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Abstract: The paper deals with the control problems for the underactuated overhead crane
system with lumped disturbance. First, two-stage state transformations are made and the system
is eventually transformed into a linear-like cascade system under the transformations. In order
to cope with the lumped unknown inputs, an identical unknown input reconstruction method is
developed and the reconstruction is based on an interval observer. And then, for the equivalent
linear-like cascade system, an anti-disturbance (or anti-unknown input) state feedback controller
is designed by introducing the unknown input reconstruction into the controller. Simulation
results are given to show the effectiveness of our methods.

Keywords: Underactuated overhead crane, Interval observer, Unknown input reconstruction,
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1. INTRODUCTION

Overhead crane system, as a typical under actuated sys-
tem, has been extensively studied by researchers and re-
ceived more and more attention from the control purpose,
especially when it suffers from uncertainties and distur-
bances Chang and Lie (2012); Sun and Fang (2012); Zavari
et al. (2014); Hilhorst et al. (2016); Wu et al. (2017);
Chang (2007); Zhao and Gao (2012); Chen et al. (2016);
Smoczek and Szpytko (2017). Firstly, several approaches
have been proposed to enhance tracking performance of
the system by translating the nonlinear dynamic system to
a linear one Zavari et al. (2014); Hilhorst et al. (2016). For
example, paper Zavari et al. (2014) thoroughly investigates
LTI control designing method for LPV system and the
application on an overhead crane system with a varying
cable length. And the multi-H∞ controller makes a trade-
off between reference tracking and disturbance rejection
present in the overhead crane system. An LMI framework
based fixed-order multi-objective H2/H∞ controller for
discrete-time LPV system has been presented in paper
Hilhorst et al. (2016) , and the practical viability of the
approach is demonstrated by experimental validations on
a lab-scale overhead crane with varying cable lengths.
Consider the fact that when translating a nonlinear system
into a linear one, the system uncertainty and disturbance
make the transforming procedure more complex and trans-
formation may even produce extra unknown information
to the system, nonlinear controllers have been employed
and developed for the overhead crane systems Wu et al.
(2017); Chang (2007); Zhao and Gao (2012). For instance,
in paper Wu et al. (2017), trajectory tracking of a multi-
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input multi-output under actuated nonlinear system with
dead-zone band and time delays is synthesized and an-
alyzed using robust control technique based on adaptive
fuzzy control, and a tower crane system is used as a case
study in the simulations to validate the effectiveness and
robustness of the proposed control scheme. An effective all-
purpose adaptive fuzzy controller for the crane, which only
based on using trolley position and swing angle informa-
tion instead of on the complex dynamic model of the crane
system, is developed in Chang (2007). By modeling the
complex nonlinear dynamic system of the crane as a three-
rule T-S fuzzy model with a saturated input, paper Zhao
and Gao (2012) investigates the problem of a T-S fuzzy-
model-based state-feedback controller design method of
a nonlinear overhead crane system with input delay and
actuator saturation.

Because of the strong robustness against the system uncer-
tainties and external disturbances imposing on the system,
sliding mode control (SMC) techniques have been applied
widely to the crane systems Lu et al. (2018); Sankara-
narayanan and Mahindrakar (2009); Park et al. (2014).
In paper Sankaranarayanan and Mahindrakar (2009), a
sliding mode control algorithm is developed to robustly
stabilize a class of underactuated mechanical systems that
are not linearly controllable and violate Brockett’s neces-
sary condition for smooth asymptotic stabilization of the
equilibrium, with parametric uncertainties. Since the sway
dynamics are disturbed by the trolley acceleration and
hoisting velocity, antisway control law is designed based on
the sliding mode control and a fuzzy uncertainty observer
is constructed and incorporated into the sliding-mode
antisway control law to cope with system uncertainties
such as system parameter variations, unknown actuator
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nonlinearities, unmodeled dynamics, and external distur-
bances Park et al. (2014). To overcome the drawback of the
conventional SMC where a finite time convergence cannot
be reached, an advanced sliding mode control named as
terminal sliding mode control (TSMC) has been developed
very recently Van et al. (2017); Van (2018); Mien et al.
(2019).

In the present paper, we dedicate to design an anti-
disturbance state feedback controller for the underactu-
ated overhead crane system by developing a disturbance
reconstruction method and introducing the reconstruction
into the controller. The remainders of the paper is or-
ganized as follows: In section 2, mode construction and
two mode transformation ways are discussed. In section
3, an interval observer is designed for providing the upper
and lower boundary estimations of one of the system state
variable and an unknown input reconstruction method is
developed based on the interval observer, and then an
anti-unknown input state feedback controller is designed.
Simulation results are presented in section 4. And finally,
some conclusions are drawn in section 5.

