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Abstract: This paper presents an original NMPC (Nonlinear Model Predictive Control) design
with guaranteed stability for the attitude set-point angle tracking of multicopters. The design
is an extension of our previous work on stabilizing the NMPC scheme for “computed-torque
like” systems by using terminal invariant set constructed under the CTC (Computed-Torque
Control) controller. The novelty resides in the complexity reduction for the design process which
is done by reducing the dependence of the required elements (e.g., the terminal region’s radius,
the Lipschitz constant) on the desired angle set-points which change fast and are not known in
advance. The contributions are validated in simulation over a quadcopter model.
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1. INTRODUCTION

Multicopters (also referred as multirotors) are already
impacting our society: from assessing damage, locating
victims in case of natural disasters to delivering pizzas, and
more (Mogili and Deepak, 2018). Among various research
directions related to the multicopters, the attitude control
problem has raised much interest in both the research and
the aerospace industrial communities (Nascimento and
Saska, 2019) since stabilizing the attitude plays an es-
sential role in controlling the vehicles. While conceptually
simple, there are interesting intricacies due to the strongly
nonlinear rotation dynamics, the singularities occurring
at some specific configurations (e.g., upright position) as
well as constraints on states and inputs. Various attitude
control applications in the literature only assume that
the controlled system will operate in the admissible range
without any necessary enforcement (Freddi et al., 2011;
Nguyen et al., 2017), which probably leads to constraints
violation, invalid control inputs and even instability.

In view of these shortcomings, we propose in this paper
an NMPC (Nonlinear Model Predictive Control) controller
for tackling the attitude control problem under state and
input constraints. The MPC approach is well-known for
its capability of easily handling various constraints with
a standard design while still providing good control per-
formance (Mayne et al., 2000). Thanks to the advances
in fast-solving methods (Badgwell and Qin, 2015), pow-
erful solvers (Wichter and Biegler, 2006) and proces-
sors/microprocessors technologies, it has already become
possible to employ MPC method for aerospace applica-
tions (Gros et al., 2012; Zanelli et al., 2018). However,
there are still remaining issues on MPC design, such as
stability and feasibility. For tackling these issues, two
additional ingredients in the MPC scheme are reported
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in the literature: a terminal cost and a terminal con-
straint set (besides the standard indispensable stage cost).
This design is facilitated by the existing designing rules
presented in Mayne et al. (2000) which revolve around
an important ingredient, usually hidden from the MPC
scheme: a local controller, under which, the terminal con-
straint set is both admissible and positive invariant. In our
previous work, Nguyen et al. (2019), we have exploited
the CTC (Computed-Torque Control) law as the local
controller to design the NMPC scheme for “computed-
torque like” systems which stand for a broad range of
systems, such as, aerospace crafts, robot arms and also
the rotation dynamics of the multicopters. The method
provides a larger invariant set and a better insight into
the system’s behavior (w.r.t. the standard approach using
a linear controller (Chen and Allgéwer, 1998)).

In this paper, we apply the contributions in Nguyen et al.
(2019) to design an NMPC controller for angle set-point
tracking with guaranteed stability. The novelties lie in
the several alternative designs for elements such as the
Lipschitz constant and the efficient way to establish the
terminal region. We reduce the dependence of the design
on the desired set-points received from the high control
level which are not known in advance, and hence, mitigate
the complexity of the on-line solving process.

The paper is organized as follows. Section 2 presents the
rotation dynamics of a standard multicopter system and
the corresponding computed-torque controller. Next, Sec-
tion 3 introduces the general NMPC scheme and summa-
rizes the design principals for guaranteeing the closed-loop
stability while the elements of the scheme are detailed in
Section 4. Then, the simulation results are given and dis-
cussed in Section 5. Finally, Section 6 gives the conclusions
and future works.
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2. PRELIMINARIES
2.1 Rotation dynamics of a multicopter system

