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Abstract: A novel robust Kalman filter based on Gaussian-Student’s t mixture (GSTM)
distribution is proposed to address the filtering problem of a linear system with non-stationary
heavy-tailed measurement noise. The mixing probability is recursively estimated by using
its previous estimates as prior information, and the state vector, the auxiliary parameter,
the Bernoulli random variable and the mixing probability are jointly estimated utilizing the
variational Bayesian method. The excellent performance of the proposed robust Kalman filter,
compared with the existing state-of-the-art filters, is illustrated by a target tracking simulation
results under the case of non-stationary heavy-tailed measurement noise.
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1. INTRODUCTION

The Kalman filter (KF) is a optimal estimator in terms
of minimum mean square error (MMSE) under the case
of a Gaussian distributed measurement noise. However,
the measurement noise may have a non-Gaussian heavy-
tailed distribution when measurement is contaminated
by outliers from unreliable sensors in many actual ap-
plication (Roth et al., 2013), (Huang et al., 2016). And
then the estimation accuracy of the KF may degrade
dramatically when the measurement noise has a non-
Gaussian heavy-tailed distribution. Lots of filtering algo-
rithms have been derived to address the scenario with
non-Gaussian heavy-tailed measurement noise, such as
the Huber-based Kalman filter (HKF) (Gandhi and Mili,
2010), (Durgaprasad and Thakur, 1998), (Karlgaard and
Schaub, 2007), the maximum correntropy criterion based
Kalman filter (MCCKF) (Cinar and Prncipe, 2012), (Chen
and Principe, 2012), (Izanloo et al., 2016), and the robust
Student’s t-based Kalman filter (Huang et al., 2017a),
(Huang et al., 2019a), (Huang et al., 2017b). However,
the above filters is no longer suitable for the scenario with
non-stationary heavy-tailed measurement noise (NHMN),
because these filters are specifically designed for stationary
heavy-tailed measurement noise.

Recently, a novel robust Gaussian-Student’s t mixture
(GSTM) distribution based KF (RGSTMDKF) has been
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derived for the scenario with non-stationary heavy-tailed
process and measurement noises, in which the likeli-
hood probability density function (PDF) is modelled as
a weighted sum of a Gaussian distribution and a Stu-
dent’s t distribution under the case of NHMN, and the
mixing probability of the measurement likelihood PDF is
estimated based on fixed prior information (Huang et al.,
2019b). However, the prior for the mixing probability may
be slowly time-varying under the case of NHMN. Then,
the performance of the existing GSTM based KF may
degrade since it employs unreliable fixed prior information.
Our idea is that the mixing probability can be recursively
estimated by using its previous estimates as prior infor-
mation, and then the state vector together with the aux-
iliary parameter, the Bernoulli random variable and the
mixing probability can be estimated using the variational
Bayesian (VB) method.

In this paper, a novel robust KF is therefore derived
for the scenario with NHMN. Firstly, by introducing a
Bernoulli random variable, the conditional likelihood PDF
can be rewritten as an exponential multiplication for
Gaussian PDFs. Secondly, a novel robust KF is derived
by utilizing the previous estimates to provide the prior
information for the mixing probability, and then the state
vector together with the auxiliary parameter, the Bernoulli
random variable and the mixing probability are jointly
inferred using the variational Bayesian (VB) method.
Finally, the excellent performance of the proposed filter,
compared with the existing filters, is illustrated in a target
tracking simulation of a linear stochastic system with
NHMN.
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2. MAIN RESULTS

Consider the following linear state-space model with
NHMN
XZ = Fk_lx};_l + Wg_1 (1)
zp = Hpx}! + v (2)
where Fj, € R™ ™ denotes the state transition matrix,
and H, € R™*" denotes the observation matrix, and
xp € R™ is the state vector, and z;} € R™ is the
measurement vector, and wy € R" represents the process
noise vector that has a Gaussian distribution with zero
means and covariance matrix Qyg, and v € R™ represents
the measurement noise vector that has a non-stationary
heavy-tailed distribution. The initial state vector xg €
R™ is assumed that it has a Gaussian distribution i.
e, p(xg) = N(x3:%5,0, Pojo). Moreover, xi, wy, vy are
mutually independent in this paper.
In this paper, the PDF of NHMN is modelled as a GSTM
distribution formulated as follows (Huang et al., 2019b)
p(vi) = TeN(ve; 0, Ry) + (1 — 75)St(vi; 0, Ry, v) - (3)
where N(x™; u, X) is the Gaussian PDF with mean vector
w and covariance matrix 3, and St(x"; i, 3, ) denotes the
Student’s t PDF with mean vector p, scale matrix 3 and

