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Abstract: The microwave drying process is a widely used technology in the drying of porous
dielectric materials. Designing a controller for moisture distribution in this process can improve
product quality and reduce energy consumption and production time. In this paper, a model-
based controller for moisture distribution in an industrial microwave drying process is developed.
The moisture and temperature in this process are described by a pair of partial differential
equations (PDEs) and have both temporal and spatial variations. In this view, using a semi-
discrete finite element approximation, the coupled system of PDEs is transformed into a system
of ordinary differential equations (ODEs). Based on the discretized ODEs, a linear quadratic
regulator (LQR) controller is designed to determine the power levels of multiple microwave
sources in this process to reach and maintain the desired moisture level. Numerical simulations
are carried out in three different drying scenarios. The results show that the proposed controller
achieves a very good performance in tracking the desired moisture level.

Keywords: Distributed Parameter Systems, Linear Quadratic Regulator (LQR) Control, Finite
Element Method, Microwave Drying, Moisture Control

1. INTRODUCTION

Microwave drying technology is a widely used technique
in the drying of dielectric materials because of its features
such as volumetric heating and fast evaporation rate, Zhu
et al. (2015); Li et al. (2010). In addition, multiple mi-
crowave sources in this process make the selective heating
possible.

One of the main objectives in this process is to reach
as uniform moisture distribution inside the material as
possible. This can significantly affect the material quality
after the drying process and prevent excessive heating
and severe damages in industries. Reduction of energy
consumption and processing time are other important
goals in the microwave drying process, which can lead to
a significant increase in the production rate. To achieve
these goals, an advanced multiple-input multiple-output
(MIMO) controller should be developed for this process.

Model-based controllers as one of the approaches in design-
ing an advanced controller, require having a mathematical
model of the process. Dynamics of the microwave drying
process described by the moisture and temperature of the
drying material depend on both position and time. This
is a feature of most of the industrial processes which char-
acterize them among a special class of dynamic systems
so-called distributed parameter systems (DPS). The DPSs

are typically modeled with partial differential equations
(PDEs).

Depending on the location of actuators and sensors, con-
trol of the processes described by PDEs is generally di-
vided into two categories: boundary control and domain
control, Krstic and Smyshlyaev (2008). Most of the studies
on this type of control are carried out for boundary control,
Xu and Dubljevic (2017); Montaseri and Yazdanpanah
(2012). However, control of the microwave drying process
is classified as domain control because of the volumetric
heating of microwave sources. There are not many studies
on domain control since in most of the industrial processes
the actuation is non-intrusive and taken into account
through the boundary conditions.

Control of the microwave drying process is discussed in
several studies. However, in very few of them, feedback
control has been developed for this process, and in most
of them, only process monitoring and manipulation of
input microwave power without automatic control have
been studied, Cuccurullo et al. (2012); Li et al. (2010). In
Sun (2016), adaptive and intelligent temperature control
has been proposed for the microwave heating process.
Although both microwave heating and microwave drying
use the microwave sources as sources of the input energy,
they have different dynamics. Temperature control is also
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studied in Sanchez et al. (2000); Alonso et al. (2000) for
the microwave drying process.

Moisture control is not studied in the microwave drying
process to the best of our knowledge. One reason is the
requirement for information about the moisture distribu-
tion inside the drying material. This can be challenging
since the moisture distribution can only be measured using
process tomography sensors, and currently only sensors
for point measurements are available. Although combing
process tomography with a control system can result in sig-
nificant improvements in many industrial processes, very
few applications so far have used process tomography for
feedback control, Ruuskanen et al. (2006); Sbarbaro and
Vergara (2015).

In this paper, we develop an optimal controller based on
the linear quadratic regulator (LQR) control to determine
the power levels of multiple microwave sources. The ob-
jective is to reach as homogeneous moisture distribution
as possible inside the porous material and the average
moisture of the material should follow the desired moisture
level. In this study, the porous material is a sample of
wood, placed inside the microwave oven. We intend to
use the electrical capacitance tomography (ECT) sensor in
the microwave drying process to assist the controller with
the moisture measurements. However, the integration of
the ECT with the process control is not discussed in this
paper. The temperature distribution on the surface of the
material will also be available through an infrared camera.

