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Abstract: This paper proposes a compositional approach for constructing control barrier
certificates of large-scale interconnected discrete-time stochastic control systems. The proposed
compositional methodology is based on a notion of control sub-barrier certificates enabling one
to construct control barrier certificates of interconnected systems by leveraging some small-
gain type conditions. The main goal is to synthesize control policies satisfying safety properties
for interconnected systems utilizing those control sub-barrier certificates of subsystems while
providing upper bounds on the probability that interconnected systems reach unsafe regions in
finite-time horizons. A sum-of-squares optimization problem is formulated for searching control
sub-barrier certificates and corresponding local control policies satisfying safety specifications.
The proposed compositional approaches are illustrated on a temperature regulation in a circular
building containing 1000 rooms by compositionally synthesizing safety controllers to maintain
the temperature of each room in a comfort zone in a bounded-time horizon.

Keywords: Control Barrier Certificates, Large-Scale Interconnected Stochastic Systems,
Small-Gain Conditions, Compositionality, Formal Controller Synthesis.

1. INTRODUCTION

Formal verification and synthesis of large-scale stochas-
tic systems against complex logic properties, e.g., those
expressed as linear temporal logic (LTL) formulae, have
attracted significant attentions in the past few years as a
challenging problem (Tabuada, 2009). In particular, not
only underlying stochastic dynamics are complex due to
their continuous-state sets with high dimensions, but prop-
erties of interests are also complicated. Hence, providing
formal controller synthesis for such complex systems satis-
fying high-level specifications is inherently a crucial task.

To deal with analyzing large-scale stochastic systems with
continuous-state sets, existing results in the literature
have been reliant on utilizing finite abstractions. In this
regard, probabilistic reachability and safety for discrete-
time stochastic hybrid systems are proposed by (Abate
et al., 2008). An abstraction framework for formal veri-
fication and synthesis of discrete-time stochastic systems
is provided by (Lahijanian et al., 2015). Although finite
abstraction-based techniques depend on the state set dis-
cretization and suffer severely from the state-explosion
problem, this issue has been partly mitigated by (Soudjani
and Abate, 2013) by utilizing adaptive sequential gridding
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algorithms and by (Zamani et al., 2017) by proposing
an input-set abstraction for incrementally stable stochas-
tic control systems. Another potential solution, proposed
in the past few years, for alleviating the computational
complexity arising in the analysis of large-scale stochastic
systems is to employ compositional techniques for con-
structing finite abstractions of interconnected systems via
abstractions of smaller subsystems (Lavaei et al., 2018;
Lavaei and Zamani, 2019a; Lavaei et al., 2019b; Lavaei and
Zamani, 2019b; Lavaei et al., 2019a, 2020; Lavaei et al.,
2020; Lavaei et al., 2020; Lavaei et al., 2019; Lavaei, 2019;
Nejati and Zamani, 2020; Nejati et al., 2020).

More recently, research attentions on verification and syn-
thesis of complex systems have been directed towards
discretization-free approaches using control barrier certifi-
cates. In this regard, existing results include safety verifica-
tions of continuous-time stochastic hybrid systems (Prajna
et al., 2007; Huang et al., 2017; Wisniewski and Bujori-
anu, 2018). A verification approach for Markov decision
processes using barrier certificates is proposed by (Ah-
madi et al., 2018). Verification and control for finite-time
safety of stochastic systems using barrier functions are dis-
cussed by (Santoyo et al., 2019a,b). Recently, verification
and synthesis of discrete-time stochastic control systems
against logic properties in finite-time horizons via control
barrier certificates are presented by (Jagtap et al., 2018),
and (Jagtap et al., 2020), respectively.
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The proposed techniques in the aforementioned literatures
involve restricting the type of control barrier certificates to
polynomials and searching for corresponding coefficients
under some mild assumptions. However, there is no guar-
antee on the existence of such control barrier certificates.
Although small-scale dynamical systems usually admit
polynomial barriers of lower orders, the search may be
very difficult (if not impossible) in the case of dealing
with large-scale interconnected systems. These challenges
motivated us to propose a compositional framework for
the construction of control barrier certificates for large-
scale interconnected stochastic systems.

