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Abstract: We solve the prescribed-time mean-square stabilization problem, providing the
first feedback solution to a stochastic null-controllability problem for strict-feedback nonlinear
systems with stochastic disturbances. Our non-scaling backstepping design scheme’s key novel
design ingredient is that, rather than employing “blowing up” time-varying scaling of the
backstepping coordinate transformation, we introduce, instead, a damping in the backstepping
target systems which grows unbounded as time approaches the terminal time. With this
approach, even for deterministic systems, a simpler controller results and the control effort
is reduced compared to previous designs. We achieve prescribed-time stabilization in the mean-

square sense.
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1. INTRODUCTION

After a spurt of activity in Lyapunov-based asymptotic
control of stochastic nonlinear systems, see for instance
Deng and Krsti¢ (1997), Krsti¢ and Deng (1998) and Pan
and Basar (1999), much attention has been dedicated in
recent years to stochastic nonlinear finite-time control.
Specifically, Chen and Jiao (2010) and Yin et al. (2011)
establish the Lyapunov criteria of stochastic finite-time
stability; Yu et al. (2019) relaxes the constraint on the
differential operator and gives a more general stochastic
finite-time stability criteria. It should be noted that, the
results in Chen and Jiao (2010), Yin et al. (2011) and
Yu et al. (2019) achieve stochastic finite-time stabilization
within some stochastic settling time, which typically de-
pends on initial conditions and is often unknown (only al-
most surely finity can be ensured). However, the unknown
and stochastic character of the settling time makes these
results difficult to use in many real applications. In several
real-world applications, discussed in Song et al. (2017) and
Holloway and Krstic (2019a,b), stabilization is required
within a known finite time to meet the control objectives,
motivating the study of prescribed-time control.

In the prescribed-time control, the user can prescribe a
known specific convergence time, irrespective of initial
conditions. In this direction, Song et al. (2017) develops
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a scaling design method to solve the prescribed-time reg-
ulation problem of nonlinear systems in normal form, in
which the system state is scaled by a time-varying function
that grows unbounded towards the terminal time; Wang
et al. (2019) presents the prescribed-time consensus design
for networked first-order multi-agent systems; Holloway
and Krstic (2019a) solves the prescribed-time estimation
problem for linear systems in the observer canonical form.
By leveraging the prescribed-time state feedback control
in Song et al. (2017) and the prescribed-time observer in
Holloway and Krstic (2019a), Holloway and Krstic (2019b)
designs a prescribed-time output feedback controller for
linear time-invariant systems in controllable canonical for-
m; Krishnamurthy et al. (2019a,b) focus on the prescribed-
time stabilization of nonlinear strict-feedback-like systems;
Steeves et al. (2019a,b) study the prescribed-time output-
feedback stabilization problems for reaction-diffusion e-
quations. It should be emphasized that all the above-
mentioned results on prescribed-time control are focused
on deterministic systems. However, the perturbations and
unmodelled dynamics in physical systems are often de-
scribed by stochastic noise entering the model. Therefore,
it is imperative to study the prescribed-time control of
stochastic nonlinear systems.

Motivated by the above observations, we study the the
prescribed-time mean-square stabilization for stochastic
strict-feedback nonlinear systems. The contributions of
this paper are two-fold:

(1) We present a new non-scaling design framework for
stochastic nonlinear systems in this paper. Different from
the scaling design in Song et al. (2017), Wang et al. (2019)
and Holloway and Krstic (2019a,b) where the time-varying
function is used to scale the states in all the transforma-
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tions, our approach does not use the scaling function in the
coordinate transformations. To achieve prescribed-time
stabilization, the time-varying scaling function is suitably
used to design virtual controllers. In this way, a simpler
controller can be designed since the computation burden
for the derivative of the time-varying scaling function
can be largely reduced with non-scaling transformations.
Therefore, the control effort can be saved. This advan-
tage is especially obvious when the system order is high.
It should be emphasized that even for the deterministic
nonlinear systems, the non-scaling design scheme proposed
in this paper is new.

(2) Compared with the stochastic finite-time stability
results, such as Chen and Jiao (2010), Yin et al. (2011)
and Yu et al. (2019), where the settling time is stochastic,
unknown and heavily relies on the initial conditions, the
prescribed-time control developed in this paper has a clear
advantage that the settling time is deterministic, known
and irrespective of initial conditions, which allows the user
to prescribe the convergence time a priori. Therefore, our
control schemes are more practical in real applications.