To derive the process model as the requirement of de-
signing the LQR controller, the Luikov model of heat and
moisture transfer consisting of a pair of coupled parabolic
PDEs is employed in this paper, Luikov (1975); Kocaefe
et al. (2006). Additionally, the microwave power term is
integrated with these PDEs. Using the semi-discrete finite
element method (FEM), we discretize the model spatially,
which results in a system of ODEs. These ODEs describe
the moisture and temperature dynamics at each node of
the discretization mesh. Therefore, the dimension of the
system is very large and depends on the mesh density.
The Maxwell equations are solved using the COMSOL
Multiphysics to calculate the electric field from which the
microwave power absorption can be obtained. Finally, an
LQR controller is developed to derive the average of the
states, describing the moisture distribution to the desired
value by determining the power level of each microwave
source.

This paper is structured as follows. In Section 2, the math-
ematical modeling of the microwave drying process using
the finite element discretization is explained. In Section 3,
an LQR controller is developed for the microwave drying
process, and the simulation results are given in Section 4.
Concluding remarks are given in Section 5.

2. MATHEMATICAL MODELLING

The microwave drying process is a very complicated pro-
cess that involves the coupling of electromagnetic and
simultaneous heat and moisture transfer through a porous
sample. A schematic picture of this process is illustrated in
Fig. 1. The porous dielectric material with high moisture
content is placed inside the cavity while it is exposed to 6

Fig. 1. A schematic picture of a microwave drying process.

microwave sources. The goal is to dry this material to reach
the desired moisture level by adjusting the power levels of
these microwave sources using a MIMO controller.

To design this controller, a mathematical model of the
process is required to obtain quantitative information
about the moisture and temperature distributions inside
the material. In this study, a three-dimensional coupled
pair of parabolic PDEs are used to formulate this problem.
It is assumed that the sample is homogeneous, and the
thermophysical properties are constant.

The moisture and heat transfer equations describing the
behavior of the porous material during the drying process
(modified from Luikov (1975); Kocaefe et al. (2006)) are:

ρ
∂

∂t

[
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100

]
= ∇ ·

[(
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100cm

∇M
]

(1)

and
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100cm
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]

+ Pmw, (2)

respectively. The PDEs (1-2) are defined in the domain
G =]−0.25, 0.25[×]−0.25, 0.25[×]−0.04, 0.04[ with bound-
ary ∂G and outward unit normal n. In (1-2), M is the
dry-basis moisture content percentage, T is the tempera-
ture, km is the moisture conductivity, kq is the thermal
conductivity, cm is the moisture capacity, cq the heat
capacity, δ is the thermal gradient coefficient, ρ is the
density, λ is the latent heat of vaporization, and µ is the
ratio of vapor diffusion coefficient to the coefficient of total
moisture diffusion. In (2), Pmw is the power absorbed per
unit volume in the material. The boundary conditions for
the PDEs (1-2) are

−km
100cm

∂M
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(
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)
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+
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100cm

(M −Mg) (3)

−kq
∂T

∂n
= hq (T − Tg) +

(1− µ)λhm
100cm

(M −Mg) , (4)

where hq is the convective heat transfer coefficient, hm
is the convective mass transfer coefficient, Mg is the
ambient gas moisture content, and Tg is the ambient gas
temperature. Also the initial conditions are defined as
M(0) = M0 and T (0) = T0.

An approximation of the power absorption Pmw in (2) is
needed. The absorbed power fromm-th source is computed
using the Poynting theorem as, Ayappa et al. (1991),
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Pmmw(x, y, z) =
1

2
ωε0ε

′′||Em(x, y, z)||2, (5)

where ω is the angular frequency, ε0 is the vacuum permit-
tivity, ε′′ is the dielectric loss factor, and Em(x, y, z) is the
electric field of the m-th source. Considering multiple mi-
crowave sources, calculating the microwave heating term
is difficult because of complex microwave heating power
superpositions. In this paper, it is assumed that the electric
fields from different sources are incoherent. In this case, the
superposed heating power is equivalent to the summation
of heating powers of individual sources, Sun (2016).

There are 6 microwave sources with adjustable power levels
in this testbed application. Therefore, the total effective
microwave heating power can be written as

Pmw(x, y, z) =

6∑
m=1

Pmmw,max(x, y, z)um, (6)

where Pmmw,max(x, y, z) is the maximum heating power
from the m-th source and um ∈ [0, 1] is the microwave
source power level. Having (5) and (6), the heating power
density in (2) can be written as

Pmw(x, y, z) =
1

2
ωε0ε

′′Ēu, (7)

where Ē =
[
||E1

max(x, y, z)||2, . . . , ||E6
max(x, y, z)||2

]
∈

R1×6 is a vector in which each element represents the com-
puted maximum electric field intensity for each microwave

source and u = [u1, . . . , u6]
T

. In this study, the electric
field is calculated using the COMSOL Multiphysics.