2. BACKGROUND STATEMENTS

In this section, the overhead H∞ crane mode is given and
its two equivalent transformations are made. An overhead
crane consists of a trolley moving along a horizontal axis
and a load hung from a flexible wire, as illustrated in Fig.
1, where M is the trolley mass, m is the payload mass,
l is the wire length, x(t) is the trolley position, θ(t) is
the swing angle, and u is the control input applied to the
trolley. The overhead crane system can be represented by
the following dynamics equation Lu et al. (2018):{

(M +m)ẍ+mlθ̈ cos θ −mlθ̇2 sin θ = u+ d

ml2θ̈ +mlẍ cos θ +mgl sin θ = 0
(1)

where d(t) denotes the lumped disturbance exerted on the
system. In order to proceed with the subsequent analysis,
the following new state variables are first defined Lu et al.
(2018): 

µ1 = x− xd + l ln

(
1 + sin θ

cos θ

)
µ2 = ẋ− ẋd +

lθ̇

cos θ
µ3 = −g tan θ

µ4 = − gθ̇

cos2θ

(2)

where xd is the reference trajectory for the trolley, which
serves to ensure small initial value for µ1.

Lemma 1. Under the state transformation of (2), the
original system (1) is rearranged as follows:

µ̇1 = µ2

µ̇2 = µ3+δ (µ)− ẍd
µ̇3 = µ4

µ̇4 = f (µ) + h (µ) (u+ d)

(3)

where

Fig. 1. Overhead crane system

δ (µ) = − lµ3µ
2
4

(g2 + µ2
3)

3/2

f (µ) =
−2gl(M +msin2θ)θ̇2 sin θ

l(M +msin2θ)cos3θ

+
mglθ̇2 sin θcos2θ + (M +m)g2 sin θ cos θ

l(M +msin2θ)cos3θ

h (µ) =
g

(M +msin2θ)l cos θ

(4)

Proof.

µ̇1 = ẋ− ẋd + l
cos θ

1 + sin θ

cos2θ + (1 + sin θ) sin θ

cos2θ
θ̇

= ẋ− ẋd + l
1

1 + sin θ

cos2θ + sin2θ + sin θ

cos θ
θ̇

= ẋ− ẋd + l
1

1 + sin θ

1 + sin θ

cos θ
θ̇

= ẋ− ẋd +
l

cos θ
θ̇ = µ2

That is the first equation in (3) holds. For the second
equation in (3), on the one hand, we can compute out
that

µ̇2 = ẍ− ẍd + l
θ̇2 sin θ + θ̈ cos θ

cos2θ

=
ẍcos2θ + lθ̇2 sin θ + lθ̈ cos θ

cos2θ
− ẍd

=

(
ẍ cos θ + lθ̈

)
cos θ + lθ̇2 sin θ

cos2θ
− ẍd

From the second equation of the original system (1), we

have ẍ cos θ + lθ̈ = −g sin θ. So

µ̇2 =

(
ẍ cos θ + lθ̈

)
cos θ + lθ̇2 sin θ

cos2θ
− ẍd

=
−g sin θ cos θ + lθ̇2 sin θ

cos2θ
− ẍd

(5)

On the other hand, since

δ (µ) = − lµ3µ
2
4

(g2 + µ2
3)

3/2
=

g3lθ̇2 tan θ(
g2 + g2tan2θ

)3/2
cos4θ

=
lθ̇2 tan θ(

1 + tan2θ
)3/2

cos4θ
=
lθ̇2 sin θ

cos2θ

Thus we have
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µ3+δ (µ)− ẍd = −g tan θ +
lθ̇2 sin θ

cos2θ
− ẍd

=
lθ̇2 sin θ − g sin θ cos θ

cos2θ
− ẍd

(6)

Now, comparing (5) and (6) gives the second equation of
(3). The third equation in (3) is straightforward. For the
fourth equation in (3), first we have

µ̇4 = −g 2θ̇2 sin θ + θ̈ cos θ

cos3θ
(7)

Besides, the original system (1) can be rewritten equiva-
lently as[

M +m ml cos θ
ml cos θ ml2

] [
ẍ

θ̈

]
=

[
u+ d+mlθ̇2 sin θ
−mgl sin θ

]
Thus, we have[
ẍ

θ̈

]
=

[
M +m ml cos θ

ml cos θ ml2

]−1 [
u+ d+mlθ̇2 sin θ

−mgl sin θ

]
=

1

ml2(M +msin2θ)