2. PRELIMINARIES

Consider the following stochastic nonlinear system

dr = f(t,z,u)dt + g7 (t,x)dw, VY z¢€ R", (1)

where © € R and u(t,z) € R are the system state and
control input. The functions f : R x R* x R — R™ and
g: RTx R"* — R™*"™ are piecewise continuous in ¢, locally
bounded and locally Lipschitz continuous in z uniformly
in t € Rt. w is an m-dimensional independent standard
Wiener process defined on the complete probability space
(Q,F, F, P) with a filtration JF; satisfying the usual
conditions (i.e., it is increasing and right continuous while
Fo contains all P-null sets).

We introduce the following scaling functions:

ul(t)zm%, (2)
u) = (=) —HPOFCE bt T) ()

where m > 2 is a integer.

Obviously, u(t) is a monotonically increasing function on
[to, to +T) with p(tp) =1 and . lin}rT,u(t) = +-00.
—to

Next, we give the definition of prescribed-time mean-
square stable.

Definition 1. For stochastic system (1) with f(¢,0,0) =0
and ¢g(t,0) = 0, the equilibrium z(¢t) = 0 is prescribed-
time mean-square stable if there exist positive constants
k; (1 <4 <4) such that

k
Ele(t)* < kala(to) P (14 pf (£))e~Fo" @),

YVte [to,to+T). (4)
Remark 1. In Definition 1, by (2) we have lim FEl|z|? =
t—to+T

0. Besides, denoting

k
o(t) = k| (to) 2(1 + pf?)e~Famm’”, (5)
then we have
dQ kQ _ ky
a :klf\m(to)ﬁe Fain

Fsks, 4o
: (1 - u'f“))
2

<k fe(t) et (1- 24 ) L (6)
T ko

It can be deduced from (6) that E|x|? is a strictly decreas-
ing function in [T*,ty + T'), where

ksk
T* :max{to,t0+T—T(l?;:‘l)1/k4}. (7)
2

From (7), it is obvious that to < T* <ty +T.

For stochastic system (1), the following Lemma provides
a basic tool for proving the existence of a solution and an-
alyzing the prescribed-time mean-square stability, whose
proof is omitted here.

Lemma 1. Consider the system (1). If there exist a
nonnegative function U(t,z) € C*?(RT x R™; Rt), and
positive constants cg and My such that

lim U(t,z) = +oo, (8)
|z] =400
LU(t,z) < —coplU + puMy, Vit € [to,to+T), (9)
then the following conclusions hold:
(1) System (1) has an almost surely unique solution on
[to,to + T) for any xg € R™.
(2) The function U(t,z) satisfies

t
—co Lo n(s)ds

M,
EU(t,z)<e Ulto, z0) + ?0
0

Yt € [to, to + T). (10)

3. PROBLEM FORMULATION

Consider a class of stochastic nonlinear systems described
by

d-ri = ('Ti-‘rl + fz(tax))dt +ng(t,x)dw7 1<i<n-— la(ll)
dr, = (u+ fo(t,z))dt + gL (t, x)dw, (12)
where z = (21,...,2,)7 € R" and u € R are the
system state and control input. The functions f; : BT x
R™ - Rand g; : RT x R® — R™ are piecewise continuous
in ¢, locally bounded and locally Lipschitz continuous
in z uniformly in ¢t € R*, fi(¢t,0) = 0, g;(¢,0) = 0,
i=1,...,n. wis an m-dimensional independent standard
Wiener process whose definition can be found in system

(1).
To proceed further, we need the following assumption.

Assumption 1. For ¢ = 1,---,n, there exist positive
constants ¢;; and ¢;2 such that

|fit, )| < cin(|o] 4 -+ |24])s
lgi(t, )| < cia(|za ] + -+ + |24])-

(13)
(14)
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In this paper, for system (11)-(12) with Assumption 1, we
first develop a novel non-scaling design scheme, by which
a new time-varying controller is designed; then we analyze
the prescribed-time mean-square stability of the closed-
loop system.

4. CONTROLLER DESIGN

In this section, we design a time-varying controller for
system (11)-(12) step by step.

Step 1. Define V; = 1£f, & = 4, from (11), (13)-(14) we

have
3
LVi(&) =& + & 1 + §§%|91|2
3
<o - ap) + €l (e + 5eb ) .05)
Choosing

N 3
vy =—p" (61 tentg ) & & —paay, (16)
which substitutes into (15) ylelds
LVi(&1) < —erp™ €l + & (g — a3), (17)

where 1 = 1, ¢; > 0 is a design parameter and a3 = ¢; +
32
c11 + 5612.