the degrees of freedom (dof) parameter v, and 75, denotes
the mixing probability at time k.

Using (3), the likelihood PDF conditioned on the mixing
probability p(z}|x}, 7%) can be formulated as

P(2LIx, ) = vy (25 — Hix)
=1:N(z; — Hyx}; 0, Ry)
+(1 — 7)St(zy — Hix}; 0, Ry, v)
=71 N(zy; Hixp, Ry)
+(1 — 7)St(zy; Hixp, Ry, v) (4)
After introducing a Bernoulli random variable &, the like-

lihood PDF p(z}|x}, 7%) can be rewritten as the following
form (Huang et al., 2019b)

p(zi|xy, ) = (&l )p(Z X5 5 E1)

B

0

A

k

I
-

{7’5’“ [N(z}; Hixp, Rk)}g’“ (1-— Tk)(lfg’“)
0

s

k
X [St(af; Hixp, Ry, )] 060 | (5)

where the probability mass function (PMF) of the Bernoul-
li random variable & and the conditional likelihood PDF
p(zp|x}, k) are, respectively, given by

P(&klTi) = T (1 — 1) 78 (6)

plzi|x}, &) = [N(z); Hixp, Ry)]
X [St(zp; Hgxp, Ry, )] 78 (7)
where the Bernoulli random variable £ takes the value of
1 with probability 7.

The mixing probability of the measurement likelihood
PDF has been estimated based on a fixed prior information
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using the VB approach (Huang et al., 2019b). However, the
prior information of the mixing probability may be slowly
time-varying under the case of NHMN. The estimation
accuracy of the existing filter may break down by using
the fixed prior information under the case of NHMN. To
address scenario with NHMN, the mixing probability is
recursively estimated by using its previous estimates as its
prior information under the case of NHMN in this paper.

2.1 Choices of prior PDFs

Firstly, in the scenario with NHMN, the one-step predic-
tion PDF p(x}|z}.,_;) is formulated as

p(xp|zYy—) = N(Xz5i2|k—1a Ppir-1) (8)
where &Z‘k_l and Py ;—; can be derived by the traditional
KF.

Secondly, utilizing the property of Student’s t distribution,
the exponential multiplication PDF p(z}|x}, &) can be
rewritten a hierarchical Gaussian form as follows

p(zﬂxzv Ak, fk) = [N(ZZ§ Hyxy, Rk)]gk
X [Nz Hixg, R /AR)]| 75 (9)
V. Vg

P(Ak) = G(A; ?73)

Thirdly, according to (6), (8) and (10), the prior PDF
P(X}, Ay Eks k|27 1) need to computer from

(10)

P(El2T 1) = (X |27 k-1 )PAR)P (x| ) (TE 241 )
n. on Vk Vk\ g, —&
= N(Xk§xk|k_1’ Pk|k71)G()\k; 5a ?)Tsz(l - Tk)(l &)
(11)
Eé {X?];LaA]wfk;Tk} (12)
where p(7i|27.,_,) describes the prior information for 7y.

xp(Tk| 2 1 —1)

To guarantee that the prior PDF for the mixing probability
T has conjugacy, the Beta distribution has been select-
ed as the conjugate prior for the mixing probability T
(Huang et al., 2019b). In this paper, the prior distribution
p(Tk|2}.)_;) is chosen by

p(7|275—1) = Be(Ti; -1, Brji—1) (13)

where ¢y ,—1 and Bk|k_1 are, respectively, the prior pa-
rameters of the Beta distribution p(7x|2},,_;). According
to Bayes’ theorem, the prior PDF p(74|z},_;) is given by