The electric field is correlated with the loss factor and
hence the moisture. Therefore, as the moisture content of
the material and the loss factor change, the electric field
should be recalculated. However, we have assumed that
both the electric field and the loss factor remain constant
throughout the drying process to simplify the model.

To compute the finite element approximation of PDEs
(1-2), the variational form is needed which is derived
as follows. Let V = H1(G) = {v : ||v||+ ||∇v|| <∞},
multiplying (1) with a test function v1 ∈ V gives

ρ

100
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〈
∇ ·
(
kmδ
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)
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〉
0

,

(8)
where 〈·, ·〉0 is the inner product in the Lebesgue space
L2(G). Using the Green’s formula for integration by parts
and denoting the surface measure on ∂G by dσ we have
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]
.

(9)

Applying the boundary conditions (3-4) in (9) results in
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Similarly, multiplying (2) by another test function v2 ∈ V
and using the Green’s formula gives
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Applying the boundary conditions (3-4) in (11) results in
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1

2
ωε0ε
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Assuming the constant ambient gas moisture and temper-
ature, we can define M̃ = M −Mg and T̃ = T − Tg. Also
the following vector notations are defined

ξ =

[
M̃

T̃

]
and v =

[
v1
v2

]
. (13)

Adding (10) to (12), the variational form can be written
as〈[ ρ

100
0

0 ρcq

]
∂ξ

∂t
, v

〉
L2(G)×L2(G)

= a(ξ, v) + f(t, v), (14)

where 〈f , g〉L2(G)×L2(G) for the vectors f = [f1, f2]
T

and

g = [g1, g2]
T

is defined as

〈f , g〉L2(G)×L2(G) = 〈f1, g1〉0 + 〈f2, g2〉0 . (15)

The bilinear form a(ξ, v) in (14) is

a(ξ, v) = a1

〈
∇T̃ ,∇v1

〉
0

+ a2

〈
∇M̃,∇v1

〉
0

+ a3

〈
∇T̃ ,∇v2

〉
0
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〈
∇M̃,∇v2

〉
0

− hq
∫
∂G

T̃ v2 dσ + a5

∫
∂G

M̃v2 dσ

+ a6

∫
∂G

M̃v1 dσ (16)

and

f(t, v) =
1

2
ωε0ε

′′ 〈Ēu, v2〉0 . (17)

The coefficients ai in (16) are a1 = −kmδcm
, a2 = − km

100cm
,

a3 = −
(
kq + µλkmδ

cm

)
, a4 = − µλkm

100cm
, a5 = − λhm

100cm
, and

a6 = − hm

100cm
.

Having the variational form (14), we can compute the
finite element approximation. First, the solution domain
G is discretized into small elements (tetrahedra in our
case). Fig. 2 shows the mesh that is used for the finite
element approximation consisting of 6993 elements and
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Fig. 2. The finite element mesh used in the calculations
(with 1835 nodes and 6993 elements).

1835 nodes. Let Vh ⊂ V be a finite-dimensional subspace,
and [φ1, . . . , φN ] be the piece-wise linear basis functions for
Vh. In FEM computations, the unknown variable ξ within
the sample is approximated with the sum

ξh(x, y, z, t) =

2N∑
j=1

αj(t)ψj(x, y, z), (18)

where N is the number of nodes in the discretized domain
and

{ψj}2Nj=1 =

{[
φ1
0

]
, · · · ,

[
φN
0

]
,

[
0
φ1

]
, · · · ,

[
0
φN

]}
. (19)

Using the finite element approximation (18) in the varia-
tional form (14) results in〈[ ρ

100
0

0 ρcq

]
∂ξh
∂t

, ψi

〉
L2(G)×L2(G)

= a(ξh, ψi) + f(t, ψi)

(20)
for i = 1, · · · , 2N . This can be written as

Lα̇(t) = Kα(t) + Fu(t), (21)

where

L =

[ ρ

100
L 0

0 ρcqL

]
(22)

with
L(i, j) = 〈φj , φi〉0 , i, j = 1, · · · , N (23)

and K has a block structure as

K =

[
a2Kd + a6Kb a1Kd

a4Kd + a5Kb a3Kd − hqKb

]
, (24)

where

Kd(i, j) = 〈∇φj ,∇φi〉0 , i, j = 1, . . . , N (25)

Kb(i, j) =

∫
∂G

φjφi dσ, i, j = 1, . . . , N. (26)

Also, the matrix F in (21) is of the form

F =
1

2
ωε0ε

′′


0N×6〈
Ē, φ1

〉
0

...〈
Ē, φN

〉
0

 . (27)

