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Abstract: A control design approach for heterogeneous platoons is derived that achieves
tracking of the desired delay-based spacing policy. The delay-based spacing policy induces an
identical spatially varying velocity reference for all vehicles of the platoon. Thus, the control
law is derived in the spatial domain. For a heterogeneous platoon, with individual dynamics
of each vehicle, the first step of the control design is an individual exact linearization of each
vehicle dynamics that transforms the heterogeneous platoon into a homogeneous platoon, where
all vehicles have identical dynamics with respect to the new input. Then, a well-known control
design for homogeneous platoons may be applied. The results are illustrated by simulations.
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1. INTRODUCTION

Assisted and automated driving applications have gained
more and more interest over the course of the last decades.
Both the private sector and academic researchers have
invested immensely to promote this progress. Even the
public sector has established institutions to develop so-
lutions for present and future mobility challenges. It is
predictable that the demand for logistic capabilities will
increase faster than the expansion of the present trans-
portation infrastructure. Therefore, different approaches
have been proposed to utilize the given capacity more
efficiently. One concern is to improve traffic flow and to
optimize utilization of transportation networks to increase
throughput. Another approach is to reduce inter-vehicular
spacing to put more vessels on driveways. Their combina-
tion further enhances the overall performance.

Platooning is therefore one of the most prominent tasks
for automated and assisted driving. However, this applica-
tion raises an array of peculiarities. Usually, performance
shall not only be optimized for an individual member of
a platoon, but with respect to the platoon as a whole.
Most approaches seek to optimize said performance via the
criterion of fuel consumption. Effective ways to minimize
this are smooth trajectories to reduce actuation effort and
establishing small inter-vehicular distances to exploit the
resulting slipstream. However, these means raise issues of
safety and stability. Safety here means guaranteed collision
avoidance and stability is understood in the context of
string stability, which is usually denoted as the capacity for
attenuating propagated disturbances in the upstream di-
rection of the platoon, after Shaw and Hedrick (2007) and
Ploeg et al. (2014). These aspects are further exacerbated
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by the typical target platforms for platooning, as heavy
duty vessels usually offer only very limited dynamics. For
example, a low limit for acceleration leads to a delayed
response to sudden velocity changes and therefore infringes
stability. Limited deceleration on the other hand implies
long braking distances and compromises safety.

From the control engineering view of the context pre-
sented, many different approaches have been developed.
Adaptive Cruise Controllers (ACC) and Cooperative
Adaptive Cruise Controllers (CACC) may already be con-
sidered as established and traditional approaches; their de-
sign is compliant to standard methods of controller design
for linear time-invariant (LTT) systems. Due to their simple
nature, their properties are easy to evaluate using LTI sys-
tem analysis. A handful of CACC implementations shall
be pointed out: the original PATH-CACC as described
in Rajamani (2012), developed at Berkeley University,
California, the CACC by J. Ploeg et al. (2011), and the
Flatbed-CACC by Ali et al. (2015). The named CACC
are well established approaches within the community and
various experiments have proven their capability and fit
for purpose. Moreover, most of these implementations rely
on a minimal set of peripheral hardware requirements
which are usually already part of current vehicle models.
Cruise Control is already a common feature; an extension
to ACC merely requires a sufficiently reliable distance
measurement unit. In turn extending the ACC to CACC
calls for communication capabilities, which might as well
be implemented with minor effort. The computational
requirements for the named vehicle controllers are consid-
ered to be very moderate and may even be implemented
alongside with already existing embedded systems. The
group of consensus controllers are an extension of the
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CACC approach. Foremost, they differ in implementing
different communication topologies, whereas traditional
CACC are usually subject to a simple, rigid, and limited
set of communication links. An example of a consensus
controller may be found in Santini et al. (2017).

Closely related to the controller design is the choice of
a sufficient spacing policy. The constant spacing and
the time headway spacing policy are arguably the most
widespread. However, these approaches suffer not only
from issues with safety and stability but also are not neces-
sarily optimal in terms of fuel consumption. Considering a
platoon route over hilly terrain illustrates that the demand
for instantaneous tracking of the velocity of a leading vehi-
cle yields no benefit. In Besselink and Johansson (2017) a
controller is proposed alongside a novel spatial spacing pol-
icy. The delay-based spacing policy refers to the tracking of
a reference velocity profile in the spatial domain, meaning
that the reference is a now function of space, rather than
time, as implied by other spacing policies. The delay-
based spacing policy therefore yields many advantages:
Turri et al. (2017) showed that slipstream performance and
fuel consumption can be optimized. In fact, features that
determine an optimal speed profile such as slopes, curves,
speed limits, traffic lights, intersections, freeway ramps
etc. are inherently spatial and fixed in space. Sufficient
information on a route may allow a priori and optimized
planning of the platoon’s trajectory.