To do so, we first decompose underlying large-scale
stochastic systems into different subsystems of lower di-
mensions, and search for control sub-barrier certificates of
those subsystems together with corresponding local con-
trol policies with respect to safety specifications. We then
derive sufficient small-gain type conditions to construct
control barrier certificate of interconnected systems based
on control sub-barrier certificates of subsystems. We utilize
the constructed control barrier certificates to provide up-
per bounds on the probability that interconnected systems
reach unsafe regions in finite-time horizons.

To the best of our knowledge, this work is the first to
propose compositional construction of control barrier cer-
tificates for verification and synthesis of large-scale inter-
connected discrete-time stochastic systems. We provide a
systematic approach based on a sum-of-squares optimiza-
tion problem to search for control sub-barrier certificates
and synthesize local control policies for subsystems. We
demonstrate the effectiveness of our proposed results by
applying them to a temperature regulation in a circu-
lar building containing 1000 rooms. We compositionally
synthesize safety controllers regulating the temperature of
each room in a comfort zone for a bounded-time horizon.
Proofs of all statements are omitted in this work due to
space limitations.

2. DISCRETE-TIME STOCHASTIC CONTROL
SYSTEMS

2.1 Preliminaries

This work considers the probability space (Ω,FΩ,PΩ),
where Ω is the sample space, FΩ is a sigma-algebra on
Ω comprising subsets of Ω as events, PΩ is the probability
measure that assigns probabilities to those events. The
topological space S is a Borel space if it is homeomorphic
to a Borel subset of a Polish space, i.e., a separable and
completely metrizable space. A Borel sigma-algebra is
denoted by B(S), and can be generated from any Borel
space S. The map f : S → Y is measurable whenever it is
Borel measurable.

2.2 Notations

We denote the set of real, positive and non-negative real
numbers by R,R>0, and R≥0, respectively. Given N vec-
tors xi ∈ Rni , x = [x1; ...;xN ] denotes the correspond-
ing vector of dimension

∑
i ni. Given a vector x ∈ Rn,

‖x‖ denotes the infinity norm of x. Symbol In denotes
the identity matrix in Rn×n. The identity function and

composition of functions are denoted by Id and sym-
bol ◦, respectively. Given functions fi : Xi → Yi, for

any i ∈ {1, . . . , N}, their Cartesian product
∏N
i=1 fi :∏N

i=1Xi →
∏N
i=1 Yi is defined as (

∏N
i=1 fi)(x1, . . . , xN ) =

[f1(x1); . . . ; fN (xN )]. A function ϕ : R≥0 → R≥0 is said to
be a class K function if it is continuous, strictly increasing,
and ϕ(0) = 0. A class K function ϕ(·) belongs to class K∞
if ϕ(s)→∞ as s→∞.

2.3 Discrete-Time Stochastic Control Systems

In this paper, we focus on discrete-time stochastic control
systems (dt-SCS) as presented in the next definition.

Definition 1. A discrete-time stochastic control system
(dt-SCS) is a tuple

S = (X,U,W, ς, f, Y, h), (1)

where

• X ⊆ Rn is a Borel space as the state space of the
system;

• U ⊆ Rm is a Borel space as the external input space
of the system;

• W ⊆ Rp is a Borel space as the internal input space
of the system;

• ς is a sequence of independent and identically dis-
tributed (i.i.d.) random variables from a sample space
Ω to the set Vς , namely ς := {ς(k) : Ω→ Vς , k ∈ N};

• f : X×U×W × Vς → X is a measurable function
characterizing the state evolution of S;

• Y ⊆ Rq is a Borel space as the output space of the
system;

• h : X → Y is a measurable function that maps a state
x ∈ X to its output y = h(x).