The rotation dynamics of a multicopter system is usually
employed as those of a fully-actuated 3-dimensional rigid
body (Freddi et al., 2011; Nguyen et al., 2017):

n= WﬁlW? (1)

w=J(~wx (Jw)+u), (2)
with n = [¢ 6 ¢]T € R®, the roll, pitch, yaw angles and
w2 [wy Wy w.]" € R3, the angle rates. The three input
torques are gathered in u £ [uy ug uy]’ € R3 (i.e. the
multicopter controls the three torques by changing the
relative rotating speeds of its rotors). The inertia tensor is

J & diag{J,, Jy,J:} € R3%3 while the matrix W € R3%3
and its inversion are explicitly given by:

1 0 —s6 1 s¢ptf coth
W= lo cp soch|, W= lo chp  —sd |,
0—s¢ coch 0s¢/ch co/ch

(3)
with s(+), ¢(+), t(-) denoting the trigonometric functions
sin(+), cos(+), tan(+), respectively. Furthermore, the system
(1)—(2) is subject to its state and input constraints given
as follows:

2 = {(101,161) < bmaxs (wal, lwyl) < wmaxfs  (4)
U ={lul < tmas } (5)

with ¢max € (0,7/2) the maximum angle value, wmax €
R, the maximum angle rate and uyax € Ri gathering the
maximum values of three torques on three axes.

Remark 1. The condition (|¢],10]) < ¢max < 7/2 is
sufficient to avoid singularities of the matrix W~ as in (3)
which happens at the perpendicular position, i.e., ¢ = 7/2
and 6 = 7/2. Also, the roll, pitch angles (¢,0) and the
two angle rates (wy,w,) as in (4) can be constrained by
different limits for each variable. However, it is customary
to design the constraints as in (4) due to the symmetry of
the multicopter system (Hehn and D’Andrea, 2015). In any
case, different bounds for these parameters can be easily
employed within our contributions. O

2.2 Computed-torque control law for attitude control

Computed-torque control (CTC) is a special application
of feedback linearization control particularized for a broad
range of robotics systems referred as “computed-torque
like” systems which admit the Largrangian dynamics
(Lewis et al., 2003; Craig, 2005). The CTC approach is
widely applied for the attitude control problems (Freddi
et al., 2011; Nguyen et al., 2017) which requires first to
transform the system (1)—(2) into its “computed-torque
like” formulation:

JWij+ JWni + (Wn) x (JWn)) = u, (6)
which is obtained by introducing w = W7 from (1) to the
dynamics (2). Then, the CTC controller is given by:

tere = JWp+ JWip + (Wij) x (JW5), ()
in which, n and n are obtained as feedback from the

system. The virtual input z € R? is usually designed using
the well-known PD control method:

po=ija + Kyen + Kyey, (8)

with e, = n—nq4, e; = &, = 17— 14 the errors on the angles
and the angle derivatives. The gain matrices are chosen as
K, = diag{Ky, Ko, Ky} and K; = diag{K, Ky, K} in
which all the control gains are strictly negative to ensure
the closed-loop stability (Nguyen et al., 2017).

The CTC attitude controller (7) implies several robustness
problems especially when considering model mismatches,
measurement delays and system constraints (Craig, 2005).
Therefore, a more advanced control technique must be
applied instead. In the next section, we propose an
NMPC (Nonlinear Model Predictive Control) controller
for tackling the multicopter attitude control problem un-
der state and input constraints. Based on our previous
work (Nguyen et al., 2019), the closed-loop stability and
also the solution feasibility of the NMPC controller can be
derived from the properties of the CTC controller (7).