Equation (21) is a system of ODEs. Since the nature of
the measurements is in discrete time, these equations are
also discretized for time using the implicit Euler method
as

X(k + 1) =
(
I −∆tL−1K

)−1 [
X(k) + ∆tL−1Fu(k)

]
,

(28)

where X(k) = [α1(tk), α1(tk), · · · , α2N (tk)]
T

and ∆t is the
sample time. Having (28), the discrete-time state space
form of the process model can be obtained by

X(k + 1) = AdX(k) +Bdu(k), (29)

Fig. 3. The designed LQR controller structure.

where X ∈ R2N is the state vector of the system, u ∈ R6

is the vector of power levels of the microwave sources as
the control input, and

Ad =
(
I −∆tL−1K

)−1
(30)

Bd = Ad∆tL−1F. (31)

3. MOISTURE CONTROL

The state vector in (29) has 2N elements. The first N
elements describe the moisture content at each node in
the domain G, and the next N elements describe the
temperature value of each node. The dimension of the
state vector depends on the discretization mesh density.
In this paper, we are using a mesh with 1835 nodes, so
the dimension of the state vector is 3670, while only 6
control inputs are available. As can be shown, these types
of systems are not controllable and observable within the
classical definitions.

The control objective in the microwave drying process is
to reach as homogeneous moisture distribution as possible
such that it satisfies a desired average value. With only 6
control inputs and 3670 states, it is neither possible nor
necessary to control the moisture and temperature of each
node. We have selected several control methods to design
the controller for this process and as the first method,
the controller in this paper is developed using the LQR
control method. In this approach, the average moisture of
the whole material is taken as the system output and the
goal is to have this value converged to the desired moisture
level. We assume that the moisture and temperature value
at each node is available. This is not far from the practical
case since the ECT sensor can provide us with the moisture
distribution instead of conventional point measurements.
However, the temperature is measured only at the top
surface of the material, but having a thin material we can
assume that the temperature in the depth is the same as
on the surface. The controller is designed based on the
classical LQR control with the set-point tracking scheme.
The controller structure is shown in Fig. 3.

In the LQR control, the goal is to solve the minimization
problem

min
u

∞∑
k=0

XT (k)QX(k) + uT (k)Ru(k),

s.t. X(k + 1) = AdX(k) +Bdu(k), (32)

where Q ≥ 0 and R > 0 are the weight matrices which
affect the state convergence speed and the control effort
magnitude. Since the objective is to control the moisture
content without the temperature control, the matrix Q is
chosen as
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Q = 10

[
IN 0
0 0

]
(33)

and the matrix R = 1000I6. The minimization of (32)
results in the controller gain

K =
(
R+BTd SBd

)−1
BTd SAd, (34)

where S is obtained by solving the algebraic Riccati
equation

S = ATd SAd−ATd SBd
(
R+BTd SBd

)−1
BTd SAd+Q. (35)

The final control law is determined by

u(k) = −KX(k) +Wr(k), (36)

where r(k) is the desired moisture level. The first term
in (36) stabilizes the closed-loop system such that the
closed-loop matrix (Ad −BdK) is Hurwitz. The second
term in (36) is embedded in the control law to eliminate
the steady-state error and track the desired moisture.

Having the state space equation (29) and the control law
(36), the closed loop equations for the whole system are

X(k + 1) = (Ad −BdK)X(k) +BdWr(k) (37)

y(k) = CX(k). (38)

To have y(k) → r(k), the DC-gain from r to y should be
unit, that is

C (I − (Ad −BdK))
−1
BdW = I. (39)

Taking the average moisture value as the system output
results in C = 1

N [11×N 01×N ]. Using this C in (39),

the W ∈ R6×1 can be computed using the least square
method.

4. RESULTS AND DISCUSSION

In this section, the results of numerical simulations are
presented to study the performance of the proposed model
and controller. The material parameters are taken from
Kocaefe et al. (2006). The ambient temperature and mois-
ture are chosen as Tg = 373 K and Mg = 5%, respectively,
and the initial temperature T0 = 298 K.