The evolution of the state of dt-SCS S for a given initial
state x(0) ∈ X, and external and internal input sequences
{ν(k) : Ω → U, k ∈ N} and {w(k) : Ω → W, k ∈ N} is
described as:

S :

{
x(k + 1) = f(x(k), ν(k), w(k), ς(k)),
y(k) = h(x(k)),

k ∈ N. (2)

We respectively associate to U and W the sets U and W
to be collections of sequences {ν(k) : Ω → U, k ∈ N}
and {w(k) : Ω → W, k ∈ N}, in which ν(k) and w(k)
are independent of ς(t) for any k, t ∈ N and t ≥ k. The
random sequences xaνw : Ω × N → X, and yaνw : Ω ×
N→ Y satisfying (2) for any initial state a ∈ X, ν(·) ∈ U ,
and w(·) ∈ W are called respectively the solution process
and output trajectory of S under an external input ν, an
internal input w, and an initial state a.

We present Markov policies, as defined next, to control the
dt-SCS in (1).

Definition 2. For the dt-SCS S in (1), a Markov policy is a
sequence $ = ($0, $1, $2, . . .) of universally measurable
stochastic kernels $n (Bertsekas and Shreve, 1996), each
defined on the input space U given X and such that for
all xn ∈ X, $n(U | xn) = 1. The class of all such Markov
policies is denoted by ΠM.

This paper deals with the controller synthesis for inter-
connected dt-SCS without internal inputs that can be
constructed as a composition of several dt-SCSs with both

Preprints of the 21st IFAC World Congress (Virtual)
Berlin, Germany, July 12-17, 2020

1889



internal and external inputs. Such an interconnected dt-
SCS can be represented by S = (X,U, ς, f) with f : X ×
U × Vς → X, and consequently dt-SCS in (2) reduces to

S : x(k + 1) = f(x(k), ν(k), ς(k)), k ∈ N. (3)

Note that although we define dt-SCS in (2) with outputs,
we assume the full-state information is available for in-
terconnected systems (i.e., its output map is identity). In
particular, the role of outputs in (2) is mainly for the sake
of interconnecting systems as will be explained in detail in
Section 4.

In the next section, in order to quantify upper bounds
on the probability that the interconnected system in (3)
reaches a certain unsafe region in a finite-time horizon,
we introduce notations of control sub-barrier certificates
(CSBC) and control barrier certificates (CBC) for respec-
tively dt-SCS (with both internal and external signals) and
interconnected dt-SCS (without internal signals).

3. CONTROL (SUB-)BARRIER CERTIFICATES

Definition 3. Consider a dt-SCS S = (X,U,W, ς, f, Y, h),
and sets X0, Xu ⊆ X as initial and unsafe sets of the
system, respectively. A function B : X → R≥0 is said to
be a control sub-barrier certificate (CSBC) for S if there
exist functions α, κ ∈ K∞, with κ < Id, ρ ∈ K∞ ∪ {0},
and constants η, c ∈ R≥0 and β ∈ R>0, such that

B(x) ≥ α(‖h(x)‖), ∀x ∈ X, (4)

B(x) ≤ η, ∀x ∈ X0, (5)

B(x) ≥ β, ∀x ∈ Xu, (6)

and ∀x ∈ X, ∃ν ∈ U , ∀w ∈W , one has

E
[
B(x(k + 1)) | x(k), ν(k), w(k)

]
≤ max

{
κ(B(x(k))), ρ(‖w(k)‖), c

}
. (7)

Now we provide a similar definition but for interconnected
dt-SCS without internal inputs which is utilized later for
providing probabilistic guarantees on the satisfaction of
safety specifications over interconnected systems.

Definition 4. Consider an interconnected dt-SCS S =
(X,U, ς, f) without internal inputs, and sets X0, Xu ⊆ X
as respectively initial and unsafe sets of the interconnected
system. A function B : X → R≥0 is called a control barrier
certificate (CBC) for S if

B(x) ≤ η, ∀x ∈ X0, (8)

B(x) ≥ β, ∀x ∈ Xu, (9)

and ∀x ∈ X, ∃ν ∈ U , such that

E
[
B(x(k + 1)) | x(k), ν(k)

]
≤max

{
κ(B(x(k))), c

}
, (10)

for a function κ ∈ K∞, with κ < Id, and constants
η, c ∈ R≥0 and β ∈ R>0, with β > η.