Deductive Step. Assume that at step k— 1, there are set
of virtual controllers x5, ..., z} defined by

Ty = — 610[1517 gl =, (18)
zh = —pass, §2 = 22 — 3, (19)
— o 1€, €1 = k1 — Th_q, (20)
such that

k-1
LVio1(€1) <= (e — ap_1,:)p” &
i=1

3 *
+&i—1 @k — x), (21)
where aq,...,ai_1 are positive constants, ¢; > 0 is a
design parameter, ay—_1,1,...,ak—1,k—2 are arbitrary pos-
o . _ - _ T
itive constants, ar—1 -1 = 0, &—1 = (&1,.--,&-1)",

Vi1 (€po1) = 22 et and

=1 6;=3-5"2 2<i<k-1. (22
To complete the induction, at the kth step, we consider

the &i-system.

Define &, = x, — z}, from (18)-(20) we obtain
k—1
&=ak+ Y Bit)as, (23)
i=1
k-1
t) =[] %oy (24)
j=i

Noting that 2 = 0, by (1), (23) and Ito’s fornula
we get

k—1 k—1

dgk - (xk+1 + fk + Zﬁlxl + Zﬁz xz+1 + fz))

=1

+<ng + Zﬁigf) dw. (25)
i=1
We choose the Lyapunov function
_ _ 1,
Vie(€k) = Vie—1(§k—1) + ng' (26)
It follows from (21), (25)-(26) and Itd’s formula that
B k—1
LVi(&) <= (e — ar1,)p” & + &1k
i=1
k—1
o ap i N+ Bilwia + £)
i=1
k=1 3 k—1 2
+&E D Biwi+ &R \gk + D Bigl | - (27)
i=1 i=1
Fori=1,---,k, by (13)-(14) and (18)-(20) we get
[filt.2)] < ean(p® |&a] + -+ ¥ gl + D), (28)
|9:(t, )] < Gia(u’H ] + - - + p & ] + 1), (29)

where ¢;; and ¢;o are positive constants.

By (22), (28) and Young’s inequality in Krsti¢ and Deng
(1998) we have

3 Spqpd
Eh—18k S k1,117 T

1/4 -3
+1 (Sak,kl,l) &,

& fr < erl&l® (W &) + - 4 10 €| + [Ex])
k—1

3.4
<Zak12,u §4+ﬂ6k 1<Ck1+4ck/3

(30)

k—1

'2(4%,1‘,2)71/3)51@

i=1

(31)

where ay ,—1,1 and ay,; 2 are arbitrary positive constants.

From (24) and the definition of d; we have

k—1
Bi=po o [ oy, (32)
) m k—1 k—1
Bil< | 7 220 | Wt [Ty (33)
j=i j=i

By (18)-(20), (22), (32) and Young’s inequality we obtain

k-1
&Y Biwiy < |fk|SZM6 R
=1 =1
k—1
(I @) (sl + p¥eulal)
=i
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k—1

Sﬂékilakflfg'k E u26i+5i+1+"'+6k—1
=1
k—1

@+ )( T o)kl

j=i—1

k-1
<> apiapE + p P (ak—l
i=1

Sk
EZ 46%13 1/3 Oé _|_ )4/3
k—1 43
( H O‘J) )flm (34)
j=i—1

where ay, ; 3 is an arbitrary positive constant and ag = 1.

Similar to (34) we get

k-1 k-1 k-1
. 3 _
& Z Bifi < Z ariap” &l + ZN%’“’I (Z(4ak,i,4) 13
i=1 i=1 i=1

k—1 VW
.<ék,171(k— 1) Haj) )gk, (35)
j=1
k—1 k—1 k—1
fk Z ﬁzxz < Z Ak i, 5//4 5 + /-//26k ! Z(4ak,i,5)_l/3
=1 =1 =1
4/3 -1 (43
(H o) (2 Zéj) &, (36)
=i
where ay ;4 and a5 are arbitrary positive constants,
§o =0 and ¢x_1,1 = max{¢11,Co1,...,Ch—1,1}
By (29) and (32) we obtain
3 k—1 2 k—1
551% g + Z Bigi SkeRa€r + k Z pRoit o
=1 =1
k—1k—1
(Ck2 +Y ]« CSQ) &&- (37)
s=1i j=s
From (22) we have
30 +4(0ip1 + -+ 5k—1)
_ 50k_1, ifi=1, (38)
50,_1 — 26, if2<i<k-—1.