3. NMPC DESIGN FOR ATTITUDE CONTROL

Controlling a multicopter system requires a hierarchical
control design in which, the attitude controller at the low
control level tracks the desired angle 7y = [¢q 04 ¥a] "
sent from the high control level (Nascimento and Saska,
2019). The desired angles 7, are usually and should
be considered as step references (i.e., (74,74) as in (8)
are fixed as zero) since differentiating these references
potentially introduces large noises to the controlled system
under practical considerations (Cao and Lynch, 2016).
Hence, in the following, we design an NMPC controller
for stabilizing the rotation dynamics (1)—(2) around the
equilibrium consisting of the desired angles 74, the zero
angle rate and the zero input torque. This is a particular
application of the NMPC design for stabilizing a general
“computed-torque like” system with guaranteed stability
introduced in Nguyen et al. (2019). We first transform the
rotation dynamics (1)—(2) into:

&= f(z,u), (9)
with 2 £ [ 7]T € R® and f(-) taking the appropriate
elements from the “computed-torque like” form (6). The
equilibrium point of the dynamics (9) is given by:

(10)
with g £ [¢q 04 ¥4]" the angle set-point and 0 € R3
the zero vector. For the problem to be well-defined, the
desired angles need to satisfy the state constraints, i.e.,
(I¢dl; 10a]) < Pmax as in (4).

The corresponding NMPC optimization problem (OP) at
time ¢ is given by:

in /t”T” (J(s) - el + [a@)2)ds (1)

Le = [7711 O]Ta ue = 0,

subject to:
z = f(i'vﬂ)7 "E(t) - :L'(t)v (12&)
Z(s) e X, u(s) €U, s e [t,t+Tp), (12b)
Z(t+Tp) € Xyp(ze), (12¢)

where T, € R* is the prediction horizon, Z(s) and u(s)
are the predicted state and input while @(-) stands for
the whole predicted input trajectory along [t,t + T}]. The
dynamics f(-) are given in (9). The sets X, U are from
(4)—(5) while the terminal region Xf(z.) € RS is defined
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hereinafter. The weighting matrices Q, P € R6%6 and
R € R3*3 are all symmetric and positive definite.
Then, the NMPC input at time ¢ is defined as:

umpc(s, t) = (s, z(t), ze), Vs € [t,t + ], (13)
with @*(s,z(t), z.) with s € [t,t + T,] the optimal input
resulted from the OP (11)—(12) and 4 the sampling time.
The closed-loop stability and the recursive feasibility of the
NMPC controller (11)—(13) has been established in Mayne
et al. (2000); Chen and Allgéwer (1998). They require the
design to satisfy four conditions given as follows:

C1: States constraints satisfaction in A, i.e.:
Xf CX, z. € Xf.
C2: There exists a local controller ujo. () such that:
uoc(®) €U, Yz € XY
C3: X is positive invariant under wioc(z).

C4: Vo € Xy, the trajectory of the system (9) under
Uloc () satisfies:

d
= (o = well}) + lla =g+ lube @)l < 0. (16)

Furthermore, in Nguyen et al. (2019), the foregoing condi-
tions are particularized using the CTC controller .. (7)
as the local controller ujo.. This allows simpler analysis
(resulted from the linearization effect of wu.,.) and larger
size of the terminal invariant set Xy employed in (12c)
(w.r.t. the result obtained from a standard linear controller
as used in Chen and Allgéwer (1998)). The NMPC ingre-
dients proposed in Nguyen et al. (2019) will be introduced
particularly for the system (9) in the next section.

(14)

(15)

4. NMPC PARAMETERS DESIGN USING A LOCAL
COMPUTED-TORQUE CONTROLLER

Let us consider a ball B centered in (., f.) and parame-
terized by a radius € € R} as:

B(ze,e) = {(z, )| |z — ze|® + [ln — pel® < €%}, (17)
with z. as in (10), p the virtual input as in (8) and p. = 0
(as 7jq = 0 for set-point tracking). The main ideas given in
Nguyen et al. (2019) are first to establish the condition on
¢ such that the set B(z.,¢) from (17) is input constraint
admissible and then, to choose the control gains as in (8)
to make the set B(x.,e) also invariant. However, various
elements of the setup are constructed depending on the
angle set-point 1, (via . as in (10)) which is received from
the high control level and hence, is not known beforehand.
This significantly increases the complexity of the on-line
procedure since it has to complete the design first and
then, to solve the NMPC optimization problem (11). Note
that, similar problems also occur for other NMPC design
approaches in the literature (Chen and Allgéwer, 1998;
Mayne et al., 2000) as the terminal constraint sets are
all constructed around the equilibrium. Therefore, this
section will recapitulate parts of the results published
in Nguyen et al. (2019) and also present the original
contributions on how we reduce the dependence of the
controller setup on the equilibrium z. (10) in order to
overcome the aforementioned difficulties.

