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Abstract: The paper presents a new gearbox dynamic model for the effective simulation
of simultaneous multi-clutches lock/unlock, by exploiting the Power-Oriented Graphs (POG)
modeling technique. The generalized structure of the proposed model allows to simulate various
gearbox configurations, which may foresee a change in terms of equivalent moment of inertia on
the primary or secondary shaft, depending on the internal clutches configuration being function
of the currently engaged gear. The peculiarity of the model lies in the instantaneous engagement
of the new gear by skipping the slipping transient related to change of the internal clutches
configuration, while preserving the natural loss of energy associated to it. The effectiveness of
the presented gearbox model is finally tested and compared with classical gearbox modeling

solutions with the aid of some simulation results.
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1. INTRODUCTION

The promotion of model-based approaches is more and
more widespread in all the companies working in the
automotive and agricultural fields, with the purpose of
simulating entire parts of the vehicle on dedicated plat-
forms so as to investigate and test the system dynamics. A
good trade-off between the level of details to be included in
the model and the computational complexity must always
be subject of a careful evaluation, in order to make the
model as suitable for the analyzed application as possible.

In model-based approaches, particular attention has to be
paid to fast dynamics, from which troubles may arise since
the real-time execution of such models requires to perform
fixed step size simulations. When dealing with hybrid or
traditional propulsion systems, a physical element which
is certainly critical from a simulative point of view is the
gearbox, which is responsible for the engagement/disen-
gagement of several gears according to the control strat-
egy for properly driving the vehicle transmission system.
Depending on the currently engaged gear, the gearbox
configuration undergoes some changes according to the
lock/unlock of the internal clutches so as to guarantee the
proper velocity and torque ratios. Typically, the gearshift
also implies a change in terms of equivalent moment of in-
ertia rigidly connected to the primary or secondary shafts,
as a function of the gearbox internal gears configuration.

The starting point for modeling complex gearboxes is the
correct modeling of a single clutch, allowing to couple/de-
couple two plates. Several papers are present in the litera-
ture concerning the dynamic modeling of the lock, unlock

Copyright lies with the authors

and slipping phases of clutches, see Lhomme et al. (2007),
SUN et al. (2008), Zoppi et al. (2013) and Bachinger
et al. (2014), mainly relying on the introduction of a
proper Coulomb friction torque acting on both plates of
the clutch multiplied by the proper gear radius. In Zanasi
et al. (2001) and Grossi and Zanasi (2015), the authors
model the presence of the Coulomb friction acting on the
two clutch plates through a “sign” function, applied to
the difference of the two plates velocities and multiplied
by a proper factor. This represents an easy and effective
modeling solution, which is correct from an energetic point
of view as the expected energy loss takes place. However,
this approach presents the following drawback: when the
two plates velocities become equal each other after the
transient, function “sign” gives rise to an oscillation at
very high frequency, which may cause trouble in fixed step
size simulations for real-time applications.

The solution proposed in this paper, which exploits the
POG modeling technique (see Zanasi (2010)), does not
require the usage of a Coulomb friction torque or any other
coupling action to simulate the clutch slipping phase, in
which the transient involving the two clutch plates occurs.
In fact, the new velocities of the two plates after the
transient are computed by exploiting a properly defined
angular momentum and the slipping phase is no longer
present, making the proposed solution very effective from
a simulative point of view. Instantaneous gearshift can
therefore take place, ensuring the same energy loss associ-
ated to gear shifting as standard modeling solutions.

This paper is organized as follows: in Sec. 2, the in-
stantaneous gearbox model is presented for the case of
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Fig. 1. Schematic representation of a six gearbox system.

one-dimensional dynamics on the gearbox primary and
secondary and employed to model a six gearbox system
as a case study. A comparison between the simulation
results given by a “classical” modeling approach and those
given by the proposed solution is then made. In Sec. 3, the
proposed model for instantaneous gear shifting is extended
to the multidimensional case and tested in simulation with
reference to a new case study. The latter is composed of
the same gearbox as the one in Sec. 2 by connecting the
primary shaft to a planetary gear, whose model is given
in Sec. 3.1 with reference to Zanasi and Grossi (2009)
and Zanasi and Tebaldi (2019), thus making the primary
dynamics two-dimensional. Finally, Sec. 4 provides the
conclusions of this work.

