where the obtained conditions are given by a set of LMIs
which can be solved using a single-step procedure.

Theorem 1. Closed-loop fuzzy system (7) is asymptoti-
cally stable with an H,, performance v > 0 if there exist
a known scalar 8, positive scalars €145, €245, symmetric
matrices Pli(P2i)7 Pll(PQl)7 matrices G17 GQ, Gg, H17H2,
U, and Y;, for i,5,l = 1,2,...;r, such that the following
conditions are satisfied :

Z Z Z hi (k)b (k) (k + 1)@ < 0 (24)

i=1 j=1 I=1

Where
[ —Py; * * * *
0 —Ps; * * *
0 0 R *
®y145 BiH; G1E; ®uq  *
0 P50i5  Ps3iy 0 P55
O = | ®er; DiH; GsF; 0 0
0 0 0 D74; Prs;
0 0 0 0 Pgs;
®91; NsHj; €15 N2 0 0
€2;51N1 0 eg;5N2 O 0
—Hj Hj 0 D114 O

* * * * * *
* * * * * *
* * * * * *
* * * * * *
* * * * * *
Dee * * * * *
Pr6; —erijil  x * * *
0 0 *Egijll * * *
0 0 0 —612'le * *
0 0 0 0 Egijlf *
P116i 0 0 ®119 0 D1111 |

D415 = G1A; — BiH;j ®61i5 = G3C14 — D Hj

P91 = €141 N1 — N3 H; P50;5 = GaA; — Y0
®53;5 = G2E; — YjR; Py =—-G1—-GT + Py
Bry; = MLEGT ®114; = B(G1B; — B;U)T
P55 =—G2— G5 + Py O75; = M{;GT
Pgsi = My, Y;" Pog = —G3 —Gf +1
Bre; = MEGT ®116; = B(GsD; — D;U)T
@119 = Ble1451N3 — N3U)T @1111 = —pU — pUT

the controller and observer gains are given by K; =
U 'H; and L; = G;le, respectively.

Proof. Suppose that inequality (24) holds. The feasible
solution of this inequality satisfies —UT —BUT < 0, which
implies that the matrix U is non-singular.

By Lemma (2) with :
Q:[O 00 Qf, 0Qfg 00 Qf O]T

W=U"Y[-H; H; 0 0 0000 0 0]

—Py; * * * *
0 —Ps; * * *
0 0 7'\/2[ * *
D4145 BiH; Gi1E; $uq  *
T 0 D255 Ps3i5; 0 Py
b1 D;H; G3F; 0 0
0 0 0 D74 P54
0 0 0 0 Pgs;
Cbglj N3Hj ElileQ 0 0
Le2ijiN1 0 e N2 0 0
* * * * * T
* * * * *
* * * * *
* * * * *
* * * * *
[or TS * * * *
@761' _81ijl-[ * * *
0 0 7620‘[1 * *
0 0 0 7511'le *
0 0 0 0 *Egijll_
Where :

Q14 = G1B; — B;U,
Q19 = €141 N3 — N3U

Q16 = GsD; — D;U

the inequality in (24) leads to:

6349



Preprints of the 21st IFAC World Congress (Virtual)
Berlin, Germany, July 12-17, 2020

r —P * * * *
0 —P2l' * * *
0 0 —721 * *
$yq145 BiH; G1E; $uyq  *
T— 0 P52i5 D535 0 Py
(I)Glij DiHj G3F; 0 0
0 0 0 Prgs P75
0 0 0 0 Pgs;
‘Pglj NgHj 617;le2 0 0
Le2ijiN1 0 g9 N2 0O 0
* * * * * 7]
* * * * *
* * * * *
* * * * *
* * * * *
Pe6 * * * *
¢’76i _Elijll * * *
0 —62”‘11 * *
0 0 0 Elile *
0 0 0 0 —621']'[]_
_ 0 _
0
0
G1B; — B;,U
+sym GBDZ_O_DiU U=t [-H; H; 0000000 0]
0
0
€1i51N3 — N3U
L 0 i
R

(25)

By defining K; = U™'H; , R can be written as follows:

B 0 0 000000007
0 0 000000O00O
0 0 000000O00O
—G1B;K; + B;H; G1B;K; —B;H; 00000000
0 0 000000O00O
-G3D;K; + D;H; G3D;K; —D;H; 00000000
0 0 000000O00O
0 0 00000000
*Elz‘lengﬁ*NgHj ElilengngHj 00000000
L 0 0 0000000 O]
(26)

from (25) and (26) we can see that inequality (15) in
Lemma 5 holds.

Theorem 2. Closed-loop fuzzy system (7) is asymptoti-
cally stable with an H., performance v > 0 if there exist
a known scalar 8, positive scalars €141, €241, symmetric
matrices Pli(PQi), Pll(PQl), matrices Gy, Gs,Gs, Hy, Hs,
U and Y, for 4,5,1 = 1,2,...,r, such that the following
conditions are satisfied :

(I)iil <07 i7jal: 1a27"'ar (27)
1 1 . . .
j¢iil+§(¢i_jl+¢)jil) Z7.]al = 17 2a w7y 1 7& J (28)

the controller and observer gains are given by K; =
U-'H; and L; = G;le, respectively.

