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1. INTRODUCTION

The analysis and design of singularly perturbed systems have
a rich history in the control literature; see Kokotovic et al.
(1976) and Saksena et al. (1984) for early surveys. Singularly
perturbed systems can be analyzed with various tools; one very
efficient and constructive approach is through Lyapunov func-
tions, as employed early on by Chow and Kokotovic (1981),
Gruji¢ (1981) and Saberi and Khalil (1984) for example.

With the development of hybrid systems in the control litera-
ture over the last several decades, similar singular perturbation
results are desirable in the hybrid systems setting as well. This
paper provides another step in that direction. We develop re-
sults in the hybrid systems framework of Goebel et al. (2012).
Some singular perturbation results for these hybrid systems
already can be found in Sanfelice et al. (2006), Sanfelice and
Teel (2011) and Wang et al. (2012), for example. These works
establish semi-global, practical asymptotic stability for singu-
larly perturbed systems, exploiting robustness of stability in
hybrid systems that satisfy certain basic conditions. To the best
of our knowledge, there are no results in the hybrid systems
literature that characterize when actual asymptotic stability (as
opposed to practical asymptotic stability) is achieved. To pro-
duce such results, we combine the singular perturbation for
hybrid systems ideas found in Sanfelice and Teel (2011) with
the Lyapunov function ideas of Saberi and Khalil (1984), where
quadratic-like Lyapunov functions are employed. Like in Saberi
and Khalil (1984), we are able to give an estimate of the basin
of attraction in terms of the singular perturbation parameter
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and bounds on the Lyapunov function. We consider both con-
tinuously differentiable and non-smooth Lyapunov functions.
Using these Lyapunov functions, uniform asymptotic stability
(UAS) and uniform global asymptotic stability (UGAS) results
are guaranteed under some mild assumptions. Moreover, the
proposed methods can be applied to some practical problems
such as robot source seeking Cochran and Krsti¢ (2009), Nash
seeking with adversarial agents Frihauf et al. (2012), and dis-
tributed optimization with attacks Wang et al. (2020). In ad-
dition, compared with Sanfelice and Teel (2011) and Wang
et al. (2012), the assumptions we make are stronger and the
conclusions we draw are also stronger.

The rest of the paper is organized as follows. In Section 2,
some preliminaries are given. In Sections 3, a class of singularly
perturbed hybrid systems is considered and the main results are
presented. In Section 4, three examples are given to illustrate
the main results. Section 5 contains the conclusions.

2. PRELIMINARIES

R" denotes n-dimensional Euclidean space. R and Z denote
the sets of real and integer numbers, respectively; moreover,
Rs0:=(0,00) and R>g := [0, 0). | - | denotes the Euclidean norm
on R". 0 stands for zero matrix/vector with appropriate dimen-
sion. 1, := (1,...,1)T € R". I, € R™*" stands for the identity
matrix. Given x,y € R", (x,y) :=xTy and (x,y) := (x7,y")7. ®
is the Kronecker product. P > 0 denotes a symmetric positive
definite matrix. B is open unit ball and B is closed unit ball.
Given a compact set W C R" and x € R”, |x|w := 1&1}?} |x —yl;
y

also, given p € RogU{eo}, we use B, := {x e R": |x|w < p}.

A set-valued mapping M : R" =2 R™ is outer semi-continuous

(OSC) at x € R" if, for all convergent sequences {(x;,y;)};,

satisfying y; € M(x;) for all i, the limit (x,y) = ILm (x;,v;) sat-
i—soo
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isfies y € M(x). A set-valued mapping M : R” = R™ is locally
bounded (LB) at x € R” if there exists a neighborhood U, of
x such that M(Uy) C R™ is bounded. Given a set Q C R”, the
mapping M is said to be OSC and LB relative to Q if the set-
valued mapping from R” to R™ defined by M(x) for x € Q
and 0 for x ¢ Q is OSC and LB at each x € Q. Given a set
Q C R", coQ stands for the closed convex hull of Q. A function
o :R>g—>Rxpisofclass Z,ie., o € Z,if: (i) itis continuous,
(ii) non-increasing, and (iii) converging to zero as its argument
grows unbounded. A function « : R>¢ — R is of class JZ,
ie., o € , if: (i) it is continuous, (ii) zero at zero, and (iii)
strictly increasing. A function o : R>g — R> is of class .,
i.e., @ € Z, if @ € 7 and a grows unbounded as its argument
grows unbounded. A function ¢ : R>o X R>9 — R> is said to
be of class 7%, i.e., 0 € X L if: (i) itis of class J# in its first
argument; (ii) it is of class .Z in its second argument. Given a
continuously differentiable function W : R "2 — R, define