2. CASE STUDY: A SIX GEARBOX SYSTEM

A schematic representation of the considered six gearbox
system is shown in Fig. 1. The red lines shown in Fig. 1 are
the points where the gearbox actual clutches act in order
to engage the desired gear: in the considered gearbox, only
one clutch is “on” and active at a time, while all the others
are “off”. Parameters T}, wp, J, and b, are the external
torque, the angular velocity, the moment of inertia and the
angular viscous friction coefficient of the primary shaft.
Parameters Ts, ws, Js and bs; have analogous meanings
related to the secondary shaft variables; rp1, rp2, ..., Tps
are the radii of the gear wheels connected to the primary
shaft and rgy, 752, ..., 756 are the radii of the gear wheels
connected to the secondary shaft. Angular velocities w;
and wsy are those of the gear wheels having moment of
inertia Ji and Ja, respectively, around the secondary shaft;
whereas angular velocities w3, wy, ws and wg are those
of the gear wheels having moment of inertia J3, Jy, J5
and Jg, respectively, around the primary shaft. Variables
Ti, Ts, ..., Tg are the maximum values of the Coulomb
friction torques present between the j-th idle gear wheel,
for j €[1, 2, ..., 6], and the shaft on which the j-th idle
gear wheel itself is mounted. These torques are used in the
gearbox to engage the desired gear.

2.1 Gearbox system: full dynamic model

The POG full dynamic model of the gearbox system in
Fig. 1 is shown in Fig. 2, see Zanasi et al. (2002). Vectors
r, and r, are defined as follows:

Fig. 2. POG full dynamic model of the system in Fig. 1.

1/asp1 1
T W
1/Oésp2 1 aspj = i = ﬂ
_— 1 o= |3 Tpj — Wsj
j2 1 ) 5 — a8p4 9
1 Qsps for j€[1,2,..., 6]
1 Qsp6

Parameters r,; and r,; are the medium radii of the j-
th gear wheels mounted on the primary and secondary
shafts, respectively. Variables wy; and w,; are the angular
velocities of the primary and secondary shafts when the
j-th gear is engaged. The definition of vector T;sgn(-)
present in the POG scheme of Fig. 2 is the following:

) it =

Ty (i) sgn(Avs) T, z):{ T; if J
g 0ifi£j (1)
)

Av; =Tp; Wp — T'si Ws.

Ts(i) sgn(Aveg)
Additionally, parameters ay,; are defined as follows:
1 Tpj | Wesj .
Qpsj = =X =" for jel, 2,...,6. (2)
pel Aspj Tsj Wpj

The expressions of moments of inertia Jr, and Jrs are:

Jrp = Jp+ Jiodg + Jaor,

Jrs = Jo 4 J302ps + Jaaly, + Jsalys + Jea
Linear friction coefficients by, and by, are given by:
brp = by + bro,, + baal,

brs = bs + b304§p3 + b40‘§p4 + b50‘§p5 + bﬁagpﬁ‘

2.2 Gearboz system: reduced dynamic model

According to the definition of vector T;sgn(-) given in
(1), the torques T, and Ty in power sections é and

in Fig. 2 can be considered as “scalar”, because only one
element of vector T; sgn(-) is different from zero at a time.
This means that, by considering the model at a certain
time instant, vectors r,, ry and T, can be assumed to
be “scalar” as well, where the nonzero elements are radii
Tp;» Ts; and Ty = Tjsgn(Awvy), respectively. Using this
observation, a path inversion can be applied to the full
POG block scheme of the gearbox, as highlighted by the
red dashed line in Fig. 2. Along the inverted path, the
quantity Av; is equal to zero when the gear is engaged
and is different from zero during the synchronization
phase only, i.e. during the transient. By applying the
path inversion depicted in red in Fig. 2, and neglecting
the inverse of T;sgn(-) when the gear is engaged, one
obtains the POG reduced dynamic model of the considered
gearbox system shown in Fig. 3. One can easily verify that
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Fig. 3. POG reduced dynamic model of system in Fig. 1.

the moment of inertia Jp and the viscous linear friction
coeflicient by have the following expressions:

2 2
Jr = JT + Jr, (ij> br = bT + br, (::p]) (3)
s7 sj
The new simplified block scheme in Fig. 3 is characterized
by the following angular momentum Qg (j):

Qap(j) = Jrpwp + psj Jrs ws (4)
which is a function of the engaged gear j.