Remark 5. Note that we require the condition β > η in
Definition 4 in order to propose meaningful probabilistic
bounds using Theorem 6. However, we do not have such a
condition in Definition 3 for dt-SCS with internal inputs.

Now we employ Definition 4 and propose an upper bound
on the probability that the interconnected system in (3)
reaches an unsafe region via the next theorem.

Theorem 6. Let S = (X,U, ς, f) be an interconnected dt-
SCS without internal inputs. Suppose B is a CBC for S
and there exists a constant 0 < κ̂ < 1 such that the
function κ ∈ K∞ in (10) satisfies κ(s) ≥ κ̂s, ∀s ∈ R≥0.
Then the probability that the solution process of S starts
from any initial state a ∈ X0 and reaches Xu under the
policy ν(·) (associated with the CBC B) within the time
step k ∈ [0, Td] is

Paν
{

sup
0≤k≤Td

B(x(k)) ≥ β | a
}
≤ δ (11)

with

δ=

1−(1− η
β

)(1− c
β

)Td , if β ≥ c

κ̂
,

(
η

β
)(1−κ̂)Td +(

c

κ̂β
)(1−(1−κ̂)Td), if β <

c

κ̂
.

The proposed results in Theorem 6 provide upper bounds
on the probability that interconnected systems reach un-
safe regions in finite-time horizons. We can generalize the
proposed results to infinite-time horizon provided that the
constant c ≡ 0 as in the following corollary.

Corollary 7. Let S = (X,U, ς, f) be an interconnected dt-
SCS without internal inputs. Suppose B is a CBC for S
such that the constant c ≡ 0 in (10). Then the probability
that the solution process of S starts from any initial state
a ∈ X0 and reaches Xu under the policy ν(·) (associated
with the CBC B) within the time step k ∈ [0,∞) is

Paν
{

sup
0≤k<∞

B(x(k)) ≥ β | a
}
≤ η

β
.

The proposed results in Theorem 6 simply provide a lower
bound on the probability that the interconnected system
satisfies the safety property as

Paν
{
x(k) /∈ Xu for 0 ≤ k ≤ Td | a

}
≥ 1− δ.

In the next section, we study networks of stochastic
control subsystems and propose compositional conditions
under which a CBC of an interconnected system can be
constructed via CSBC of subsystems.

4. COMPOSITIONAL CONSTRUCTION OF CBC

4.1 Interconnected Stochastic Control Systems

Suppose we are given control subsystems

Si = (Xi, Ui,Wi, ςi, fi, Yi, hi), i ∈ {1, . . . , N}, (12)

where Xi ∈ Rni , Ui ∈ Rmi , Wi ∈ Rpi , and Yi ∈ Rqi , whose
internal inputs and outputs are partitioned as

wi = [wi1; . . . ;wi(i−1);wi(i+1); . . . ;wiN ],

yi = [yi1; . . . ; yiN ], (13)

and their output spaces and functions are of the form

Yi =

N∏
j=1

Yij , hi(xi) = [hi1(xi); . . . ;hiN (xi)]. (14)

The outputs yii = xi are interpreted as external ones,
whereas the outputs yij with i 6= j are internal ones which
are employed to interconnect these stochastic control sub-
systems. If there exists a connection from Sj to Si, we
assume that wij is equal to yji. Otherwise, we put the
connecting output function identically zero, i.e., hji ≡ 0.
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Now we define the interconnected stochastic control sys-
tems.

Definition 8. Consider N ∈ N≥1 stochastic control sub-
systems Si = (Xi, Ui,Wi, ςi, fi, Yi, hi), i ∈ {1, . . . , N},
with the input-output configuration as in (13) and (14).
The interconnection of Si, ∀i ∈ {1, . . . , N}, is the in-
terconnected stochastic control system S = (X,U, ς, f),

denoted by I(S1, . . . ,SN ), such that X :=
∏N
i=1Xi, (with

X0 :=
∏N
i=1X0i , Xu :=

∏N
i=1Xui), U :=

∏N
i=1 Ui and

f :=
∏N
i=1 fi subjected to the following constraint:

∀i, j ∈ {1, . . . , N}, i 6= j : wji = yij , Yij ⊆Wji.