VXZW(xl,xz) = M7VX1 e R x; e R™,

X2

In this paper, we consider the hybrid systems framework that
appears in Goebel et al. (2012). These hybrid models have state
x € R" and are written formally as
x€F(x), xeC

xt€G(x), xeD, (1)
where C C R" is flow set, D C R" is jump set, the set-valued
mapping F : R" = R" is the flow map and the set-valued map-
ping G : R"* = R" is the jump map. System (1) is represented by
the notation 5" := {C,F,D,G}. Solutions are defined on hybrid
time domains. A subset E C R>( X Z>¢ is a compact hybrid

time domain if E = Uf;(l)([sj,sjﬂ], J) for some finite sequence
of times 0 = sg <51 < s <... < sy. Itis a hybrid time domain
if forall (T,J) € E, EN([0,T] x {0,...,J}) is a compact hybrid
domain.
Definition 1. A function x : dom x — R" is a hybrid arc if dom x
is a hybrid time domain and ¢ — x(¢, j) is locally absolutely
continuous for each j such that the interval /; := {r : (¢, ) €
dom x} has nonempty interior. A hybrid arc is complete if its
domain is unbounded. A hybrid arc x is a solution to system (1)
if x(0,0) € CUD, and the following two conditions hold:
1) for all j € Z>( such that /; has nonempty interior
x(t,j) eC for all t € int(/;),
x(t,j) €F(x(t,j)) foralmostallz € Ij;
2) for all (¢, j) € dom x such that (7, j+ 1) € dom x,
x(t,j) €D,
x(t,j+1) €G(x(t, ).
|
Definition 2. Consider a hybrid system 5 on R”. Let #" C R"
be closed. The set # is said to be:

e uniformly asymptotically stable (UAS) if there exist a
function B € J#.Z and a positive constant ¢, such that
for any solution x to 5 with |x(0,0)| < c,

x(t, ) <B(1x(0,0) |, 1+j), ¥(t, j)edom x; (2)
o uniformly globally asymptotically stable (UGAS) if in-
equality (2) is satisfied for any initial state. ]

3. MODELING AND STABILITY ANALYSIS

Consider the following hybrid system:

X1 eFl()Cl,)CQ)

. 1 (xl,X2) eCxX
Xy € EFQ(X17)C278) 3)

xte G(x) } (x1,%2) €D X Xy,

where x := (x1,xp) € R" with x; € R" and x, € R™, £ >
0 is small, C x X is the flow set, D x X, is the jump set,
the set-valued mappings Fi,F, comprise the flow map, and
the set-valued mapping G is the jump map. Define F;(x) :=
(Fi(x1,x2), Fa(x1,x2,€)) for all x € C x X; and Fe(x) = @
otherwise.

Assumption 1. C x X1 and D x X, are closed sets, Fg is OSC
and LB with convex nonempty values on C for each € > 0, and
G is OSC and LB and G(x) is nonempty for each x € D. [ |

By setting 7 = é, the boundary-layer system of system (3) is:
d

% € F(x1,x2,0), (x1,x2) € Cx X). 4
Treating x; as a constant, the boundary layer system (4) is
supposed to have (via a subsequent assumption) a quasi-steady-
state equilibrium manifold, like in classical singular perturba-
tion theory, which is expressed in terms of a set-valued mapping
H satisfying the following assumption.

Assumption 2. H : R™ = R™ is OSC and LB. For each x; € C,
H(x) is a nonempty subset of X]. [ ]

By constraining x, to the set H(x;) during flows, the reduced
system for the singularly perturbed system (3) is obtained as
follows:

X1 GFr(xl), x1€C

xf' €G,(x1), x1 €D, 5)
where
Fy(x1):=co{veR" :ve F(x,x),x2 € H(x1)}
Gr(xl) = {v1 e R™: (V17V2) € G(xl,)Cz)7XQ €Xy, v eX UXQ}.