Property 1. By neglecting the friction coefficient by and
assuming that the system input torques are T, =T, =0, the
angular momentum Qg,(j) remains constant also during
the clutch synchronization phases, as long as j is constant.

Proof. The proof is given assuming that the friction torque
Tsp is a generic function of time Ty, = T, (t). Using (2),
the angular momentum in (4) becomes:

QGp(j) = Tﬂ JTs Ws (5)
8]
Since br is in general very small, it can be assumed to be
equal to zero, i.e. by, = by, = 0 from (3). By making this
assumption and assuming zero input torques, T, = T, = 0,
one can explicitly write the angular velocities w, and w;
from the full POG block scheme in Fig. 2 as follows:

o ] () ()

N———
fl(t) ( )

=[G ()
o)

fa(t)
Using (6), momentum Qg (j) in (5) can be rewritten as:

Qan(i)=J1, /(TJ(TM> e (

7'5;) dt

By solving the previous equation, one obtains:

JTp wp +

(1) 7 Thi Ton(t) 15
Qap(i)= JTp|:f7]()m+Olj|+mJTs|:p()]+02:| (7
Ty T'sj JTs
—_——— ~—
Fi(t) Fa(t)
where Tgp f Tsp(t)dt is a particular primitive of

function T,(t), C1 and Cy are the two integration con-
stants, and F} (t) and F5(t) describe the family of primitive
functions associated to fi(t) and f5(¢) introduced in (6).
By doing some algebra on (7), one obtains

Qcp(j) = Jr, Cr + 2% AN (8)

Tsj
Since C'; and (s are constant according to the definition
of family of primitive functions, and Jr,, Jr,, rp; and rg;

are constant as long as j is constant, i.e. the assumption
made in Prop. 1, it follows that Eq. (8) is constant. O

Let t;; be the instant at which the gearbox is switched
from gear i to gear j. If gear 7 is fully engaged at instant
t;;» the angular velocity ws(t;;) of the secondary shaft at
instant t;; can be expressed as follows:

ws(tij) = apsiwp(tis). (9)
At instant t;;.7 i.e. when the new gear j starts to be en-
gaged, the new value of the angular momentum Qg (7, t;';)
given in (4) at instant tj'j can be expressed as follows:

QGp(jat;S') = Jrp Wp(tjj) + apsj J1s WS(t:rj)
= (Jrp + psj Jrs Apsi) wp(tij)

where the last expression has been obtained using (9) and

equalities wp(t;rj) = wp(tij), ws (t;;) = ws(t;;), which hold

as the new gear has just been engaged at instant t = tj;

(10)

For ¢t >1t;;, angular momentum Qg,(j,t) remains constant:
Qap(4,t) = Jrpwp(t) + apsj Jrs ws(t) = Qap(ds t;;) (11)

and equal to the value Qap (7, t:;) given in (10) until a new

gear engagement occurs. At time instant ¢;, with t; > t;5,

when the new gear j is fully engaged (i.e. transient ended),

the angular velocities w, and ws are related as follows:

ws(t5) = apsj wp(t))
and the angular momentum Qg,(J, t;) is given by:

Qap(Js tj)=Jrp wp(tj) +apsj Jrs ws(t;)

(12)
=(Jrpt+aps; Jrs apsj) wp(t;) =Qap(J; 1])
From (10) and (12), the value of the angular velocity wp(t;)
of the primary shaft at time ¢; can be determined:
(JTp + Qpsj JTs O‘psi)
wy(t;) = Wy (t;4
[)( ]) (JTp + apsj JTs apsj) I)( Z])
Relation (13) gives the angular velocity wpy(t;) of the

primary shaft at time instant ¢;, that is when the synchro-
nization phase ends and the new gear j is fully engaged.