4.2 Compositional CBC for Interconnected Systems

In this subsection, we provide a compositional framework
for the construction of CBC for S using CSBC of Si.
Suppose for control subsystems Si, i ∈ {1, . . . , N}, in (12),
there exist CSBC Bi as defined in Definition 3 with
functions αi, κi ∈ K∞, with κi < Id, ρi ∈ K∞ ∪ {0},
and constants ηi, ci ∈ R≥0 and βi ∈ R>0. Now we raise
the following small-gain assumption that is essential for
the compositional construction of CBC for S.

Assumption 9. Assume that K∞ functions κij defined as

κij(s) :=

{
κi(s), if i = j,

ρi(α
−1
j (s)), if i 6= j,

satisfy

κi1i2 ◦ κi2i3 ◦ . . . ◦ κir−1ir ◦ κiri1 < Id (15)

for all sequences (i1, . . . , ir) ∈ {1, . . . , N}r and r ∈
{1, . . . , N}.

The small-gain condition (15) implies the existence of K∞
functions σi > 0 (Rüffer, 2010, Theorem 5.5), satisfying

max
i,j

{
σ−1
i ◦ κij ◦ σj

}
< Id, i, j = {1, . . . , N}. (16)

Remark 10. Note that the small-gain condition (15) is
a standard one in investigating the stability of large-
scale interconnected systems via ISS Lyapunov func-
tions (Dashkovskiy et al., 2007, 2010). This condition is
automatically satisfied if each κij is less than identity (i.e.,
κij < Id,∀i, j ∈ {1, . . . , N}).

In the next theorem, we show that if Assumption 9 holds
and maxi σ

−1
i is concave (in order to employ Jensen’s

inequality), then we can construct a CBC of S using CSBC
of Si.

Theorem 11. Consider the interconnected dt-SCS S =
I(S1, . . . ,SN ) induced by N ∈ N≥1 stochastic control
subsystems Si. Suppose that each Si admits a CSBC Bi
as defined in Definition 3. If Assumption 9 holds and

max
i

{
σ−1
i (βi)

}
> max

i

{
σ−1
i (ηi)

}
, (17)

then the function B(x) defined as

B(x) := max
i

{
σ−1
i (Bi(xi))

}
, (18)

is a CBC for the interconnected system S = I(S1, . . . ,SN )
provided that maxi σ

−1
i for σi as in (16) is concave.

Remark 12. Note that the condition (17) in general is
not very restrictive since functions σi in (16) play an
important role in rescaling CSBC for subsystems while

normalizing the effect of internal gains of other subsystems
(cf. (Dashkovskiy et al., 2010) for a similar argument
but in the context of stability analysis via ISS Lyapunov
functions). Then one can expect that the condition (17)
holds in many applications due to this rescaling.

5. COMPUTATION OF CSBC AND CONTROL
POLICY

In this section, we provide a systematic approach to search
for CSBC and the corresponding control policies for sub-
systems Si. The proposed approach is based on the sum-
of-squares (SOS) optimization problem using which one
can reformulate conditions (4)-(7) as an SOS optimization
problem (Parrilo, 2003), where CSBC is restricted to be
non-negative which can be written as a sum of squares
of different polynomials. To do so, we need to raise the
following assumption.

Assumption 13. The stochastic control subsystem Si has
a continuous-state set Xi ⊆ Rni , and continuous external
and internal input sets Ui ⊆ Rmi and Wi ⊆ Rpi . Its vector
field fi : Xi×Ui×Wi×Vςi → Xi is a polynomial function
of the state xi, the external input νi and the internal input
wi.

Under Assumption 13, one can reformulate conditions (4)-
(7) as an SOS optimization problem to search for a
polynomial CSBCBi and a polynomial control policy νi(·).
The following lemma provides the SOS formulation.