×
[

ml2 −ml cos θ
−ml cos θ M +m

][
u+ d+mlθ̇2 sin θ

−mgl sin θ

]
=

1

ml2(M +msin2θ)

×
[

ml2(u+ d) +m2l3θ̇2 sin θ +m2l2g sin θ cos θ

−(ml cos θ)(u+ d)−m2l2θ̇2 cos θ sin θ − (M +m)mgl sin θ

]
which implies that

θ̈ =
−mlθ̇2 sin θ cos θ − (M +m)g sin θ − (cos θ)(u+ d)

l(M +msin2θ)
(8)

Substituting (8) into (7) yields

µ̇4 =
−2gl(M +msin2θ)θ̇2 sin θ +mglθ̇2 sin θcos2θ

l(M +msin2θ)cos3θ

+
(M +m)g2 sin θ cos θ + (gcos2θ)(u+ d)

l(M +msin2θ)cos3θ

=
−2gl(M +msin2θ)θ̇2 sin θ +mglθ̇2 sin θcos2θ

l(M +msin2θ)cos3θ

+
(M +m)g2 sin θ cos θ

l(M +msin2θ)cos3θ
+

g

l(M +msin2θ) cos θ
(u+ d)

= f (µ) + h (µ) (u+ d)

Lemma 2. If we introduce a further transformation x1 =
µ1, x2 = µ2, x3 = µ3 +δ (µ)− ẍd and x4 = µ4 + δ̇ (µ)− ...

x d,
then we have 

ẋ1 = x2
ẋ2 = x3
ẋ3 = x4
ẋ4 = f (µ) + h (µ)u+ ω

(9)

where

ω = h (µ) d+ δ̈ − ...
x d (10)

is the lumped unknown input.

The proof of Lemma 2 is straightforward and is omitted
here.

Remark 1. The major purpose of the present paper is to
design an effective controller such that the state variable
x(t) can track the desired trajectory xd(t) asymptotically,
while controlling the oscillation of the payload swing

angle, i.e., θ(t), to zero. In view of the new defined state
variables as in (2), the controlling purpose is equivalently

to reach [ µ1 µ2 µ3 µ4 ]
T → [ 0 0 0 0 ]

T
. Comparing the

dynamic system (9) with (3), it can be seen that if

[ x1 x2 x3 x4 ]
T → [ 0 0 0 0 ]

T
, then [ µ1 µ2 µ3 µ4 ]

T →
[ 0 0 0 0 ]

T
can be fulfilled. Therefore, the control purpose

turns out to be designing an proper controller such that
system (9) being asymptotically stable. For this reason, we
call equivalent system (9) the designed system.

3. UNKNOWN INPUT RECONSTRUCTION AND
CONTROLLER DESIGN

In this section, we are dedicated to develop a new unknown
input reconstruction method based on equivalent system
(9) via an interval observer which can produces the up-
per and lower boundary estimation of state x4. Interval
observer is a relatively new technology which can deal
with the disturbance without topical assumption but only
require the boundary information and can be easily apply
for fault detection Zhang et al. (2019b). After this, also
based on system (9), and an anti-disturbance state feed-
back controller is designed. For the designs, the following
assumptions are necessary.

Assumption 1. All the system state variables x(t), ẋ(t),

θ(t) and θ̇(t) are measureable.

Assumption 2. The lumped external disturbance exerted
on the system d(t) is bounded in that |d (t)| ≤ d01, and
the boundary of d01 is a known constant.

Assumption 3. |θ (t)| ≤ θ01 < π
2 ,
∣∣∣θ̇ (t)

∣∣∣ ≤ θ02 and
∣∣∣θ̈ (t)

∣∣∣ ≤
θ03, and θ01, θ02 and θ03 are known constants.

Assumption 4. The reference input signal has forth order
derivative and all of them are bounded, and moreover,
|....x d| ≤ d02 , where d02 is a known constant.