4.1 Input constraint admissible set

Proposition 2. Let us define two vectors C' and M, both
in R3, as follows:
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.
C=[IATT e Iy T2 (18)
M =5 | 2Jy +2V1+ 2 bmaxl o = Tl | (19)

2J. 4+ 2v/1 + 82 pmax|Jz — Jy|

with J = diag(Jy, Jy, J») the inertial matrix as in (2) and
@max the maximum angle as in (4). Next, we further define
€max as the largest possible positive scalar such that:
Cemax + Men,, (20)

with Uyax as in (5). Then, for all (z, ) € B(ze,¢e) as in
(17) and with & < eyax, the followings hold:

[tere = uell* < L(lle = ael” + [l = pel|*), (21)

Uere €U, (22)
with e the CTC controller from (7), (x.,u.) as in (10),
e = 0, U the input constraint set from (5) and the scalar
L defined as follows:

L=|C+ Me|?,
with C, M as in (18)(19).

S ul’l’laX )

(23)

Proof. The proof starts by applying Taylor’s approxima-
tion to the CTC controller g, from (7) around (z., p.)
as similar to the work in Nguyen et al. (2019):

Ucre = Ue + IJ('I - Jﬁe) + #J(/“L - Me) +R(Jf, Hy IE)a (24)
with the two Jacobians *J = (Quc.)/(0)(xe, fte) = Ogx6
and #J = () /(Op) (Te, tte) = JW(ngq) (i.e. W(ng) the
matrix W as in (3) given in terms of the desired angle 7).
By applying Cauchy-Schwarz inequality, we obtain:

[P (@ —ze) + " Tu| < Clae)V/ o — e + ]2, (25)
in which, C(z.) is given by:

Je/ 148204
C(me) = Jy\/C2 dq + 52 b4 c20y| < C,
J\/s% da+ 2 g c®0q
with C as in (18). The latter inequality holds for all
(¢d7 ed) < @max from (4)
Next, the explicit formulation of the remainder term
R(z,p,x.) from (24) is as follows:

R(Iv Ly CCE) = Ucre — JW(Wd)Hv (27)
As detailed in Appendix A, for all (¢q4,604) < Pmax from
(4), we have that:

[R(@, pyxe)l < M (lz = well + [l = prell?) . (28)
with the vector M € R? defined in (19). Then, introducing
(25), (28) to (24) and using [lw—z[|*+||u]* < €%, ¥(z, u) €
B(ze, ) lead to:

[tere — e < (O + Me) /e — ae® + [|ull?,
which further proves the two assertions (21)—(22) and
hence, completes the proof. O

Remark 3. In Nguyen et al. (2019), for finding the max-
imum radius epax as in (32), the varying term C(x.)
as in (26) is employed instead of the constant term C
from (18). Furthermore, the remainder term R(z, p, )
as in (27) is bounded by exploiting the Hessian matrix
containing all the second-order partial derivatives of the
CTC controller u.,. from (7). The approach requires to
construct all the elements as well as to calculate again the
maximum radius epax as in (32) at each time step, hence,
being inappropriate for the attitude control problem which
requires fast solutions. O

(26)
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4.2 Constraint admissible invariant set

Let us construct the control gain matrix K as:

K = [diag(Ky, Ko, Ky) diag(Ky, Ky, K;)],  (29)
with the control gains as in (8). Then, the virtual PD input
1 as in (8) is shortened into p = K(z — x.). Using this,
the set B(ze,e) from (17) becomes:

B(xe,e) = {(m — xe)T(IG + KTK)(JZ — ) < &‘2} , (30)
with I the 6 x 6 identity matrix.
Proposition 4. (Nguyen et al. (2019)).
Let us choose the control gains K,, K, with p € {¢,0, ¢}
as in (29) such that:

K, <0, K; <0,

(K, +1)2 (31
4K2 > —K, (K, +1)° - K, — 71’[{ ) , (31)
P
and also choose the radius € as in (30) such that:
€ < Emax;
- 32
{ Blze.c) C X, (32)

with emax satisfying (32). Then, the set B(z.€) from (30)
is constraint admissible and positive invariant for the
rotation dynamics (9) under the CTC controller (7). O

Proof. The proof is detailed in Nguyen et al. (2019). O

The condition B(z.,e) C X from (32) brings difficulties
due to the nonlinear relation w = W) from (1). Therefore,
in the following, we propose an alternative approach for
efficiently choosing € such that (32) is satisfied.

Corollary 5. (Efficient choice of €). The conditions (32)
holds for all ¢ € R satisfying:

€ < min {fmaxy Pmax — max{|¢d‘7 ‘9d|}7 wrfla;(}’
V' 1+ sin® ¢max
(33)
with emax as in (20), Gmax, Wmax as in (4) and ¢q4, Oy the
desired roll, pitch angles sent from high control level.

Proof. At first, ¢ < epax is as required in (32).
Next, introducing & < ¢pax — max{dq, 04} to the formula-
tion of B(z.,¢) as in (17) leads to:

17 = nall < max — max{|dal, 0}, (34)
which further provides:
(I¢ = dal, 10 — Oal) < dmax — max{|¢al, |0al}.  (35)

Then, the angle constraints as required in (4) are satisfied.

Similarly, choosing & < wmax/v/1 + 82 dmax 1S to ensure:
. Wmax
9l < = (36)

V145 fmax
which further guarantees the constraints (Jwgl,|wy|) <
Wmax as detailed in Appendix A. O

4.8 Terminal weighting matriz and closed-loop stability

This section completes the NMPC design (11)-(13) by
providing the choice of the terminal weighting matrix P as
employed in (11) and the proof for the closed-loop stability
of the controller.

Proposition 6. (NMPC design with guaranteed stability).
The NMPC design (11)-(22) for stabilizing the system (9)
achieves the recursive feasibility and closed-loop stability
with the ingredients defined as follows:

e The terminal region Xy employed in (12c) is taken as
the set B(qge, &) from (30) satisfying Proposition 4

e The terminal weighting matrix P € R5%6 from (11)
is obtained as the unique solution of the following
Lyapunov equation:

AP+ PAx+Q+ R =0, (37)
in which, Ag = [03x3 I3; K] € R6*® (K as in (29)) is
the stable matrix resulted from introducing the CTC
controller (24) to the system (9), @ is from (11) and
R* € R%%6 the symmetric matrix satisfies:

R* = max(eig(R))L(Is + K" K),
with L from (23) and the matrix K from (29).

(38)

Proof. The design proposed in Proposition 6 satisfies
four requirements C1-C4 (c.f. Section 3) on designing
an NMPC. The first three conditions C1-C3 are clearly
satisfied by using B(x., €) from (30) (constraint admissible
and positive invariant), as the terminal constraint set.
Then, regarding the fourth condition C4, we have that:

d 2

= (lle ==]}) = @=2) (AR P+ APz —2.), (39)
with Ag = [03x3 I3; K] € R6%¢ and K from (29)). Next,
the input term is bounded by:

2
R (40)
in which, the latter inequality is due to |uc.||* < L(z —
2.)"(Is + K"K)(z — x.) from (21). Then, introducing
(39)—(40) to condition C4 (16) leads to:
LHS of (16) (41)
<(z—xe)" (AP + AP+ Q + R*)(x — x,).
=0 due to (37)
This also completes the proof. O

H’UJ(‘,T(*”?% S max(eig(R))||quH2 S ||JU - :I:e|

4.4 Summary of the NMPC design using CTC as a local
controller

This section summarizes the design procedure and the
functioning scheme of the NMPC controller in (11)—(13)
for angle set-point tracking of the model (1)—(2).