Lemma 14. Suppose Assumption 13 holds and sets X0i ,
Xui , Xi can be defined by vectors of polynomial inequal-
ities X0i = {xi ∈ Rni | g0i(xi) ≥ 0}, Xui = {xi ∈ Rni |
gui(xi) ≥ 0} and Xi = {xi ∈ Rni | gi(xi) ≥ 0}, where the
inequalities are presented element-wise. Similarly, let the
internal input set Wi be defined by vectors of a polynomial
inequality Wi = {wi ∈ Rpi | gwi(wi) ≥ 0}. Suppose for a
given control subsystem Si, there exists a sum-of-squares
polynomial Bi(xi), constants ηi, c̄i ∈ R≥0, βi ∈ R>0,
functions ρ̄i ∈ K∞ ∪ {0}, αi, κ̄i ∈ K∞, with κ̄i < Id, vec-
tors of sum-of-squares polynomials λ0i(xi), λui(xi), λi(xi),

λ̂i(xi), λwi
(wi) and polynomials λνji(xi) corresponding to

the jth input in νi = (ν1i , ν2i , ..., νmi) ∈ Ui ⊆ Rmi of
appropriate dimensions such that the following expressions
are sum-of-squares polynomials:

Bi(xi)− λTi (xi)gi(xi)− αi(‖hi(xi)‖) (19)

−Bi(xi)− λT0i
(xi)g0i

(xi) + ηi (20)

Bi(xi)− λTui
(xi)gui

(xi)− βi (21)

−E
[
Bi(fi(xi, νi, wi, ςi)) | xi, νi, wi

]
+κ̄i(Bi(xi))+ρ̄i(‖wi‖)

+ c̄i−
mi∑
j=1

(νji−λνji(xi))−λ̂Ti (xi)gi(xi)−λTwi
(wi)gwi(wi).

(22)

Then Bi(x) is a CSBC satisfying conditions (4)-(7) and
νi = [λν1i(xi); . . . ;λνmi

(xi)], i ∈ {1, . . . , N}, is the corre-
sponding controller of the subsystem Si, where

κi = Id − (Id − πi) ◦ (Id − κ̄i),
ρi = (Id + δ̄i) ◦ (Id − κ̄i)−1 ◦ π−1

i ◦ π̄i ◦ ρ̄i,
ci = (Id + δ̄−1

i ) ◦ (Id − κ̄i)−1 ◦ π−1
i ◦ π̄i ◦ (π̄i − Id)−1(c̄i),
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with δ̄i, πi, π̄i being some arbitrarily chosen K∞ functions
so that Id − πi ∈ K∞, π̄i − Id ∈ K∞.

6. ROOM TEMPERATURE NETWORK

We illustrate the effectiveness of the proposed results by
applying them to a room temperature network in a circular
building containing 1000 rooms. The model of this case
study is borrowed from (Meyer et al., 2018) by including
the stochasticity in the model as an additive noise. The
evolution of the temperature T (·) in the interconnected
system is governed by the following dynamics

S : T (k + 1) = AT (k) + µThν(k) + γTE + 0.6ς(k),

where A ∈ Rn×n is a matrix with diagonal elements
of āii = (1 − 2θ − γ − µνi(k)), off-diagonal elements
āi,i+1 = āi+1,i = ā1,n = ān,1 = θ, i ∈ {1, . . . , n − 1},
and all other elements are identically zero. Parameters
θ = 0.45, γ = 0.045, and µ = 0.09 are conduction factors,
respectively, between the rooms i ± 1 and i, the external
environment and the room i, and the heater and the
room i. Outside temperatures are the same for all rooms:
Tei = −1 ◦C, ∀i ∈ {1, . . . , n}, and the heater temperature
is Th = 50 ◦C. Moreover, T (k) = [T1(k); . . . ;Tn(k)], ς =
[ς1(k); . . . ; ςn(k)], ν(k) = [ν1(k); . . . ; νn(k)], and TE =
[Te1 ; . . . ;Ten ].

Now by considering the individual rooms as Si represented
by

Si :


Ti(k + 1) = āTi(k) + µThνi(k) + θwi(k) + γTei(k)

+ 0.6ςi(k),

yi(k) = Ti(k),

one can readily verify that S = I(S1, . . . ,SN ) where
wi(k) = [Ti−1(k);Ti+1(k)] (with T0 = Tn and Tn+1 = T1).