The objective of this paper is to establish stability conditions for
system (3) based on Lyapunov functions for the reduced system
(5) and the boundary layer system (4). We will first assume
that the reduced system has a compact set W; UAS with a
Lyapunov characterization. The following definition quantifies
the property that we will use.

Definition 3. The function V : R" — R>¢ is said to be a
Lyapunov function for the reduced system (5) parametrized by
oy, 0 € o, the continuous, positive definite function o, the
continuous, positive semidefinite function oy, the positive real
numbers L;,d; and p € RogU {0} if:

(1) forall x; € CUDUG,(D), it holds that
o (|x1|w,) < V(xr) < aa(lxi|w,)s (6)
(2) forall x| € CﬁIB%’{WI and f, € Fy(x;), it holds that
(VV(x1), fr) < —Liog (Jxilw, ):
(3) and for all x; € Dﬁ[B%{‘;VI .81 € G,(x1), it holds that

V(g)—V(x1) < —dios(|xi|w,)- (7
[ |

Next, we assume that the boundary layer, with x; constant,
has the set x, € H(x;) UAS with a Lyapunov function. The
following definition quantifies the property that we will use.
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Definition 4. A function W : R"1™"2 — R is said to be a Lya-
punov function for the boundary layer system (4) parameterized
by Bi, B € e, the continuous, positive definite function oz,
the continuous, positive semidefinite function oy, the positive
real numbers Ly, d; and p € R g U {oo} if:

(1) forall x € (C x X;)U(D x X) UG(D x X3), it holds that
Bi(lx2lay)) S Wx,x2) < Ba(lxlpe))s 8

(2) forall x € (CNBY, ) x Xi, and f> € F>(x1,%2,0), it holds
that

(Vi, W (x1,x2), f2) < —L2 0 (%2 ey );
(3) and for all x € (DNBY, ) x X2, it holds that
W(g) S W(x1,x2) +drou(|x1|w,), g € G(x). (9)
[

Following Saberi and Khalil (1984), for the full, singularly
perturbed system (3), we use a Lyapunov function of the form

U(x) = (1—d)V(x1) +dW (x) (10)
with d € (0,1) to establish UAS of the set
W= {(x1,x2)|x1 € Wy,x € H(x1)} (11)

when € > 0 is sufficiently small. The following holds for U:

Proposition 1. If V is a Lyapunov function for the reduced
system (5) and W is a Lyapunov function for the boundary layer
system (4), then there exist functions 0 1 4,002 € e (Qy2
can be taken independent of d) such that for all x € (C x X;) U
(D x X2) UG(D x X»), it holds that

ay1.q([xlw) <U(x) < aya(|xlw)-

UAS of W; for the reduced system (5) and UAS of x, €
H (x;) for the boundary layer (4) are already enough for semi-
global (for the UGAS case), practical asymptotic stability of
W for (3), as established in Sanfelice and Teel (2011) and
Wang et al. (2012). However, in the present paper we are
interested in conditions that give a global, asymptotic (not just
practical) result, and we are interested in giving an estimate for
the basin of attraction in the local case. For such results, we
require coupling conditions between Lyapunov functions, like
in the continuous-time results of Saberi and Khalil (1984). The
following definition quantifies the coupling conditions.

(12)

Definition 5. A Lyapunov function V for the reduced system,
a Lyapunov function W for the boundary layer system and the
continuous, positive definite functions o3 and o5 are said to
satisfy the coupling conditions with the coupling parameters
M; > 0(i = 1,2,3,4,5) and p € R-gU {0} if the following
conditions hold:

(1) forall x € (CﬂIB%{;VI) x Xi, and for Vf € Fi(x1,x),3f, €

F,(x1) such that
(VV(x1), f1 = fr) < Mros(fxfw,) as (%2 )

(2) forall x € (Cﬂ]B%@Vl) x Xj, it holds that
(Vi W (x1,%2), /1) <M (%2, )
+ Mo (|x1w, ) 05 (1x2 | (x, ) )3
(3) for all x € (Cﬂ[B%’{WI) x X1 and f> € B(x1,x2,€),3f> €
F>(x1,x2,0) such that
(Vo W(x1,3:2), o= fo) < eM40Z (|x2p(yy))
+eMsai(xi|w, ) o (X2l (r)). W

We codify our main assumptions as follows.