Procedure 1. (Off-line preparation stage).

1) Choose the symmetric positive definite matrices @ €
R6%6 and R € R3*3 as in (11).

2) Choose the prediction horizon T}, based on the compu-
tational constraint of the platform.

3) Find the largest possible .5 satisfying (20) and L as
in (23).

4) Define the matrices K as in (29) satisfying (31).

5) Define the symmetric matrix R* satisfying (38), then,
solve the Lyapunov equation (37) for the terminal weight-
ing matrix P. O

Procedure 2. (On-line solving stage).

1) Receive the angle set-point 74 from the high control
level (10).

2) Choose € as in (33) to obtain the terminal region
B(ze,€) from (30).

3) Measure the state, solve the NMPC OP (11)—(12) and
provide the input, uppc as in (13) to the system (1)—(2).0
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5. SIMULATION RESULTS

We consider the simulation model of the rotation dynamics
(1)—(5) characterized by the following numerical values:

o J=diag{1.4 1.4 2.2} x 10~° [kgm?] as used in (2).
® Gmax = 5°, Wimax = 2 rad/s as used in (4).
® Upax = [43 43 17]7 x 107 N/m as used in (5).

The requirement is to track the desired angle set-points
na = [bq 04 ¥a]" given in Fig. 1 which are obtained
by applying the zero-order hold method with the holding
time of 0.1 seconds for discretizing a smooth reference.
The NMPC controller is simulated at the sampling time of
0 = 0.01 seconds while the prediction horizon is chosen as
T, = 0.05 seconds, thus, having 5 steps. The optimization
problem in (11) is solved with solver IPOPT (Wéchter
and Biegler, 2006) in Python. All the parameters related
to the off-line preparation stage given in Procedure 1 are
gathered in Table 1.

Table 1. Parameters prepared off-line of the NMPC con-
troller (11) following Procedure 1.

Parameters Value
C as in (18) [14.05 14 22] 7106
M as in (19) [30 44.6 44] 7106
€max as in (20) 8.3047

L as in (23) 1077

K as in (29), (31) [—0.5I3 — 0.813]
Q as in (11) diag{1,1,1,0.1,0.1,0.1}
R as in (11) 0.011I3
R* as in (38) [124513313 161.141213} 1010
P as in (37) [1“;213 1.;1313}

At each on-line simulation step, after taking the angle
references 74 (thin step lines in Fig. 1), the controller first
chooses the radius € as in (33) which is plotted in Fig.
2. Then, the NMPC controller solves the OP (11) and
provides the inputs u £ [us up uy]' as shown in Fig. 4.
The angle tracking results are shown in Fig. 1 in which the
simulation angles plotted by thick lines (red for ¢, green
for 6 and blue for v) closely track their piece-wise constant
references given in thin lines with according colors. The
angular velocities are given in Fig. 3 in which we observe
a slight chattering phenomenon (can also be seen from
the torques plotted in Fig. 4). This chattering problem is
caused by the controller’s effort to stabilize the angular
velocities and the torques at their zero equilibrium values
as in (10). Through multiple simulations, we find that this
issue is aggravated by increasing the value of the matrix
R as in (11). Thus, we have reduced this phenomenon by
decreasing the value of R and also the gain of the angular
velocities within the cost function (11) as shown in Table
1 (i.e., 0.1 for w and 0.01 for u in comparison with 1 for
the angle 7). The issue can be further mitigated by adding
a penalty on the input variation to the cost as proposed in
Badgwell and Qin (2015). It also should be clarified that
all the states and inputs validates their constraints given
in (4)—(5) due to the usage of the NMPC algorithm.