The main goal is to find a CBC for the interconnected
system such that a safety controller is synthesized for
S regulating the temperature of each room between
19◦C and 21◦C and ensuring that it does not go below
17◦C or above 23◦C. The idea here is to search for CSBC
and accordingly design local controllers for subsystems Si.
Consequently, the controller for the interconnected system
S would be a vector such that each of its components is
the controller for subsystems Si.

We employ the software tool SOSTOOLS (Prajna et al.,
2002) and the SDP solver SeDuMi (Sturm, 1999) to com-
pute CSBC as described in Section 5. Based on Lemma 14,
we compute CSBC of an order 2 as Bi(Ti) = 0.1387T 2

i −
5.5452Ti+55.42501 and the corresponding safety controller
of an order 2 as νi(Ti) = 0.0001T 2

i − 0.0114Ti + 0.5971,
∀i ∈ {1, . . . , n}. Furthermore, the corresponding constants
and functions in Definition 3 satisfying conditions (4)-(7)
are quantified as ηi = 0.1657, βi = 1.2, ci = 10−4, κi(s) =
0.95s, αi(s) = 4.5×10−5s2, and ρi(s) = 4.3×10−5s2,∀s ∈
R≥0.

We now proceed with constructing a CBC for the intercon-
nected system using CSBC of subsystems. We check the
small-gain condition (15) that is required for the compo-
sitionality result. By taking σi(s) = s, ∀i ∈ {1, . . . , n}, the
condition (15) and as a result the condition (16) are always
satisfied without any restriction on the number of rooms.
Moreover, the compositionality condition (17) is also met
since βi > ηi,∀i ∈ {1, . . . , n}. Then one can conclude

0 1 2 3 4 5 6 7 8 9 10

16

17
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19

20

21

22

23

24

C

Fig. 1. Closed-loop stage trajectories of a representative
room with 10 noise realizations in a network of 1000
rooms.

that B(T ) = maxi

{
0.1387T 2

i − 5.5452Ti + 55.42501
}

is

a CBC for the interconnected system S. Accordingly,
ν(T ) = [0.0001T 2

1 − 0.0114T1 + 0.5971; . . . ; 0.0001T 2
1000 −

0.0114T1000 +0.5971] is the overall safety controller for the
interconnected system and constants and function satisfy-
ing conditions (8)-(10) are computed by η = 0.1657, β =
1.2, c = 10−4 and κ(s) = 0.95s,∀s ∈ R≥0.

By employing Theorem 6, one can guarantee that the
temperature of the interconnected system S starting from
the initial set X0 = [19, 21]1000 remains in the safe set
[17, 23]1000 during the time horizon Td = 10 with a
probability at least 87%, i.e.,

Paν
{
B(T (k)) < β | a, ∀k ∈ [0, 10]

}
≥ 0.87 . (23)

State trajectories of the closed-loop system in a network
of 1000 rooms for a representative room with 10 noise
realizations are illustrated in Figure 1. As seen, one out
of 10 trajectories violates the safety specification, which
is in accordance with the theoretical guarantee (23). The
computation of CSBC and corresponding control policy for
each individual subsystem takes almost 15 seconds with a
memory usage of 1.4 MB on a machine with Linux Ubuntu
(Intel i7-8665U CPU and a 32 GB of RAM).

7. CONCLUSION

In this paper, we proposed a compositional approach
for constructing control barrier certificates of large-scale
discrete-time stochastic control systems. We first intro-
duced the notion of control sub-barrier certificates, using
which one can construct control barrier certificates of in-
terconnected systems by leveraging some small-gain type
conditions. We then proposed upper bounds on the prob-
ability that interconnected systems reach unsafe regions
in finite-time horizons. We formulated our proposed con-
ditions to a sum-of-squares optimization problem for sys-
tematically searching control sub-barrier certificates and
corresponding local control policies satisfying safety speci-
fications. We finally illustrated the proposed compositional
results on a temperature regulation in a circular building
containing 1000 rooms. As a future work, compositional
controller barrier certificates for verification and synthesis
of more complex LTL properties is under investigation.
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