Assumption 3. For p € Ry U {0}, the following conditions
hold:

e The function V is a Lyapunov function for the reduced
system (5) parameterized by ay,0p € J, the continu-
ous, positive definite function o3, the continuous, positive
semidefinite function oy, the positive real numbers L;,d;
and the given p;

e The function W is a Lyapunov function for the bound-
ary layer system (4) parameterized by By, B, € ., the
continuous, positive definite function o, the positive real
numbers L, d, and the given p;

e The functions V and W and the continuous, positive def-
inite functions o3 and o5 satisfy the coupling conditions
with the coupling parameters M; > 0(i = 1,2,3,4,5) and
the given p. |

Theorem 1. Consider system (3) and the set W defined in (11).
Suppose Assumptions 1-3 hold and let

£ (d) = Ll
Ly + [Mi (1 —d) +od]? /4d(1 = d)’
d
d<-a 13
Tditda (3
where ¥ := My + My, s := M3+ Ms. If € € (0,€%(d)) and any

complete solution x of the discrete-time dynamics in (3) with
x(0,0) € (DNBY, ) x X5 converges to W, then W is UAS for

2 061([))

system (3) with basin of attraction containing By %. where

Oy 2 € Je comes from (12) in Proposition 1.

Proof. Choose the Lyapunov candidate function U given in
(10). Then, based on conditions of Theorem 1, for all x € (CN

B@Vl) x X1 and f € Fg(x) we have that
(VU 1)
(1= VY1), ) +d (W (51,32), 2 )

+d<Vle(x1,x2),f1>
d)(VV(x1), fi = fr)

%(VXZW(X17X2)7f2—f2>

=(1=d)(VV(x1), fr) + (1 -
+ g(vsz(xl,xz),ﬁ) +
+d (VW (x1,x2), f1).
It follows from the definitions of the Lyapunov functions that
(VU(x),f)

< —Ll(l —d)oig (|xilw,) +Mi (1 —d)os(|xi|w, ) o5 ([x2]p(,))

—L2

03 (%2 xy)) +dMa 0B (12|11, )
)

+ dMsOB(lxl v, )05 (X2 k1 (xy)) + M2 05 (%2 |1y )

+dMzoi(|x1lw, ) 05 (1x2|(x,))
L
== Li(1=d)od (jx1ln,) —d (2 =2 =My ) & (2l )
+ ((1 —d)Ml +dM;3 +dM5)O£3(|)C1‘WI)O(5(|)C2‘H(X1))‘

Therefore, from (12) and (13), there exists a continuous, posi-
tive definite function o which is independent of € such that for
xXe (CﬂIB%p ) x X; and for all f € F¢(x), we have

(VU(x),f) < —a(U(x)). (14)

In addition, for all x € (DN IB%@VI) x X, and all g € G(x), from
(7), (9) and (13) we obtain
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U(g) —U(x1,x2)
=(1=d)V(g1) +dW(g) — (1 =d)V(x1) —dW (x1,x2)

<—((1 =d)dy — ddz) ou(|x1|w,)
<0. (15)
Also, using (6), (12), (14), (15) and

o (jxr(z, ) lw,) <V (t,))) <UK(, )
<U(x(0,0)) < o 2(x(0,0)|w)

for any initial value satisfying
1%(0,0)[w < oy 0 01 (),

we have |x;(z,j)|w, < p for all (,j) € dom x. Then W is
uniformly stable. Since system (3) satisfies Assumption 1 and
W is compact, combining the conditions of Theorem 1 and
the invariance principle for hybrid systems in Sanfelice et al.
(2007), we conclude that W is UAS for (3) with basin of

,10
attraction containing ]B%gé’ 2o0(p) [ ]
Theorem 2. Suppose all the conditions in Theorem 1 hold

globally, i.e., p = co. Then W is UGAS.