In the first scenario, it is assumed that the material has ho-
mogeneous initial moisture and temperature distributions.
The initial moisture is 80%, and the desired moisture level
is 15%. Fig. 4 shows the average moisture of the material
during the drying process with the LQR controller. As
seen, the moisture decreases faster at the beginning of the
drying because of the large difference between the initial
moisture and the ambient gas moisture, which results in
a large gradient between the boundaries and the ambient
gas. As it reaches the desired moisture level, it stops de-
creasing and stays at the same value. In this scenario, the
steady-state error of the average moisture is 0.4% which is
small enough. The control actions corresponding to this
simulation are presented in Fig. 5. The control inputs
are the power levels of the microwave sources, which can
vary continuously between 0 and 1. The input 0 means no
microwave power, and 1 is for the case of maximum power,
which is 2 kW per microwave source in our application.
The output control command from the LQR controller is
saturated to satisfy this practical constraint. Before reach-
ing the desired moisture, all microwave sources are working
at their maximum level, and after that, the control inputs
converge to 0. To monitor the moisture distribution of the

0 90 180 270 360 450 540 630 720
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40

60

80

100
Average moisture

Desired moisture

Fig. 4. The average moisture content of the material during
the drying process with the LQR controller in the
homogeneous case.
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Fig. 5. The control inputs with the LQR controller during
the drying process in the homogeneous case.

material during the drying process, Fig. 6 illustrates this
distribution at different time instants. As mentioned, the
objective of this process is to reach as homogeneous mois-
ture distribution as possible. It is clear that the moisture
profiles are symmetric and the moisture reduces gradually
with time. Also, it can be seen that the moisture removal
near the boundaries is faster than inside the domain, as
expected.

In the second scenario, a case with non-homogeneous
initial moisture distribution is studied. In this case, it
is assumed that one half of the material has 50%, and
the other half has 80% moisture content as the initial
value. Fig. 7 shows the initial moisture distribution in
this simulation. As in the previous scenario, the desired
moisture value for the whole material is 15%. The average
moisture of the material during the drying process with
the LQR control, in this case, is shown in Fig. 8. As seen,
the average moisture converges to the desired value despite
having a non-homogeneous initial condition. The steady-
state error of the average moisture in this scenario is 2.6%.
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Fig. 6. The moisture distribution of the material during
the drying process with the LQR controller in the
homogeneous case.

Comparing these two scenarios, we can see that in the
non-homogeneous case, the initial moisture content on the
right half of the material is the same as in the homogeneous
case (80%). However, the initial moisture on the left side is
lower than the initial moisture of the homogeneous case.
Having this information, the control inputs in these two
cases can be studied. According to Fig. 1, the left side of
the material is located on the same side as the sources 3
and 4. Since the initial moisture content on this side is
lower in the second scenario, lower power levels for these
two sources are expected. Fig. 9 shows the control inputs
in these two scenarios. As seen, the control inputs for the
microwave sources 3 and 4 decreases earlier in the non-
homogeneous case, as expected. The microwave sources 2
and 5 are located between two sides, and since the overall
initial moisture is lower in the non-homogeneous case, the
control inputs for these two sources also decrease earlier in
the second scenario. However, this decrease is not as large
as the decrease of control inputs for sources 3 and 4, which
is expected.

In the last scenario, we studied a case in which the drying
process starts with an 80% homogeneous moisture, and
the desired moisture level is 20% at the beginning of
the simulation. However, after some time, the desired
moisture level changes, and is decreased to 10%. The
average moisture of the material with the LQR controller
in this simulation is demonstrated in Fig. 10. It can be seen
that it converges to 20% at first, and after the step change
in the desired moisture, the average moisture decreases to
the new desired level, which is 10%. The steady-state error
of the average moisture is 2% for the first desired moisture,

Fig. 7. The initial moisture distribution of the material in
the non-homogeneous case.

0 90 180 270 360
0

15

40

60

80

100
Average moisture

Desired moisture

Fig. 8. The average moisture content of the material during
the drying process with the LQR controller in the non-
homogeneous case.

Fig. 9. The comparison between the control inputs with
the LQR controller in the homogeneous and non-
homogeneous cases.
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Fig. 10. The average moisture content of the material
during the drying process with the LQR controller
in the case of a step change in the desired moisture.
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Fig. 11. The control inputs with the LQR controller during
the drying process in the case of a step change in the
desired moisture.

and 9% for the second one. As shown, the average moisture
takes more time to converge to a lower desired moisture.
The corresponding control inputs are also shown in Fig. 11.
It can be seen that the microwave power increases after the
step change to satisfy the new desired moisture level.

5. CONCLUSIONS

In this paper, we used the FEM to semi-discretize a model
for the microwave drying process, which was based on a
coupled system of PDEs. The derived model was used to
calculate both moisture and temperature distributions in-
side the material. The LQR controller was then developed
based on the discretized model. Numerical simulations
demonstrated an impressive performance of this controller
in tracking the desired moisture level, both with homoge-
neous and non-homogeneous initial moisture distributions.
A simulation case of a time-varying desired moisture also
produced very good results.
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