(13)

The POG reduced dynamic model of the gearbox reported
in Fig. 3 exploits relation (13) to properly reset the
integrator with the new initial condition any time a
gearshift occurs, thus skipping the system transient.

2.8 Gearbor system: simulation

In this section, the system in Fig. 1 is simulated using
the full and reduced gearbox models in Fig. 2 and Fig. 3,
respectively, to compare the results. The simulations last
for Tf;» = 1.1 [s] and the initial angular velocities of the
primary and secondary shafts are wp, = 3000 [rpm] and
Wsy = Qps1Wp, = 912.96 [rpm]. The system parameters
values are reported in Table 1, whereas Fig. 4 shows
the engaged gear vs time. The simulations results are
shown in Fig. 5 and Fig. 6. The left subplot of Fig. 5
shows the primary shaft velocity w, (continuous lines)
and the secondary shaft velocity ws (dashed lines) vs time
for the simulation performed on the full gearbox model
(magenta lines) and for the simulation performed on the
reduced gearbox model (blue lines). The right subplot
of Fig. 5 shows the reduction ratio oyp; vs time for the
full gearbox model (magenta line) and for the reduced
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Table 1. Parameters for simulation in Sec. 2.3.

Qspl 3.286 J1 0.00465 [kgm?
Qsp2 2.158 Jo 0.00333 [kgm?
Qsp3 1.609 J3 0.00073 [kgm?
Qspa 1.269 Ja 0.00131 [kgm?]
Qsps 1.034 Js 0.00183 [kgm?
Qsp6 0.848 Je 0.00242 [kgm?
Jp | 0.0195 [kgm?] bp,bs,b; | 0 [Nms/rad]
Js | 0.0768 [kgm?] T 40 [Nm]
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Fig. 4. Engaged gear as a function of time.
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Fig. 5. Angular velocities w, and ws; ratio aps;.
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gearbox model (blue line) simulations. The left subplot
of Fig. 6 shows the total energies ET (magenta line) and
Er,. (blue dashed line) vs time for the full (see Fig. 2) and
reduced (see Fig. 3) models simulations, respectively. The
corresponding expressions are:

1
Er

1 2 1 2
ET:§Jprp+§JTswsﬂ - =5
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Fig. 7. Multidimensional version of the scheme in Fig. 3.

It can be noticed that an energy decrease occurs any
time a gearshift takes place, lasting for a finite time in
the simulation of the full gearbox model and occurring
instantaneously in the simulation of the reduced gearbox
model. This loss of energy is due to the action of the
Coulomb friction torque between the primary and sec-
ondary shafts Jr, and Jz, in the full model of Fig. 2 during
the synchronization phase. Note that the regime value (i.e.
once the transient has ended) of the total energies Er
and E7, stored within the full and reduced models after
gearshifting coincide, highlighting the correctness of the
reduced gearbox dynamic model also from an energetic
point of view. This can be achieved thanks to the fact
that the new moment of inertia Jp after a gearshift, as
well as the regime value of the primary shaft angular ve-
locity wy, after the synchronization phase, can be promptly
computed thanks to (3) and (13), respectively. The right
subplot of Fig. 6 shows the angular momentum Q¢ (§)
defined in (4) for the full model simulation (magenta line)
and for the reduced model simulation (blue dashed line).
From the latter subplot, the reader can see that the two
characteristics are indeed superimposed, as expected.

The saving in terms of simulation time of the reduced
gearbox model with respect to the full model is around
17.66 %, also thanks to the fact that the reduced model of
Fig. 3 does not require the usage of “sign” functions, thus
reducing the computational load in the numerical simula-
tion. This denotes the effectiveness and the compactness
of the new reduced version of the gearbox dynamic model.