In Theorems 1 and 2, we consider only continuously differen-
tiable functions V. In practical applications, however, a non-
smooth function V is sometimes needed. Thus, it is useful to
establish the following results.

Definition 6. A function f : R" — R is said to be regular if for
all v, the usual one-sided directional derivative f (z;v) exists
and f (z;v) = f°(z;v). |
Theorem 3. Suppose all the conditions in Theorem 1 hold ex-
cept that V is replaced by a locally Lipschitz, regular function,
condition (2) in the definition of a Lyapunov function for the

reduced system is replaced by:
forall x; € CNBY, and all f, € Fy(x1), we have that

min )y < —L o (|x
peaxlv(x])@ fr) < —Lio(Ixi|w,)
and coupling condition (1) in Definition 5 is replace by:
forall x € (CﬂIB%{;VI ) x X1, and for Vf| € Fi(x1,x2), 3fr € F-(x1)
such that

max

PGaXIV(Xl) <paf1 _fr> S M1a3(|x1|wl)a5(|x2|H(xl))-

Then W is UAS for (3) with basin of attraction containing
o hoou (p)

By where oy 2 €%, is from (12) in Proposition 1.
Proof. From Bacciotti and Ceragioli (1999), Teel (2000) and
the proof of Theorem 1, the conclusion follows. |

Theorem 4. If all of the conditions in Theorem 3 hold globally,
i.e. p = oo, then the set W defined in (11) is UGAS for (3).

4. EXAMPLES

We present three examples to illustrate the meaning of the
proposed results in Theorems 1, 2 and 4, respectively. The
first example is a linear system used to show the proposed
continuously differentiable Lyapunov analysis may not have
any conservatism for certain examples and UGAS result is
obtained. The second example is a nonlinear system used to
present a local result by considering continuously differentiable
Lyapunov functions. The third example is the switched learning
inclusions with unstable modes used to obtain UGAS result
based on non-smooth Lyapunov functions.

Example 1. Consider a linear system with states x; := (z,7T)
and x; :=y:

z=2z+ty

t=1 T€10,7]
ey=—(y+22)

t=2z

=0 =T,
yt=ay+bz

where a € (—1,1), b € R and e! > 2. The flow set is C x X :=
(]R”l x [O,T]) x R™ and the jump set is D x Xy 1= (R"l x

{T}) X R™.

Setting € = 0, we obtain the quasi-steady-state equilibrium
manifold H(x;) = —2z and the reduced system is:

[ﬂ :F,(xl):z{_f x €C,
hﬂ = G,(x1) ::{2(2) x1 €D.

Given Wy := {0} x [0,T] and W, := {}|® = —2z,x; € W, }.
Choose V(x1) := zZexp(ct) and W (x1,x2) := (y +2z)?, then
by computing we have that conditions (1) of Definitions 3 and
4 hold obviously. Moreover, we obtain the conditions (2) and
(3) of Definition 3 as follows: (VV(x1), f;) < —(2—c¢)|x |Y2W1
V(g1) = V(x) < (4 —eT)|xiffy,. Since e’ > 2, there exists
¢ < 2 such that 4 — T < 0.
The conditions (2) and (3) of Definition 4 are as follows:

<Vx2W(-x1 7-x2)>f2> S _2|x2‘]2-](x|)7

W(g) = [a(y+22) + (b+4—2a)z)

=d*(y+22)* + (b+4—2a)*2 +2a(y+2z) (b +4 —2a)z
14+

< (a2+c1a2)W(x1,xz)—|— (b—|—4—2a)2\x1|%;vl,

)
where ¢; := laz" .

The coupling conditions of Definition 5 are as follows:

(D) (VV), f1—fr) <21 [, 12l ):
2) (VeWlx1,x2), 1) SAlxalfy )+ 4be2la ) bl
3) (Vo,W(x1,x2), /o — fo) =0.