Lemma 3. Under Assumptions 2-4, we have |ω| ≤ d0,
where

d0 =
gd01

Ml cos θ0
+

6θ202 + 2θ03
cos4θ0

l + d02 (11)

Proof. Firstly,

|h (µ) d| = g |d|
(M +msin2θ)l |cos θ|

≤ gd01
Ml cos θ0

Secondly, since

δ (µ) = − lµ3µ
2
4

(g2 + µ2
3)

3/2
=

g3l tan θ(
g2 + g2tan2θ

)3/2
cos4θ

=
l tan θ(

1 + tan2θ
)3/2

cos4θ
=
l sin θ

cos2θ

Therefore it is not difficult for us to get

δ̇ (µ) = l
cos3θ + 2sin2θ cos θ

cos4θ
θ̇ = l

1 + sin2θ

cos3θ
θ̇

and
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δ̈ (µ) = l
1 + sin2θ

cos3θ
θ̈

+l
2 sin θ cos θcos3θ + 3(1 + sin2θ) sin θcos2θ

cos6θ
θ̇2

= l

(
sin θ(5 + sin2θ)

cos4θ
θ̇2 +

1 + sin2θ

cos3θ
θ̈

)
= l

θ̇2 sin θ(5 + sin2θ) + θ̈(1 + sin2θ) cos θ

cos4θ
And this implies∣∣∣δ̈ (µ)

∣∣∣ = l

∣∣∣∣∣ θ̇2 sin θ(5 + sin2θ) + θ̈(1 + sin2θ) cos θ

cos4θ

∣∣∣∣∣
≤ l

∣∣∣θ̇∣∣∣2 ∣∣sin θ(5 + sin2θ)
∣∣+
∣∣∣θ̈∣∣∣ ∣∣(1 + sin2θ) cos θ

∣∣
cos4θ

≤ 6θ202 + 2θ03
cos4θ01

l

Therefore, we have

|ω| =
∣∣∣h (µ) d+ δ̈ − ....

x d

∣∣∣ ≤ |h (µ) d|+
∣∣∣δ̈∣∣∣+ |....x d| ≤ d0

, where d0 is determined by (11). Now, for ẋ4 = f (µ) +
h (µ)u+ ω, consider system{

˙̂x+4 = x4 − x̂+4 + f (µ) + h (µ)u+ d0
˙̂x−4 = x4 − x̂−4 + f (µ) + h (µ)u− d0

(12)

Lemma 4. System (12) is an interval observer for dynamic
system ẋ4 = f (µ) + h (µ)u + ω in that if the initial
states satisfy x̂−4 (0) ≤ x4 (0) ≤ x̂+4 (0), then we have
x̂−4 (t) ≤ x4 (t) ≤ x̂+4 (t) for all t ≥ 0.

Proof. Denote e+4 (t) = x̂+4 (t) − x4 (t) and e−4 (t) =
x4 (t)− x̂−4 (t) as the upper and lower boundary estimation
error, respectively. It is not difficultly for us to get ė+4 =
−e+4 +d0−ω and ė−4 = −ė−4 +ω+d0. Therefore, we have

e+4 (t) = exp (−t) · e+4 (0) +

∫ t

0

exp (− (t− τ)) · (d0 − ω (τ)) dτ

e−4 (t) = exp (−t) · e−4 (0) +

∫ t

0

exp (− (t− τ)) · (d0 + ω (τ)) dτ

(13)

From x̂−4 (0) ≤ x4 (0) ≤ x̂+4 (0), we know that e+4 (0) ≥ 0
and e−4 (0) ≥ 0. Moreover, from Lemma 3, we know that
d0 − ω (τ) ≥ 0 and d0 + ω (τ) ≥ 0. Therefore, we can

conclude that

[
e+4 (t)
e−4 (t)

]
≥ 0 for all t ≥ 0 based on (13),

and this implies that x̂−4 (t) ≤ x4 (t) ≤ x̂+4 (t) for all t ≥ 0.

Next, based on the interval observer (12), we are going
to propose an unknown input reconstruction method for
the unknown input ω. x̂−4 (t) ≤ x4 (t) ≤ x̂+4 (t) for all
t ≥ 0 implies that there exists a time varying scalar α (t)
satisfying 0 ≤ α (t) ≤ 1, such that

x4 (t) = α (t) x̂+4 (t) + (1− α (t)) x̂−4 (t)

or

x4 (t) = α (t)
(
x̂+4 (t)− x̂−4 (t)

)
+ x̂−4 (t) (14)