MMﬂhn:/mm@qm%aﬁ%omhl<m

where p(7,_1|2}.,_;) represents the posterior distribution
of 7,_1, and this distribution can be selected as a Beta
distribution as follow

P12y 1) = Be(Th_1; b_1, Br_1) (15)

where &1 and Bk,l, respectively, represent the posterior
parameters of 74, _1. However, the details for spread process
of the mixing probability in (14) is unknown, the accurate
PDF p(1|2}.,_,) is unavailable. In this paper, the prior
information for the mixing probability is provided by
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spreading the previous information through a forgetting
factor p € (0,1], and dy,—q and SByx—1 become

{O}Mk—l = pik—1 (16)

5k|k—1 = pBr-1

In this paper, it is assumed that the initial prior distri-
bution for the mixing probability is a Beta distribution,
i.e., p(10) = Be(7o; &0, Bojo)- Utilizing the property of the
Beta distribution, the initial shape parameters dgo and
Bo|0 need to satisfy the following equation

Qoo
&olo + Bojo
where 7y denotes the initial nominal mixing probability.

Elro] = (17)

=%

2.2 Updating Approximations Posterior Distributions

In this paper, to estimate x} together with A, &, and
Tk, the joint posterior distribution p(Z|z}.,) needs to be
firstly computed. Since the analytical solution for the true
joint posterior PDF p(E|z},) is not obtainable, the fac-
tored approximate posterior PDF P(x})P(Ay)P (&) P(7%)
is used to approximate this true joint posterior PDF by
employing the VB method, i.e., (Bishop, 2007), (Tzikas
et al., 2008)
p(Elzly) = P(xi) P(Ak) P(&k) P(7%) (18)
where the approximate posterior PDF's can be determined
by
In P(9) = Bz o [Inp(E, 7}.4)] + co (19)
where ¢ represents an arbitrary element of E, and Eg-v|]
represents the expectation operation for the remaining
elements of B except for 1, and ¢y represents the constant
with respect to . To solve P(x}), P(\), P(&) and P(7y),
we need to use the fixed-point iterative method, in which

only one element of = is updated while others keeping fixed
(Bishop, 2007), (Tzikas et al., 2008).

Exploiting (9), (11) and (13), the PDF p(E,zY,,) is given
by

p(E,27,) = p(zg X, Ak, §)p(x5 |27, 1 )P ( Ak )P(Ek| Tk)
xp(7k|27.—1)P(21:6—1)

= N7 X3 10 Prjp—1) [N (2 Hix2, Ry )|

< [N (i Hiocp, Ri /)19 G 0w T 5

x (1 — 1) =) Be(7; Qklk—1, Bkw—l)P(Z?zk—D

3
)Tkk

(20)
Using (20), Inp(E, z7,;,) can be formulated as

np(E, 2i) = —0.5[6 + Ae(1 — &)](zf — Hixt) TR,
x(z) — Hpxy) — 0.5(x; — *Z\kq)TP;;\}c_l(Xg = Xpk-1)
+[0.5m(1 — &) 4+ 0.5v — 1] In A — 0.5 M, + (&
Fapp-r — 1) InTp + (Bpo1 — &) In(l — 7)) + ez (21)

where cg denotes a constant with respect to any element
of E.

Let ¥ = x} and substituting (21) into (19), then, we get
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In PO (x) = —0.5(ED[&] + EVED 1 - &)
x (2 — Hpx) "Ry (2 — Hix}) — 0.5(x} — %;,_1)"
XP]Q}C*I(XZ — )"C’Zlkil) + Cxn (22)

where P (.) and EW[Y], which are, the approximated
distribution for P(-) and the expectation operation for
at the [-th iteration, respectively.

Thﬁ_ 1correctionad measurement noise covariance matrix
R, ) is formulated as

RUHD _ Ry

F EOG]FEONEONL - g
where the expectations EW )], ED[¢] and EW[1 — &]
can be, respectively, obtained through (40) and (42)-(43)
at the [-th iteration.