Based on Remark 6 in Besselink and Johansson (2017)
(“[...] even though it is assumed that all vehicles have
identical dynamics [...], the results in this paper have the
potential to be extended to heterogeneous vehicle pla-
toons.” ), an extension of the the control design approach in
Besselink and Johansson (2017) to a heterogeneous vehicle
platoon is derived in this paper.

The remainder of this paper is organized as follows. In
Section 2, the control problem is formulated, presenting
the delay-based spacing policy and the dynamic model of
a heterogeneous platoon. The controller design for het-
erogeneous platoons that achieves tracking of the desired
delay-based spacing policy is derived in Section 3. Section
4 presents simulation results for an academic example.
Future work is stated in Section 5.

2. PROBLEM FORMULATION
2.1 Delay-Based Spacing Policy

The delay-based spacing policy introduced in Besselink
and Johansson (2017) is defined as

Sref,i (t) = si—1 (t — At) (1)
where syef ; (t) denotes the reference position of the vehicle
¢ and s;_1 (t) the position of the preceding vehicle i — 1.
Thus, each follower vehicle tracks a time-delayed version
of the trajectory of the preceding vehicle, with time gap
At > 0. Assuming perfect tracking, this policy achieves
identical velocity profiles in space for all vehicles,

v (8) = Vret (8) (2)
fori € T9 ={0,1,..., N}, where N denotes the number

of follower vehicles. On the other hand, perfect tracking of
the reference velocity yields

S; (t) = S;—1 (t - At) . (3)
See Besselink and Johansson (2017) for the proof.

Note that the reference velocity has to be bounded by vmin
with

Umin At > Lmax ) (4)
where Lj.x denotes the maximum vehicle length, such
that subsequent vehicles do not collide when they perfectly
track the reference velocity.

2.2 Platoon Modeling

Consider a heterogeneous platoon of N + 1 vehicles, in
which each vehicle satisfies the individual longitudinal
dynamics in the time domain

s =hi (x,(0) (5)
L0=7(c0)+3, (x,®)awm  ©

for i € T9. Here, s;(t) denotes the position of vehicle
i, such that (5) represents the kinematic relation with
velocity @; (t) = h; (Xi (t)) Equation (6) with state
X, (t) describes the remaining dynamics, e.g. engine and
drivetrain dynamics. It is assumed that all vehicle models
have the same order n, i.e. dimy, =n—1fori € T4, and
that the functions L, gi, and h; are sufficiently smooth.
The controller synthesis is done in the spatial domain,

considering s as independent variable. Thus, the platoon
dynamics (5,6) is now written in the spatial domain.

Let us first consider a single vehicle, neglecting the index
1. The kinematic equation

ds(t)
aUBSI0 @
yields
dt(s) 1
ds  o(t(s)) ’ (8)

where t(s) denotes the time instance where the vehicle
passes s. Substituting the definition

v(s)=0(t(s)) (9)
yields

t'(s) = o)’ (10)

where / denotes the spatial derivative, i.e.

¢ (s) = d’;(j .

The equation for the remaining dynamics,

Xt =Fx®)+axm)a)
may be written as
dx (t(s))ds(t)

(x(t(s))) +

[N<}}
o
=
—~
~
—
VA
N
Nt
S—
[~
—
~~
—
V2l
=
=

ds a  *
(13)
and substituting (7) yields
axi) L) a(ueen)
ds - f;(t (5)) + 1~)(t (S)) uz( (S)>
(14)

Substituting the definitions
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E(s)=x(t(s)) , (15)
gy L) f )
i(é( )) ’f}(t (8)) - iL(X(t (S))) ) (16)
gy A (tE) g (x(t(s))
g(é( ))* ’l~)(t (S)) = E(K(t(s))) ) (17)
u(s)=1u(t(s)) (18)
yields
§(s)=f(E(s) +g (&) uls) - (19)
Substituting the definition
1
h (é(s)) - U(S) (20)
into (10) yields
t'(s)=h(£(s)) - (21)

Thus, the longitudinal dynamics of a platoon of N + 1
vehicles according to (5,6) in the time domain may be
written in the spatial domain as

t(s)=hi (&) -
&) =1,(66)+g, (&) us)

24

(22)

(23)

for i € Ty, where t; (s) denotes the time instance where
the vehicle i passes s, and & (s), f, (g (s))7 g, (Q (s)),
h; (ﬁl (s)), u; (s) are defined similar to (15,16,17,20,18)
by augmenting the index 3.