3. MULTIDIMENSIONAL CASE

This section analyzes the multidimensional case, where
the primary and/or the secondary of the gearbox are
connected to higher order systems. In such a case, the
reduced gearbox model reported in Fig. 3 for the scalar
case, i.e. one-dimensional dynamics both on the gearbox
primary and on the gearbox secondary, can be generalized
to the multidimensional version shown in Fig. 7. In the
most general case, the primary is characterized by a
dynamics of order n and the secondary is characterized by
a dynamics of order m, with n > 1 and m > 1. Therefore,
vectors and matrices present in the scheme of Fig. 7 have
the following dimensions:

T,, w, € (1) P w €

Jr,Br € R, €
The angular momentum Q¢ (j) defined in (4) becomes:
QGp(j) =Jrp wp+Rps(j)T Jrsw, (14)
Prop. 1 still holds, and Eq. (13) extends as follows:
wy(t;) = (P)" (Jrp + Ryps ()" Irs Rips (i) wy (i) (15)

(mx1)

(n><n)7 (mxn)
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where P = Jp,+R,5(j)T Jrs Rps(j). Matrices Jp and By
in Fig. 7 can be extended from relations (3) as follows:

Jr = JTp JngsJTsts Br = pr +R;£3stRps (16)
3.1 Planetary Gear
Let us consider the planetary gear shown in Fig. 8 on the

left, whose equivalent POG block scheme is reported on
the right. The state space equations are the following:

-

Planetary Gear

Carrier

—
Planetary

- J

Fig. 9. Gearbox with primary shaft rigidly connected to
the ring of a planetary gear.

Table 2. Parameters for simulation in Sec. 3.3.

‘Gears Inertia‘ Gears ‘ Elastic teeth

Fig. 8. Considered planetary gear: structure and model.

}7 u=7, y=w (17)
where matrices L, A and B are defined in Zanasi and
Tebaldi (2019), F = [F,; F,,]" and vectors w and 7 are:
w=[wWe wg wt wT]T Tz[TCTthTT]T.
Matrices J, By, K and Bg are defined as follows:
J= dlag (JC7 an Jta JT)a B, = dlag (bC7 bqa bta br)
K = diag (K, Kq), Bk = diag (bgt, byr)

Matrix R, which fully and uniquely defines the model,
see Zanasi and Tebaldi (2019), has the following structure:

R— [rc —rg —1r¢ 0 ]

Te 7q 0 -1

If K — oo, from (17) it follows Rw = 0, giving the
following congruent state space transformation:

~ _ o1 0 1
We re Tr
Wq Tq Tq
w| | Q We we | 2r. _Tr We
F| | o0 Wy < we | | e T | wy
X T] X1 qt O O X1
F,,
- Lo o |
X N——
T
Applying x = Tix; to system (17), one obtains the

following reduced model:

[Jm J1,2] |:wc:| B [al,l a1,2] |:wc:| L QT -
L= 1

Ji,2 Ja2 Wy a1,2 G22 Wy ~

—_———— ] —————— — u

B;

. (18)

L, X1 A X1

The definition of matrices Li, A; and By can be found
in Zanasi and Tebaldi (2019).

3.2 Six Gearbox connected to a Planetary Gear
Let us consider the case reported in Fig. 9, showing the

same gearbox as the one in Fig. 1 with the primary shaft
rigidly connected to the ring of the planetary gear shown

J. = 0.0198, J; = 0.0036, J; = 0.0038 kg m?]
Jr = 00842+ Jp + J1ad  + 2 az [kg m?]
be =0, by =be, br=be, br=bc [(Nms)/rad]
r.=0.0855, rq=0.0375, r;=0.048, r.=0.123 [cm]

Angular velocities Reduction ratio op; = wpj/ws;j

-7665

10000

8000
-7670

6000

-7675

4000

-7680
2000

We, wq> W, Wpr, Wg [rpm]

7685 |

-7690
0

Fig. 10. Angular velocities; ratio ap;.

in Fig. 8. This is the case of a multidimensional dynamics
on the primary and a one-dimensional dynamics on the
secondary, i.e. n = 2 (see system (18)) and m = 1. For
the considered case study, the first component of vector
R, € (1x2) is always equal to zero, because the carrier
angular velocity w,. does not influence the angular velocity
wp of the primary shaft which is rigidly connected to the
ring gear, see Fig. 9. The second component of vector
R,s € (X% is the reduction ratio ,y; defined in (2).