Utilizing (23), P4+ (x}) can be updated as a Gaussian
distribution, i.e.,

n n. an(l+1 +1
P () = NG P

(23)

(24)
where fcz‘(,iﬂ) and P,gﬂzl), which are, respectively, calcu-

lated by the following equations
. -1
K'Y —p,, HT (HkPk|k_1H£ + Rg“)) (25)

~n(l+1 N h(l+1 n .
Xkl(lC '= Xlk—1 T K, (Y (Zk - Hkxk\k—1> (26)
chllzl) = Pl(cl\:g - KZ(Z+1)HkPk\k_1 (27)

Let ¢ = Ay and substituting (21) into (19), then, we get

In P (A,) = —0.5(EO[1 — &Jte(BUTVRIM)) Mg
+(0.5mEW1 — &) + 0.50, — 1) In A + ¢ (28)
where B](CIH) can be obtained by
BV = B [(2] — Hyxp) (27 — Hioxt) 27,
= (2 — Hix ) (2 — Hux P )T + H PV HT
(29)

Utilizing (28), PU*V()\;) can be updated as a Gamma
distribution as follows

PO () = GOusdy T, ™) (30)
where the shape parameters QAS,(;H) and @,&Hl) can be,
respectively, obtained by

I = 0.5mED[1 — &] + 0.50; (31)
eIt — 0 5EO[1 — & JerBYTVRIY) 4050 (32)

Let ¥ = & and substituting (21) into (19), then, we get

In PUD (¢) = —0.5(tr(BTVRY) + EO [In 7)) &
+(0.5mEM D [In A — 0.5ECD A Jer(BU TR

+EDIn(1 - 7)]) (1 - &) + cg (33)

where E@[In7,] and EW[In(1 — 73,)] are, respectively,
calculated through (44) and (45) at the I-th iteration,
and the expectations EC(TD[\,] and E¢HD[In \,] can be,
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respectively, obtained through (40) and (41) at the (I+1)-
th iteration.

Exploiting (33), PU+1 (&) is updated as a Bernoulli distri-

bution, then the PDF's Pr(l"’l)(f;,C = 1) and Pr(l+1)(£k =0)
are, respectively, calculated by the following equations

Pr(lﬂ)(fk —1)= A(”l)exp {tr(BgH)R;l)

+EW[In Tk]} (34)

Pr) (g = 0) = A Dexp {0.5mE in Ay

—O.5E(l+1)[)\k]tr(B,(clH)R;l) + E® [m(l — Tk)]} (35)

where AU(+D) represents a constant with respect to the
Bernoulli random variable .

Let ¥ = 75, and substituting (21) into (19), then, we get

In P () = (Ggjr—1 + EHD[e] — 1) Iny,
+(Brj—1 FECI1 = &) - D)In(1 — ) + ¢, (36)

where E(HD[¢,] and ECHD[1 — €] can be, respectively,
obtained through (42) and (43) at the (I + 1)-th iteration.

Utilizing (36), P!+ (73) can be updated as a Beta distri-
bution, i.e.,

P(l+1)(7'k) = Be(7y: a,(qu) (l+1)) (37)
where the shape parameters & A( D and B,(CHI) are, respec-
tively, obtained by

d;gH_l) _ dk|k—1 +E(l+1)[€k} (38)
AI(CH-I) — /Bk|k71 + E(l+1)[1 _ gk] (39)

The expectations ECTD [\, ], ECTD [In A ],
&), B¢ D In 7] and ECHD[In(1 —73)] can be, respectively,
formulated as follows

2(141)
I+1 _ k
ECVIN] = gy (40)
Pk
EC D[] = 9(d¢ ) — gt (41)
P (H—l) -1
E(l+1)[€k] _ r (gk ) (42)

Prit(g, = 1) + Pri*H (g, = 0)

ECD[1 - &) =1 —EHD[g] (43)
]E(l“)[lnTk] _ 1/)(%(;“)) — (al (1+1) n B(l+1)) (44)
ECD (1 — )] = ¢(B0) — (ol ™ + g0Y) (45

where 1 denotes a digamma function in (Zhu et al., 2013).
The proposed filter consists of (16), (23), (25)-(27), (29),
(31)-(32), (34)-(35) and (38)-(45), and its implementation
details are shown in Algorithm 1.