Now, a controller has to be designed such that each vehicle

i tracks the reference velocity vyt (), which is assumed to
be at least n — 2 times continuously differentiable.

3. CONTROLLER DESIGN

Consider a platoon of N +1 vehicles, with the longitudinal
dynamics in the spatial domain according to (22,23) for
i € 7'1\0, For tracking of the reference velocity vy (8), the

reference for h; (5 (s)) is defined as

>4

1
Rt (€ =— 24
FEE) = (24)
and the tracking error of the inverse velocity as
1
i =h; (€. - . 25
enils) =hi (,9)) = o= (25)
We assume that the relative degree of
1
hi (€ = 2
(&) =10 (26)

equals n — 1. Thus,

& (&)

ahi ' /
_<6§i> i(s)

- (Z?) (L (Q (S)) +9, (él (s)) u; (S))

= Lilhl + Lgihi Uj; (S)

(27)

:L?hi + Lngihi U (S)

Tt (6, 9)

oL\
~ (5] gw

- sz% + Ly LE*Bhi u; (8)
_1tn—2p .
=L} "h;

—i

ot (6,9)

(29)

— Lz;lhi +Ly in—th u ()
where Ly h; denotes the Lie derivative of h; along L_, see
Isidori (1995).

We define the desired transfer equation in the frequency
domain as

B () = =0 0) (31)
where p denotes the complex frequency. This yields
P Evi (p) = Ui (p) (32)
or
e () = i (s) (33)
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with

- i:T_i (hi <§i (8)) - Urefl(s))

dnfl dnfl 1
dsn—1 i (ﬁl (S)) dsn—1 <Uref (s)) (34)
Substituting (30) yields
(n-1) n—1 n—2
€ 14 (S) = Lf hz + LgLf hi Uj (S)
dqr—t 1
S dsnt <’Uref (s)) (35)

Substituting into (33) yields

dn! 1
-1 —2 o
Lz h; + LLLE hiug (s) — T (Uref (s)) =a; (s)
(36)
or

ui (s) = (37)

1 qn—t 1
L (as _Lnlhﬁ( ))
LE,.L}L,izhi ( ) L ds™ =1 \ vret (5)

Using the state variables

1
i =h; €. -, 38
eni(s)=hi (£9) = 5 (3)
dk—l
eri(s) = TFoTCLi (s) for k=2,...,n—1 (39)
yields
e (s)=eai(s) (40)
€2 (s)=en1i () (41)
or
€i(s) =epp1i(s) for k=1,...,n—2 . (42)
Equation (33) may be written as
d n—2
S =) (43)
Substituting (39) for k =n — 1 yields
d
&en_l,i (S) = U; (S) . (44)
Using the state vector
e, =[ei  en—1,i] (45)
yields the linear state equation
¢ =Ae; + i (s) (46)
with
01 0 0
A= K ,b=1|" 47
A 01 0 (47)
0 0 1

Denoting the deviation from the nominal time gap to the
preceding vehicle as A; (s) and to the leading vehicle as

A;(s)=t;(s) —ti—1(s) — At , (48)
A (s) =t (s) — to (s) — i A, (49)

the time gap tracking error is defined as
81, (8) = (1 — ko) Ay (8) + Ko AY (s) + keri(s)  (50)

with 0 < kg < 1 and the tracking error of the inverse
velocity eq ; (s) according to (38).

Note that
A (s) = A () + A (s) (51)
and
Aj(s)=t;(s) —ti_y (s)
— (Q (s)) ~ hiy (gH (3)) (52)
with
hl6 ) =en@+ = 69
hi-1 <§,-_1 (3)) =eni-1(s) + ﬁ(s) o (04
h Al (s) = e1,4 (5) = exin1 (5) (55)
KA (s)=krey;(s)—Kkeri—1(s) . (56)

Solving the definition (50) of the time gap tracking error
for K e1,; (s) and substituting into (56) yields

KA (s)
=61, (s) = (1 = ko) A;(s) — ko AY (s) — ker,i—1 (s)

= 7Ai (8) + (5171' (5) “+ Ko (Az (S) — A? (S)) —Keéli—1 (5) .
Substituting (51) yields

(57)

kA (s)

=—A; (8) + 61, (s) + Ko (A (s) — (A (s) — A)_1 (5)))
—Kkeri—1(s)

= 7A1' (S) + 6171' (S) — Ko A(i)—l (S) —Ke€1,i-1 (S) . (58)

This dynamics is induced by the definition of the time gap
tracking error according to (50).