By (38) and Young’s inequality, (37) can be written as

3 k—1 2 k—1 3
55}3 g + Z Bigl| < Z ari6p” ) 4 PO <2kéi2
i i=1
k—1k—1
2 4
16k Zak16(0k2+ZHO¢ Ce2) )gka (39)
s=1 j=s

where ay, ;6 is an arbitrary positive constant.

From (22), (30)-(31), (34)-(36) and (39) we can choose

0 = max {6k17 205 _1, gék*l’ 55k1} =3.5F2, (40)

Next, we choose the virtual controller as

3
Thp1 = —H Ok <Ck +ép +ag_1+ kckg

k—1

1.4 3 3A4/3 -1/3
4(3akk 1,1)" +4 1 ;(4%,1‘,2)
k—1 k—1
3 _ 4/3
+Z Z(4ak7i,3) 1/3(0412 + 1)4/3< Oéj)
i1 j=i—1
k—1 k-1
3 - 4/3
+ Z(4ak,i,4) / (Ck 11(k—1) H g)
P i
3 e s am S e
+4Z dar,i5) (T_I ) (7 j_fj)

ST SIHCRED 1 PEN)
16 ’”6(’“2 ‘“92)

s=i j=s

£’ gy (41)

With (40), substituting (30)-(31), (34)-(36), (39) and (41)
into (27) yields
B k
LVi(&) < =D (e = ara)p” & + & wnrn — w541)(42)
i=1

where ¢;, > 0 is a design parameter, a; r = 0 and

6
Uri=ag_1;+ Y arij, i=1- k=2 (43)
j=2
6
agk—1 = Qg—1k—1 T Z Oij- (44)
j=1

Step n.
control law

Similar to (41)-(42), by choosing the actual

uw=—p’ran,, (45)
we have
n
LV, (gn) < - Z(Ci - an,i)M‘siﬁ?, (46)
i=1

where ¢, > 0 is a design parameter, §, = 3 - 572, a, is

a positive constant, a,, =0, an1,...,a, -1 are positive
_ Fy_ 1N ¢4

constants, &, = x, —x;, and V,,(§,) = 3>, &

Choosing the design parameters as

ci>an;, t=1--,n-1, (47)
cp >0, (48)

from (22) and (46)-(48) we have
Vo(€n) < —chu &< —euVn, (49)

where c=4 min {¢; —

Ap iyCny-
1<i<n—1 e n}
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Remark 2. From the design process, it can be observed
that the order of y in the controller is suitably constructed
so that the negative term —u‘sf{f dominates the nonneg-
ative terms produced by It6’s formula. For example, the
order of p in the the virtual controller (41) is carefully
chosen as 6, = 3 - 5°~2. On the one hand, if §;, < 3 - 5F—2
from (37)-(39) we conclude that some nonlinear terms
like uP¢t (p > 1) appear, which cannot be dominated
by —u1€}, losing the guarantee of stability. On the other
hand, if 6, > 3 -5%~2, although the stochastic prescribed-
time stability is achieved, the control effort will be larger.
Therefore, a good choice of §; is nontrivial. In fact, it
can be deduced from (27)-(40) that the minimum suitable
value of 0y, is mainly decided by the Hessian term %{i | gF+

S Bl (
Remark 3. In this section, we propose a new non-scaling
backstepping design scheme for stochastic nonlinear sys-
tem (11)-(12) to achieve prescribed-time mean-square sta-
ble. The merit of this design is not using the time-varying
i to scale the coordinate transformations & = z; — ),
i=1,---,n, and p is suitably introduced into the virtual
controller z7. This approach is essentially different from
the scaling method developed in Song et al. (2017), Wang
et al. (2019) and Holloway and Krstic (2019a,b) where
the scaled transformation & = p*(z; — x7) is used for
the controller design at every step. The main advantage
of our approach is that a simpler controller is designed
and the computation burden arising from the derivative
of u is largely reduced with non-scaling transformations.
Therefore, the control effort can be saved.

more details are found in (37)-(40)).

5. STABILITY ANALYSIS

In the following theorem, we give the main stability results
on system (11)-(12).