3. SIMULATIONS

The excellent performance of the proposed robust KF,
compared with the existing state-of-the-art filtersis illus-
trated in a target tracking simulation of a linear stochastic
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E(+1) [ka E(+1) [1_

Algorithm 1: The proposed filtering algorithm with NHMN.

Inputs: )A(Z_l‘k_la Pk71|k717 Fr_1, Hy, Z}Z’, Qk-1, Ry Gg—1,
Bk*l: Vg, N, m, p, 67 Nm,
Time update:

1. X7

klk—1 and Py |p_; can be derived by the traditional KF,

2. The prior shape parameters &, and Bk|k—1 are obtained
Measurement update:
3. Initialization: xg‘)}c S P](C(‘),)C = Pyt EOD] =1,
E©[In ;] =0, 07,(90) = Qglk—1, ﬁk 0 — Br|k—1,
~ (0 ~ (0 A(0
EQe] = ai” /(@ + ),
EOnn] = v(@”) - v(@” + (),

EO[n(1 - 7)) = (3”) — v(ay” + 8),
for ! =0: N, —
Update P(Hl)(xg) N(xp; %, |(l+l) Pgﬁgl)) given E(”[)\k],

EM[g,] and EO[1 — &]:

"f,i*” and P<l+1> using (23) and (25)-(27)
Update PUHD (Ar) = G(A; ¢”“ L) given PUAD (x1)
and EM[1 — &,]:

5. Calculate ¢;I(€Z+1) and @LZ-H) using (29) and (31)-(32)

4. Calculate x

Update PUF1) (&) as a Bernoulli distribution given PU+1) (x7),
PUFD (), EO[In 7] and EO[In(1 — 7)]:

6. Calculate Pri+1D (g, = 1) and Pri*1 (¢, = 0) using (29),
(34)-(35), and (40)-(41)

Update P (1) = Be(ri; &l T, B4TY) given PUHD (g):

7. Calculate a(Hl) and BAI(CHI) using (38)-(39) and (42)-(43),

8. Calculate the expectations E¢T1[\], ECHD[In )\, ],
ECD[g], ECFD[L — & ], ECFD In 7] and ECHD[In(1 — 7))
using (40)-(45)

9. If || x ””*” "(” I/ x"(l) < 8, stop iteration,
end for

. n(l) O s =a® g=0,
Xk = Xy Prie = Pyjis Gr = &7, By = By,

Outputs: Xklk’ Ppk, Gk, B

system with NHMN. The linear stochastic system is given
by
I Atl

X = { 02 I 2} XP_ g+ Wg_1 (46)
0]xp + vi (47)
where the state vector is X = [tk ki ik k)T, 1 and
Kk, respectively, represent the positions in the X axial
and Y axial of the cartesian coordinates, and i and Fy,
respectively, represent the corresponding velocities (Huang
et al., 2017a). The process noise vector wy has a Gaussian
distribution with zero mean vector and covariance matrix
Q. formulated as follow

ZZ = [12

At3 At?
—I, —I

Qr=¢q A?%Z 2 (48)
712 Atl,

where At = 1s denotes the sampling interval.
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Similar to (Huang et al., 2019b), the NHMN vy, is simu-
lated according to

Vi ~ N(O,Rk)7 1 § k S 100
N(0,Ry,) w.p. 0.99
VE ™\ N(0,100R;) w.p. 0.01 » 01 =F =200
N(0,Ry) w.p. 0.95
Vk ™ N(0,100R;) w.p. 0.05 + 201 =F =300
vi, ~ N(0,Ry,), 301 < k < 400
(49)
where the covariance matrix Ry, is formulated as follows
0
Re= g 7] (50)