3.8 Multidimensional case study: simulation

In this section, the system in Fig. 9 is simulated using
the full gearbox model in Fig. 2 extended to the multi-
dimensional case and compared to the reduced multidi-
mensional gearbox model shown in Fig. 7. The duration
of the simulation T;,, the initial angular velocity of the
primary shaft (and thus of the ring gear) w,, = wy, and
the initial angular velocity of the secondary shaft wyq,
are the same as those reported in Sec. 2.3 for the one-
dimensional case. The initial carrier angular velocity is
we, = 0. The gearbox system parameters are the same as
those reported in Table 1, expect for T}, for j€[1,2,...,6],
which is equal to 50 [Nm]. The planetary gear parameters
are those reported in Table 2. The engaged gear vs time
is shown in Fig. 4, whereas Fig. 10 and Fig. 11 show
the simulation results. The left subplot of Fig. 10 shows
the time behavior of the angular velocities related to the
primary dynamics: w, (green line), w, (magenta line), w,
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Fig. 11. Energies Epy,, E1y,, ; angular momentum Qg .(j).

(red line, with reference to left vertical axis), w, = wp
(orange line) and to the secondary dynamics ws (cyan line)
for the simulation performed on the original full model
described in Sec. 2.1 extended to the multidimensional
case, as well as the corresponding angular velocities of the
primary and secondary dynamics for the simulation per-
formed on the reduced multidimensional model in Fig. 7
(blue dashed lines). The right subplot of Fig. 10 shows
the reduction ratio oyp; for the simulation performed on
the full gearbox model (magenta line) and on the reduced
gearbox model (blue line). The left subplot of Fig. 11 shows
the evolution of the total energies Epy, (magenta line) and
Eryy,,. (blue dashed line) during the simulation performed
on the full and reduced gearbox multidimensional models,
respectively. The corresponding expressions are:

1 We 1 9
ETm = 5 [Wc wr]JTp |:wr:| +§JT5‘ Wss
1 We
Em =3 c Wr J .
Tm, = 5 [we wr] T{wr]

Similar considerations as those made for Fig. 6-left sub-
plot can be made for Fig. 11-left subplot, highlighting
the energetic correctness of the reduced model. The right
subplot of Fig. 11 shows the first component of the angular
momentum Qg () in (14) reported on the primary for
the simulation on the full gearbox multidimensional model
(magenta line) and for the simulation on the reduced
gearbox multidimensional model in Fig. 7 (blue dashed
line) with reference to the right vertical axis. Additionally,
the right subplot of Fig. 11 shows the second component
of the angular momentum Qg (j) in (14) reported on the
primary for the simulation on the full gearbox multidi-
mensional model (red line) and on the reduced gearbox
multidimensional model in Fig. 7 (blue dashed line) with
reference to the left vertical axis. From this subplot, the
reader can notice that the only component of Qg (j)
which is affected by a gear shifting is the second one, i.e.
the one affected by the variation of vector R,; when a
gearshift occurs, as the first component of R,s in (14) is
equal to zero for the considered case study.

The saving in terms of simulation time of the reduced
gearbox model with respect to the full model in the multi-
dimensional case is around 9.09 %, also thanks to the fact
that the reduced multidimensional model of Fig. 7 does
not require the usage of “sign” functions, thus reducing
the computational load in the numerical simulation. This

once again denotes the effectiveness and the compactness
of the new reduced version of the gearbox dynamic model.

4. CONCLUSIONS

In this paper, a new gearbox dynamic model for the
simulation of simultaneous multi-clutches lock /unlock has
been presented. The model exploits the conservation of the
angular momentum defined in a determined point of the
system even during the gear engagement phase. From the
latter angular momentum, the new shafts velocities can be
instantaneously determined by skipping the transient, thus
reducing the computational complexity of the simulation,
while preserving the natural energy loss associated to
gear shifting. This new approach has been applied to two
case studies, the second one foreseeing a multidimensional
primary dynamics for the gearbox system. Simulation
results have been provided for both case studies, showing
the effectiveness of the presented approach.
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