Theorem 1. Consider the plant consisting of (11)-(12),
(45) and (47)-(48). If Assumption 1 holds, then the fol-
lowing conclusions hold:

1) The plant has an almost surely unique solution on
[to, to +T);

2) The equilibrium at the origin of the plant is prescribed-

time mean-square stable with lim E|z|? = 2
t—to+T

0. Moreover, for V t € [tg,tg + T), the following estimates
hold:

E|x\2<f(n+2a2 25)

n k—1k—1 1/2
(ml (t0)+ 3 (xlt0) + 3 [ aseitto)) )
k=2 i=1 j=1t
__cr™ ( 1 1 )
e 2(m—1) (t0+T7t)"L*1 Tm—1 , (50)
Eu? < /na? p?on (x‘ll(to)
k—1k—1 1/2
+z(xkto+zna] ()’
=1 j=1
__eT™ ( 1 1 )
e 2(m—1) (t0+T7t)7n*1 Tm—1 . (51)

Proof. From (18)-(20) we have

1 0 0 0 0
—aqp’t 10 0 0
r= ) ) £ (52)
0 0 - 0 —apqpu’t 1
where g = (513 e 7fn)T'
By (52) we get
1/2
| < (n + Z i ) €1, (53)
which means that
—1/2
BE <n+za2 25) 2. (54)

Noting that the plant satisfies the local Lipschitz condition
and that V,,(&,) T30 &L by (49) and (54), the
conditions (8) and (9) in Lemma 1 hold.

Therefore, by Lemma 1, conclusion 1) holds and

EV,(t,z)<e ffo pls)ds Vi, (to, o).
By (55) and Schwarz inequality we obtain

(55)
B¢ < {Elg1}?

< oyme” Ha OBV ), vt e [t0, 10 + T).(56)
By (3) and (56) we get

™ ( 1 1 )
E|§\2§2\/ﬁe 2(m=1) \(tg+T—t)ym—1 Tm—1
VIY2(tg,20), Y tE€[to,to+T).

From (23)-(24), (53) and (57) we have

(57)

E|z|? <\f(n+2a2 26)

k—1k—1
(xl to —I—Z(xk to) —l—ZHaJ

=1 j=1¢

1/2
w)')
cT™

e 2m=D (Gt i ),v t € [to,to +T). (58)
Noting that ¢ > 0, T'> 0 and m > 2, by (3) we obtain

g ) o )
t—to+T
holds for any k € R.
By (58) and (59) we get
lim FElz* = (60)
t—to+T

Similar to (58) and (60), it follows from (45) and (57) that
(51) holds and

lim Elul* =
t—to+T

(61)
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Fig. 1. The response of the closed-loop system (62)-(64).
6. A SIMULATION EXAMPLE

In the following example, we show that even when As-
sumption 1 is not satisfied, by following the controller de-
sign developed in this paper, we still solve the prescribed-
time mean-square stabilization problem when the nonlin-
ear terms are in some special forms.

Example 1. Consider the following system

dxy = xodt + 1 sin r1dw, (62)

dzro = (u+ x122)dt + 1:?/3dw. (63)
Obviously, the drift term z1xo and the diffusion term

xi/ % don’t satisfy the linear growth condition required in
Assumption 1.

By following the design procedure developed in Section 4,
we design the control law as

33 3 4/3 3 m
u:*(cl+c2+Z+Z$2/ Z(?)4/3

o)y

9 3 2/3\4
+Z<Cl to zy/ ) >M3§27
where ¢; > 0 and c; > 0 are design parameters and
¢op = 4min{c; — %7C2}.

(64)

For simulation, we select tg = 0, T" = 2, m = 2, the
parameters ¢y = %, cy = %, and randomly set the initial
conditions as x1(0) = —0.5, 22(0) = 2. Fig.1 gives the
response of the closed-loop system (62)-(64). From Fig.1,
we can find that lim E|z|> = lim E|u| = 0. In other
t—2 t—2

words, the prescribed-time mean-square stabilization can
be achieved. Therefore, the effectiveness of the controller
design is demonstrated.

7. CONCLUDING REMARKS

In this paper we have addressed the prescribed-time mean-
square stabilization design for stochastic strict-feedback
nonlinear systems. By developing a new non-scaling back-
stepping design method, a new controller is designed to
guarantee that the equilibrium at the origin of the closed-
loop system is prescribed-time mean-square stable.

For the stochastic nonlinear systems, many open issues are
worth investigating, such as generalizing the results in this
paper to output-feedback control shown in Li et al. (2020).
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