Fig. 1. Angle tracking results.
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Fig. 2. Radius ¢ as in (33).
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Fig. 3. Angular velocities.
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Fig. 4. Torque values.
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Beside the tracking results, the computing time per step is
also important for the NMPC controller. Table 2 gathers
the computing time per step for the whole simulation,
i.e., 1500 steps. The average computing time is 54 ms
while the minimum value reaches 30.9 ms. Note that,
the maximum value of 93.7 ms only happens once at the
first step when the solver is setting up the algorithm. We

Table 2. Information on the computing time of the NMPC
controller designed for set-point angle tracking.

Min
30.9

Max
93.7 10

Mean Standard deviation

Value [ms] 54

notice that the computing time is larger than the chosen
sampling time 0 = 0.1 seconds, hence, this setup (including
both the formulation of the OP (11) and the employed
hardware) is not ready for a real implementation. However,
we are confident that applying some existing speeding-up
approaches can mitigate the issue. E.g., in Zanelli et al.
(2018), the authors succeed in embedding the OP (11)
into a low-power micro controller by re-formulating the
problem into its approximated quadratic formulation and
then, solving it by using a modified interior-point method.

6. CONCLUSION

This paper presented the design of an NMPC controller
for attitude set-point angle tracking of the multicopter
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system. It employed a CTC (computed-torque control)
local controller to guarantee the NMPC scheme’s closed-
loop stability and feasibility. We provided several alter-
native designs for the NMPC ingredients (in comparison
with the original contributions given in our previous work
(Nguyen et al., 2019)) such as the Lipschitz constant
and the radius of the terminal region. We reduce the
dependence of the design on the desired set-points received
from the high control level since they are not known in
advance, and hence, we are able to reduce the complexity
for on-line computation. Simulations over a quadcopter
model validate the theoretical results. Future works will
concentrate on implementing the proposed controller into
a microprocessor and conducting experimental tests.
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Appendix A. BOUND OF THE TAYLOR'S
REMAINDER R(-) FROM (27)

The remainder R(x, u, z.) as in (27) is explicitly given by:
Rz, pyze) = J(W =W (ng))p+ JWi +w x (Jw), (A.1)
in which, w = W9 as in (1) leads to:

wy = ¢ —1hs, (A.2)
wy =0co+spch, (A.3)
w, =—0sp+hcheh. (A4)
Next, applying Cauchy-Schwarz inequality to (A.2)—(A.3)

leads to:

lwoal < /(1 +20)(62 + 92) < V/TF 7 Gl
oyl < /(2 6+ 5262 0) (@2 + 92) < i,

ool < V(2 0+ 2 62 )82 +42) < i, (A7)
in which, the second inequality of (A.5) is due to 6] <
®max as constrained in (4) and to the fact that sin is
monotonously increasing on the interval [0,7/2]. Also,
(A.6) and (A.7) come by using ¢2¢ +s2¢ = 1.

Next, let us denote R £ [R1 Ro R3] " and p = [u1 p2 ps] "
From (A.1), we have that:

Ri=—J, ((30 —s804)us + 91/}c0) + (J; — Jy)wyws,
(A.8)

(A.6)

in which, the elements are bounded as follows:

0— 0,4 0+ 04
B C 9 u3

o [(sO—sby)us| =|2s

(153 (5% 1)
<3 (0607 + u%) . (A.9)
’ ‘ew‘ (92+¢) (A.10)

Then, introducing (A.9) (A.10) and (A.6)—(A.7) to (A.8)
leads to:

Ral < 5 ((0 = 00 + 3 + 02 +402) + 1, = L]l
I .
< (419, 20) (=l + 112 + ) . (420

Due to the limit on space, we will provide only the proof
for R; since those of the others can be obtained similarly.
Furthermore, using (A.5)—(A.6), we can also prove that
the constraints on angle rates: (Jws|, |wy|) < wWmax as in (4)
are satisfied if:

||7:]H S wmax/ V 1 + SQ d)IIl'dX? (A'12)
with ¢max the maximum angle value from (4). The proof
is obtained by simply introducing (A.12) to (A.5)—(A.6)
which ultimately leads to (wg|, |wy|) < Wmax-
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