Then using Theorem 2, we can conclude that W is UGAS for
« e . 2d(2—c)(1—d
all € < €* where €* is given by £€* := 4d(2—c)(1—(d)+c()e<"T(1>—d)+2d)2
(eT—4)(1-d?) m
(eT—4)(1—a?)+(b+4—2a)?"

with d <

Example 1 shows that the proposed Lyapunov analysis may not
have any conservatism for certain examples, since the reduced
system is a sampled-data system with flow dynamics z = —z
and jump dynamics z™ = 2z, which is asymptotically stable if
2¢ T <1,ie, el >2.

Next we will give a nonlinear example to present a local result.

Example 2. Consider the system given in Example 1 with z
equation changed to z = 7> +z+y and assume that e’ > 4.
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By setting € = 0, from Example 1 we have that the flow

2 —
map of the reduced system is F,(x;) := {Z < , x1 €C.

1

Choose V(x;) := %exp(m’) and W (x1,x2) := (y+2z)?, then,
conditions (1) of Definitions 3 and 4 hold obviously. Moreover,
we obtain the conditions (2) and (3) of Definition 3 as follows:

(VV(x1), fr) < (22 —2)eT + %ce”, V(g) = V(x1) =22 —
%eCT. Choose c:=1andlet p := %. Forx; € CNB" - we have
2

(VW) fr) < (22 = 5)e" < —ghalfy, and V(g1) =V (x1) <
—d1|x |%?V1 for some d; > 0.

The conditions (2) and (3) of Definition 4 are as follows:

(Voo W (x1,32), f2) < 2022,

1+c¢

W(g) < (a®+c1a®)W(x1,x2) + (b—|—4—2a)2\x1 |“27V1

The coupling conditions of Definition 5 are as follows:

(1) there exists a number kp > 0 such that for all x; € C, f] €
Fl(xl,)Cz), af, € F,(xl) such that <VV(X1),f1 — fr> <
k2|x1 |W1 ‘x2|H(x1);

(2) there exist constants k3 > 0,k4 > 0 such that for all x €
(CHBQVI) x X1 and fi € Fi(x1,x2), we have

(Vay W (x1,22), f1) < kalxalfy, )+ kabealprgey) be s
(3) (Vi,W(x1,%2), f2— f2) =0.

Using Theorem 1, we can conclude that W is UAS for suffi-
ciently small € and the basin of attraction can be computed via
Theorem 1. |

To show further the effectiveness of the proposed method, we
next consider the switched learning inclusions with unstable
modes; similar models have been studied in Poveda and Teel
(2017) and Wang et al. (2020).

Example 3. Consider the switched learning inclusions with
unstable modes as follows:

[ f(x)
xe | {0}
_[076] XEC]XXl
| [0.p]
EXp € _Fo(x,é‘)
[ f(x)
X e | {0} (16)
_[073] _ xe(C xX;
[Oap],\_l
e € |co | ) Fp(x.e)
S
T=¢2\{c},u—1
FEEANDAD) oy,
Xy = X2
where x; := (£,6,71), X3 := 7=

2 (7275;)7 7= (X7€7wv7v)?
(191762762)7-x = (-x17-x2)a X = -
Po(x+x —G(x+x",rd +R%))— (x+5)+w
—Rel +
—%&{—BSGN({)+v+3 '

N

flx) =

—O +rTo(y+5)
Fy(x,e) :=| =0 —& —R'LoR%H + R @(x + %) |,
RTLoR®,
— O +rTQ(x+%)
Fy(x,€):= | —h — & —R'L,RO +R (3 +5) |,
R'L,RO,

and C := (R3V" x ]BZ—’I) x {0} x [0,Np], Gy := (R3N" x IB%Z) X
2 x[0,Ny],C:=C1UCy, D:= (RN XB%) x P x[1,No], X1 1=
[0, Tp] x REN=Dm x, .= [0, Ty] x REN-Dm 52 .= {0} U 2.
Note that Lo and L, are symmetric matrices. 0 is the sim-

ple eigenvalue of Lo. L1y = I;Lq =0,9 € Z. r,R are the
corresponding eigenvectors of the eigenvalues of Ly and sat-