The terms of the preceding vehicle are summarized accord-
ing to

Yio1(s) = —ko Al (s) —rerioa(s) (59)
which yields
KA (s)=—=A;(s)+ 61 (s) +yi—1(s) . (60)

Additional time gap tracking error coordinates are defined
as

Ok,i (s) = (1 — ko) (ex—1,i — €r—1,i-1)
+ Ko (ek_u - €k_170) + Keg; (61)

for k = 2,...,.n — 1 and ¢ € Ty. The dynamics of
the platoon is now represented using the timing error
coordinates .

z; =447 ] (62)
with

8 =[61 +++ Onri] - (63)
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Equation (60) may be written as

L) = = (<A (5) + 01 () Fuia () - (64)
Equation (50) yields
01,6 (8) = (1 = ko) A (8) + ko - AO( s)+rey;(s) - (65)
Note that

AT ()=t (s) — 1 (5)

= (gi (5)) — ho (§0 (S)>

e < O+ <s>>
(

:elz()*el 5) (66)
holds. Substituting (55), (66), a

/1,1' (s)=

=e€1 ) (S)

d (40) into (65) yields

(1 — ko) (e1,i () —e1,i-1(5))
+ ko (e1,:(s) —e10(s)) +rea;(s) , (67)
and substituting (61) for k = 2 yields

1i(8) =02, (s) - (68)
For k =2,...,n — 2, differentiating (61) yields
52,1' (s) = (1 = Ko) (e;c—l,i (s) — 62—1@'—1 (3)) (69)
+ ko (€h_1,(s) — €k—1,0 (s)) + Kep,(s)
and substituting (42) yields
O1i (8) = (1 = ko) (en,i (s) — ex,i—1(s))
+ ko (ex,i (8) —eno(s)) + Kegt1,i(s) .(70)
Substituting (61) yields
Ori (8) = Ont1,i (8) - (71)
For k = n — 1, differentiating (61) yields
541 1, (8) = (1 — ko) (6272,1' (s) — 3;172,1'71 (5)) (72)

+ k0 (€0 (8) —€h_oo(s)) +re,_1,(s)
Substituting (41) and (44) yields

n-1,i (8) = (1= ko) (en—1,(s) — en—1,-1(s)) (73)
+ ko (en—1,i(8) —en—1,0(8)) +Ka; (s) .

Introducing ; (s) according to

i (s)= — k" (1= ko) (en—1,i (5) — €n—1,i-1(s)) (74)

YKo (En—1,i (8) — €n—1,0(5)) + U (s)
(73) may be written as

_/4/7

ne1(8)= (1= ko) (en—1,i (s) = en—1,i-1(5))
+ ko (en—1,i (8) — en—1,0 (5))
— (1= ko) (en—1,i () — €n—1,i-1(5))
— ko (en—1i(8) —en—1,0(8)) + K ()
=kKu;(s) . (75)
Using (64), (71), and (75), the state equation of the

follower vehicle i € Ty in timing error coordinates may
be written as

1
2 (8)=| « —0 01 |z (s Oﬂzs
H=| E . ] 6 [ ] 1
1
+ | k| Yi-1(s) (76)
with A and b according to (47).
Equation (59) may be written as
yi () = —ko A (5) —ker (s) (77)
and (50) as
—ko AV (s) — ey (s) = (1 — ko) Ay (s) =614 (s) . (78)
Substituting (78) into (77) yields
Yi (s) = (1 — ko) Ai(s) —61,i(s) (79)
yi(s)=[(1=ro) =10 --- 0]z; (s) , (80)

the output equation of the follower vehicle i € Ty in timing
error coordinates.
Using the decentralized controller

i (s) = [0k} ]z (s) (81)
the closed-loop dynamics of the follower vehicle ¢ € Ty in
timing error coordinates is given by

i (s) = _oi{’tOA 0] xi(s)jL["‘Ob][Ok?]xi(S)
+ ;1 Yi-1(s)
_ —Oﬂi:"o] z<s>+[8£2T] )
+ ;(1)-; Yi-1(s)
| {102] r0+ |5 [wa e @)
0 A+kbE; -

Choosing k > 0 and k: such that A-i—libkl is stable yields
a stable dynamics of the controlled follower vehicle i € Ty .