Proof. The proof follows directly from Theorem 1 by
applying Lemma 4

Remark 1. Theorem 2 presents a new condition for design-
ing observer-based H,, controllers for uncertain discrete-
time T-S fuzzy systems which is of LMIs and can be
effectively solved via LMI Control Toolbox. In contrast
with the so-called two step approach (Lo and Lin, 2004), a
single approach based on a fuzzy lyapunov function and a
slack variables have been used which may help in reducing
of the conservatism in the derived results.

Remark 2. Tt is noted that when A = 0, the result of
Theorem.2 reduces to that of Theorem 3.3 in (El Haiek
et al., 2017).

4. NUMERICAL EXAMPLE

To illustrate the obtained results, consider the following
numerical T-S fuzzy system (Chang et al., 2011) with
uncertainties composed of two subsystems:

R :if fl(k:) is M11 then

z(k+1) = (A1 + MiAN1)z(k) + Biu(k) + Erw(k)
z(k) = Cux(k) + Dru(k) + Fiw(k) (29)
y(k) = (C21+ M3AN1)z(k) + Riw(k)

R? : if £1(k) is M12 then
z(k+1) = Asx(k) + Bau(k) + Exw(k)

Z(k) = Clgx(k‘) -+ Dgu(k) + FQ’LU(IC) (30)
y(k) = ngl‘(k) =+ ng(k)
Where :
|1 —a |1 « [P+« _
A= [—1 —0.5] Az = [—1 —0.5] B = { 20 } Dr=05
5—a —-0.3 —-0.3
BQ:Lza} El:{o.l} EQ:{O.J D2=05
T T T T
-0.1 —-0.1 1 1
Cu = [005} Ciz = {—0405] Coz = [0} Co1 = [0}
Ry =—0.1 Ry =01 F1 =04 F =04
0.2 0.1 01" 0.1 0.1
My = [0.1 0.1} Ms = [0.1} M= {0 0.1} 1A= 1
ho (k) = “(’;ﬂ w(k) = 0.01sin(k)

ho(k) =1 — hy (k) z1(k) € [—a Oé]

We apply Theorem 4 (Lo and Lin, 2004) and Theorem 2
to this fuzzy model. By Theorem 4 (Lo and Lin, 2004), a
solution is obtainable when o < 1.488 ;| while by Theorem
2, a solution is obtainable when o < 1.503. It implies
that Theorem 2 is more relaxed than Theorem 4 (Lo and
Lin, 2004) for this example. For example, by MATLAB
LMI toolbox, choosing av = 1.488 (A; is an unstable sub-
system matrix and A, is a stable sub-system matrix.), the
minimum H., attenuation level calculated by Theorem 4
(Lo and Lin, 2004) is v,nin = 15.3020 whereas by Theorem
218 Vmin = 4.1275. It comes that Theorem 2 ensures better
H,, performance than Theorem 4 (Lo and Lin, 2004) for
this example. In other hand, when o = 1.503 (the two sub-
system matrices are unstable), we cannot find a feasible so-
lution for Theorem 4 (Lo and Lin, 2004), but for Theorem
2 with 8 = 1.31, the closed-loop system is asymptotically
stable with H,, performance v, = 15.7276 as we can
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Fig. 2. System control signal u(k).

see in Figures 1, 2 and 3. Figure 1 shows the evolution of
the closed-loop states and the estimated states. It is seen
that the estimated states (dashed lines) converge to the
true states (solid lines) starting from the initial conditions
2(0) = [0.5 1.2]7, #(0) = [0.1 0.7]T in the presence of
the disturbance signal w(k). Control signal u(k) is shown
in Figure 2. The obtained matrices are :

K= [0.0758 —0.2619] Ky = [0.1295 0.3382]

Ly = [1.0996 —0.8776]" Ly = [1.5000 —1.0132]"

6.9504 0.6207
P = [ }

p., _ [6:7987 0.8037
0.6207 2.7353 12 =

0.8037 3.0982

10.2958 —0.1524 11.1647 5.7938
I I (g

—0.1524 153.5840 5.7938 137.3817

From Figure 3, we can see that the H., performance

S 2T (k)z(k) < +2 i wT (k)w(k) is achieved.
k=0 k=0

5. CONCLUSION

In this paper, a stability analysis and design of uncer-
tain discrete time T-S fuzzy system via an observer-based
controller satisfying the H,, performance requirement has
been investigated. Controller and observer gains are ob-
tained by solving a set of strict LMIs using single-step

6351

z'(k)2)k))
v2 W K)w(k)

Fig. 3. H, performance.

method. Less conservative results have been obtained by
considering a fuzzy Lyapunov function and slack vari-
ables. Numerical example has been given to illustrate the
effectiveness of the proposed method. Extension of the
proposed approach to time-delay TS fuzzy systems can
be the focus of our future work.
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