T
isfy ri= Y /TR =0, RTR = Iy and RRT = Iy — .
Vfi]i(-fiax—i) = éi(fi,O'(f)), where ¥; € Q;, Q = Hﬁvzl.Q,',
%= (¥1,..., %), 0(X) = LN, ¢;(%), ¢,J; are continu-

ously differentiable functions and J;(%;,%*;) — J;i(%/,5°,) >
Vi Ji(%5,%% ) (% — %7). Po(+) is a projection operator given by
Po(x) :=arg mi(rzl |x — y| and it has the following property:

ye

|Pa(x) = Pa(y)| < [x—yl, Vx,y €R". (17)
Assumption 4. For any X;,X; € R",s;,5 € R™, there exist
constants £, /> > 0 such that ‘61'()?,‘,3‘,') - éi(xi7§i)| </t ‘S,‘ —S_,'|
and ‘in‘],'(f,') — V)zi.],'(f;»k” </ |)f,' —)fl*| Il

Set € = 0, then from (16) we can obtain H(x;) € { [0, Tp] }

hl(xl)
oy +7)
where hy(x;) := {0} and we assume that /;(x)
RTo(x +)

is globally Lipschitz in x;. Given W, := ({0} x IB%Q—JI) X P X
[0,Np] and W := [0, Tp] x {h1(x1) : x = 0}. Choose

1 N
V(xi )1=§%TX+Z Wi+, X)) I, x5) =V Ji(%, X2 2
i=1

1 1 < -
tow(RE7¢+ S 0w 5T+ Y miG] " 0g),
i=1

W (x1,x2) := W5 (5 — h1(x1)) exp(In(fi) Ty + (cs + 7)),
where ¢, 8 > 0, k := diag{k}, k := diag{x;}, B := diag{pi},
o= IR R (K4 1) @1, Re = (KK) @1 B o=
B &1L, Q:=TTI, I :=(§(k + k) + Iy) @I, Tl:=&, "
[i > 1 and satisfies Wp(y) < ﬂWq(y), P,qE€E P, y:=F—hi(x1),
Wg(y) :=y' Pyy,6 =0 and Wg,(y) =y'Py,6 € 2, Py,P, > 0.
Remark 1. From (Wang et al., 2020, Lemmas 1 and 2) we know

the function Wy (5 — i (x1)) is exponentially increasing (rate of
growth ¢7 > 0) when & € 2, while it is exponentially decaying
(rate of decay cg > 0) when 6 = 0. O

Next we will verify the conditions of Theorem 4.

X +F(x,%) —F(%)
(¢ —8W+MTSGN() — 0" v)
IV (x1) = CW(:SCE QQTTW) 7
W’O
0
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where
Fy(x, %) == (Vg 1 (0 +5,55), ...
F(x"):= (Vg JiI(X], %), ..

7VXN‘]N(XN +X7V7XiN))7
7VXN]N()27V?)?:N>)‘
DIfG =0,

conditions (1) of Definitions 3 and 4 hold obviously. The
conditions for V are given as follows:

) _ o cwd -
<_ - _ _wZ
pomin (0SS =ga X5 e NE - W
S—lﬂx”%;\yl, 32,1 >0,
V(1) —V(x) <0.

The conditions for W are given as follows: From Remark 1, it

follows that
= IWs h .
(Vi (x1,32), /o) = (M) o)

+ (ce+c7) W (x1,x2)
—(c6 =P (c6+c7))W(x1,x2)
) A > 0,

here we have used cg — p(cg + 67) > 0. Moreover, we have

W (g) <EWg (5 —hi (x1)) exp(In(f)(T1 — 1) + (c6 +7)72)

+(cet+e7)n2)

<
2
< —Aalw2lp,

=W (x1,x2).
The coupling conditions are given as follows:
(D LA (P fi—=fr) < Gl + Dlxi|w, [x2|g ) can be

easily obtalned by using (17) and Assumption 4;
2

d(mx1))
| (tpaz)
(x1,%2)

= coly — ()] [ (1Pal) - (+5)
—Po(x")+(x"+% )|+\W\)+51n(ﬂ)W
< ealerlw, 2l + e1l%2 e, )

where Po (%) := Pa(X+X —G(x+¥",rt1 + Rt,)),

Pa(x") == Po("+5 ~G(x +5", ¥ £, 9i(5)))), and
we also used that Po(x*) — (x* +x* ) 0, x* —Oin the
equilibrium set. Moreover, inequality (17) has been used
here;

(3) (Vo,W(x1,x2), /o — f2)

ii) if 6 € 2, similarly, we can verify that the conditions in
Theorem 4 hold.