In this simulation, the KF with the nominal covariance
matrices (KFNCM), the KF with the true instantaneous
covariance matrices (KFTICM), the HKF (Karlgaard and
Schaub, 2007), the RSTKF with the true one-step pre-
diction error covariance matrix (Huang et al., 2017b),
the RGSTMDKEF with the true one-step prediction error
covariance matrix (Huang et al., 2019b) and the proposed
filter are compered. Note that the true instantaneous co-
variance matrices cannot be obtained in practical engi-
neering applications, resluting that the KFTICM cannot
be applied in above applications. The parameters are set
as ¢ = 1m?/s3, r = 100m? in this simulation, and the
total of simulation time is set as T" = 400s. The filtering
parameters in this simulation are given in Table I. To
test the estimation accuracy of the different filters, the
root mean square errors (RMSEs) and averaged RMSEs
(ARMSES) of position and velocity are selected as perfor-
mance measures. As an example, the RMSE and ARMSE
of position is defined as (Huang et al., 2017a):

RMSE0 % ; ((ai —ap)? + (b, — b;)z)
1 )
ARMSEpoc £ | 37 3~ 3 ((ak - ab)? + 01~ B))?)
k=1 1i=1

(51)
where (a},b;) and (d}wi);) are, respectively, the true and
estimated positions at the i-th Monte Carlo run. Similarly,
the RMSE and ARMSE of velocity can be also defined.

Table 1. The filtering parameters

Index Parameters
Initial prior parameter ag 5
Initial prior parameter Bg 5
Dof parameter vy 5
The forgetting factor p 0.99
The maximum number of iteration N, 50
Determine convergence parameter § 10—16

Fig. 1 shows the RMSEs of position and velocity from
different filters over 1000 Monte Carlo runs. Since KF
is an optimal state estimator in terms of MMSE for
the linear stochastic system with a Gaussian distributed
measurement noise, the performance of the KFTICM
is optimal in this simulation. Note that the RMSEs of
RSTKEF is not a constant bias compared with the RMSEs
of the KFTICM. From these figures, the proposed filter
is closer to the KFTICM than the existing filters, which
is illustrated that the proposed robust filter has better
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Fig. 1. RMSE,s and RMSE with different filters.
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Fig. 2. ARMSE,,s and ARMSE, from different filters
with different dof parameters.
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Fig. 3. ARMSE;.s and ARMSE, from different filters
with different forgetting factors.
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Fig. 4. ARMSE;os and ARMSEy. from different filters
with different initial prior parameters.

performance than the existing filters in the scenario with
NHMN.

The ARMSE,,s and ARMSE, from different filters with
different dof parameters over 1000 Monte Carlo runs are
shown in Fig. 2. From Fig. 2, the proposed filter with
different dof parameters has the essentially consistent
estimation error and is smaller than the existing filters,
which is illustrated that the proposed filter with different
dof parameters has better estimation performance than
the existing filters in the scenario with NHMN.

The forgetting factor is selected as p = 0.95 : 0.005 : 0.99,
and the values of other parameters are the same as those
in Table I. Fig. 3 shows the ARMSE,,s and ARMSEy.
from different filters with different forgetting factors over
1000 Monte Carlo runs. As shown in Fig. 3, the proposed
filter has smaller ARMSEs than the existing filters, and
the ARMSES of the proposed filter almost remain the same
when the forgetting factor is selected as p = 0.95 : 0.005 :
0.99 in the scenario with NHMN.

The ARMSE,,s and ARMSE,; from the proposed filter
with initial prior parameters («g, o) € [1,50] x [1, 50] over
1000 Monte Carlo runs are shown in Fig. 4. From Fig.
5, the estimation error from the proposed filter with the
initial prior parameter Sy € [1,5] may increase. This is
owing to the estimation of the mixing probability tending
to be the value of 1, which is no longer suitable for the
scenario with NHMN, under the case of the initial prior
parameter [y selected as a very small value. Thus, in
practical application, it is suggest that selecting a large
value for By to guarantee the proposed filter exhibits a
good performance, such as the proposed filter with initial
prior parameters (ag,S80) € [1,50] x [5,50] exhibiting a
good estimation accuracy as shown in Fig. 4.

4. CONCLUSION

In this paper, a novel robust KF was derived for the
linear system with NHMN, where the mixing probability
is recursively estimated by using its previous estimates
as prior information. Compared with the existing filters,
the excellent performance of the proposed robust KF is
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illustrated in the target tracking simulation results under
the case of NHMN.
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