For the leader vehicle ¢ = 0, the deviation from the
nominal time gap is defined as

S

Bo(s)=to(s)— [

=0

Aj(5) =200 (s) (84)

and the additional time gap tracking error coordinates as
Ok0(s) =ex—1,0(s) + Kero(s) (85)

for k = 2,...,n — 1. This yields the state equation of the
leader vehicle ¢ = 0 in timing error coordinates

1

Uref (0)

do | (83)

() = ‘Oi o) 0 (6)+ | |0 (6) (56)

15494



Preprints of the 21st IFAC World Congress (Virtual)
Berlin, Germany, July 12-17, 2020

with A and b according to (47). The output equation is
given by

yo(s)=[(1—ko) =10 --- 0]zg(s) . (87)
Using the decentralized controller
G (s) = [0 kg 2o (s) (88)

the closed-loop dynamics of the leader vehicle i = 0 in
timing error coordinates is given by

zf (s) = _% [ioo] zo(s) - (89)
0 A+4rbky
4. SIMULATION EXAMPLE
Consider the vehicle dynamics in the time domain
Ssi 0 =0.00) (90)
S =R . (01)
SEO==(-FO+u0) (92)

The vehicle dynamics in the spatial domain is then given
by

t;(s)= ) (93)
Fit)= _:;(2) T vj Ol (95)
The Lie derivatives in (37) are given by
i () * ) O
Ly Lyh :_mimfl(s) . (97)

Thus, the feedback linearizing control (37) may be written
as

T 2 S
4 d? 1 _
—mi 7 v; (s) (dsg (vmf (s)) + @y (s))
with
s L1 F(s) 1-ko 1 Fii(s)
Uj ( ) Km; ’U? (S) K mi1 U?,l (S) (99)
Ko 1 Fo (S)

% mo 03 (5) + k1,501, (8) + ka,; 624 (s)

for i € Ty . The reference velocity is defined according to

Uref (8) = (100)
20 — 2 (1 — cos (10727r (s — 300))) for 300 < s < 500
20 otherwise

as in Besselink and Johansson (2017). Thus,

d 1
0.02 7 sin (10~27 (s — 300))

vl?ef (S)
0 otherwise

for 300 < s < 500

and

d? 1
deM@)Z

0.0002 72 cos (1027 (s — 300))
Uf%f (s)
0.0008 72 sin” (10~ 27 (s — 300))

U?ef ( S ) .
0 otherwise

(102)

for 300 < s < 500

The system parameter values used in the simulations are
given in Table 1. Note that the dynamics of each vehicle is
defined using an individual mass m; and an individual time
constant 7;. The control parameters according to Table 2
are chosen as in Besselink and Johansson (2017) with the
corrections given in Besselink and Johansson (2018).

Table 1. System parameter values

Value
i+ 1

Parameter  Value Parameter

m; i+ 1 Ti

Table 2. Control parameter values

Parameter Value Parameter Value
At 1 wo 0.05
KO 0.1 Co 0.9
2
K 2 k1, %)
ko ; _ 2¢owo

5

The simulation results for N = 5,20,40 are shown in Fig.
1, Fig. 2, and Fig. 3, respectively. For N = 5, the initial
velocities are chosen as

[vo(0) -+ w5 (0)]T =119 22 18 21 185 23]T . (103)
For N = 20 and N = 40, the initial velocities are
randomly chosen in the interval [18,22]. The initial time is
chosen in compliance with the delay-based spacing policy
as t; (0) = i At and the initial force as F;(0) = 0 for
i € Ty. The simulations were executed in MATLAB using
ode45 for solving the differential equations.

In these simulations, the leader vehicle ¢ = 0 is automat-
ically controlled in order to track the predefined desired
velocity profile. In another scenario, the leader vehicle may
be driven by a human driver, thus defining the desired
velocity profile for the follower vehicles online.

5. CONCLUSION

The control design for homogeneous platoons presented
in Besselink and Johansson (2017) that achieves tracking
of the desired delay-based spacing policy was extended
in this paper to the case of heterogeneous platoons. The
results were illustrated by an academic example. Next, we
will implement the control in the simulation environment
PLEXE, see Segata et al. (2015), and compare the results
for realistic vehicle models with other control approaches,
see Seeland et al. (2020).
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