Then using Theorem 4, the set W is UGAS for sufficiently
small €. |

VW1 2), 1) < coli— )|

—(x+x9)|+ W)+ oIn(fi)W
(h xl))‘

(x1,x2)

= 0 can be easily verified;

5. CONCLUSIONS

We have studied stability analysis of singularly perturbed sys-
tems in the hybrid systems framework based on continuously
differentiable and non-smooth Lyapunov functions. Using these
Lyapunov functions, UAS and UGAS results have been estab-
lished for such systems. In addition, an estimate for the basin
of attraction was given for the local case. Compared with the
existing stability results for such systems, our conclusions are

stronger under stronger assumptions. The obtained results were
illustrated by three examples.

REFERENCES

Bacciotti, A. and Ceragioli, F. (1999). Stability and stabi-
lization of discontinuous systems and nonsmooth Lyapunov
functions. ESAIM: Control, Optimisation and Calculus of
Variations, 4, 361-376.

Chow, J.H. and Kokotovic, P.V. (1981). A two-stage Lyapunov-
Bellman feedback design of a class of nonlinear systems.
IEEE Transactions on Automatic Control, 26(3), 656—663.

Cochran, J. and Krstic, M. (2009). Nonholonomic source
seeking with tuning of angular velocity. IEEE Transactions
on Automatic Control, 54(4), 717-731.

Frihauf, P., Krsti¢, M., and Bagar, T. (2012). Nash equilibrium
seeking in noncooperative games. I[EEE Transactions on
Automatic Control, 57(5), 1192-1207.

Goebel, R., Sanfelice, R.G., and Teel, A.R. (2012). Hybrid
Dynamical Systems. Princeton University Press, NJ.

Gruji¢, L.T. (1981). Uniform asymptotic stability of nonlinear
singularly perturbed and large scale systems. International
Journal of Control, 33(3), 481-504.

Kokotovic, P.V., O'Malley, R., and Sannuti, P. (1976). Sin-
gular perturbations and order reduction in control theory-an
overview. Automatica, 12(2), 123-132.

Poveda, J.I. and Teel, A.R. (2017). A framework for a class
of hybrid extremum seeking controllers with dynamic inclu-
sions. Automatica, 76, 113-126.

Saberi, A. and Khalil, H. (1984). Quadratic-type Lyapunov
functions for singularly perturbed systems. IEEE Transac-
tions on Automatic Control, 29(6), 542-550.

Saksena, V., O'Reilly, J., and Kokotovic, P.V. (1984). Singu-
lar perturbations and time-scale methods in control theory:
Survey 1976-1983. Automatica, 22(3), 273-293.

Sanfelice, R.G., Goebel, R., and Teel, A.R. (2007). Invariance
principles for hybrid systems with connections to detectabil-
ity and asymptotic stability. IEEE Transactions on Automatic
Control, 52(12), 2282-2297.

Sanfelice, R.G. and Teel, A.R. (2011). On singular perturba-
tions due to fast actuators in hybrid control systems. Auto-
matica, 47, 692-701.

Sanfelice, R.G., Teel, A.R., Goebel, R., and Prieur, C. (2006).
On the robustness to measurement noise and unmodeled
dynamics if stability in hybrid systems. In Proceedings of
the American Control Conference, 17, 4061-4066.

Teel, A.R. (2000). Lyapunov methods in nonsmooth optimiza-
tion, part I: Quasi-Newton algorithms for Lipschitz, regular
functions. In Proceedings of 39th IEEE Conference on De-
cision and Control, 1, 112-117.

Wang, W., Teel, A.R., and Nesié, D. (2012). Analysis for a
class of singularly perturbed hybrid systems via averaging.
Automatica, 48, 1057-1068.

Wang, X.F,, Teel, A.R., Liu, K.Z., and Sun, X.M. (2020).
Stability analysis of distributed convex optimization under
persistent attacks: A hybrid systems approach. Automatica,
111, 1-7.

2062