In fact,

α (t) =
x4 (t)− x̂−4 (t)

x̂+4 (t)− x̂−4 (t)
(15)

satisfies (14). From (14), ẋ4 = α̇
(
x̂+4 − x̂

−
4

)
+α

(
˙̂x+4 − ˙̂x−4

)
+

˙̂x−4 . Based on (12), we have

ẋ4 = α̇
(
x̂+4 − x̂

−
4

)
+ α

(
x̂−4 − x̂

+
4 + 2d0

)
+x4 − x̂−4 + f (µ) + h (µ)u− d0

= x4 + (α̇− α)
(
x̂+4 − x̂

−
4

)
− x̂−4

+f (µ) + h (µ)u+ (2α− 1) d0

Combining it with the fourth equation in (9) gives

ω = x4 + (α̇− α)
(
x̂+4 − x̂

−
4

)
− x̂−4 + (2α− 1) d0 (16)

where α (t) is calculated by (15). In order to get the α (t),
we resort to the second-order supper-twisting algorithm
given by reference Levant (1998):{

˙̂α = φ1, φ1 = −λ1|α̂− α|1/2sign(α̂− α) + ˆ̇α
˙̂
α̇ = −λ2sign(ˆ̇α− φ1)

(17)

Then α̂ and ˆ̇α will be the identical estimations of the α
and α̇ in a finite time, respectively. Now based on (16), an
identical estimation of ω (t) in a finite time is developed
as

ω̂ = x4 +
(

ˆ̇α− α
) (
x̂+4 − x̂

−
4

)
− x̂−4 + (2α− 1) d0 (18)

where ˆ̇α is the identical estimation of α̇ in a finite time
produced by the second-order supper-twisting algorithm
(17). After the identical estimation of the unknown input
reconstruction of the ω has been got, the anti-unknown
input state feedback controller design can be carried out.

Remark 2. The unknown input reconstruction determined
by (18) can estimate its actual value given by (16) or (10)
identically in a finite time. It should be further emphasized
that known control input signal u(t), which needs us
to design such that the closed-loop system be stable, is
decoupled from the unknown input reconstruction, and
this feature is significant because it is this reconstruction
feature that makes the anti-unknown input controller
design feasible by introducing the reconstruction directly
into the controller instead of eliminating the disturbance
by introducing Sliding Mode controller such as Zhang et al.
(2019a). And this is just what we plan to do next.

First, in view of auxiliary control input ua = f (µ) +
h (µ)u+ω, system (9) is a linear system in form ẋ = Ax+
bua, where

A =

 0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

 , b =

 0
0
0
1

 ,x =

 x1x2x3
x4


Obviously, (A, b) is controllable. Therefore, we can design
the auxiliary control input by state feedback such that the
closed-loop system is asymptotically stable. i.e. ua = kx,
where k ∈ R1×4 is chosen such that all the eigenvalues
of A + bk are with negative real parts. Next, based the
unknown input reconstruction determined by (18), the
actual controller can be designed as

u = h−1 (µ) (kx− f (µ)− ω̂) (19)

Theorem 1. The closed-loop system of (9) under controller
(19) is asymptotically stable after a finite time.
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Fig. 2. The interval estimation of x4(t).
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Fig. 3. Curves of α(t) and α̇(t).

Proof. Substituting (19) into (9) yields ẋ = (A + bk)x +
bω̃, where ω̃ = ω − ω̂. Since ω̃ = 0 after a finite time and
all the eigenvalues of A + bk are with negative real parts,
therefore the closed-loop system is asymptotically stable.

4. SIMULATION

In this section, we offer the simulation results of the under-
actuated overhead crane system to test the effectiveness of
our design method. For the simulation, the parameters of
the system are set as: M = 100kg, m = 10kg, l = 4m and
the target position for the trolley is set as xd (t) ≡ 5m.
The lumped disturbance is assumed to be d (t) = 30 sin t.
In order to get the identical estimation of the lumped
unknown input ω consisting of the lumped disturbance,
the second-order derivative of δ (µ) determined by the first
equation of (4) and the third order derivative information
of the reference input xd (t), we need to design the interval
observer for ẋ4 = f (µ) + h (µ)u + ω and it is given by
(12). The interval estimation of x4 is shown in Fig. 2,
where we can see that the interval estimation performance
is satisfactory.

For the unknown input reconstruction purpose, the α (t)
which is determined by (15) is needed to be calculated
and the α̇ (t) is also needed to be produced by the second-
order twisting algorithm (17) in advance. The curves
of both the α (t) and α̇ (t) are plotted in Fig. 3. Now
after have gotten the interval estimation of the state
x4 and the identical estimation of the α̇ (t), one can
get the unknown input reconstruction for ω (t), and the

0 1 2 3 4 5 6 7 8 9 10
-25

-20

-15

-10

-5

0

5

10

15

20

25

(t)

the estimation of (t)

Fig. 4. The unknown input reconstruction of ω(t).
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-0.5

0

0.5

(t)

0 1 2 3 4 5 6 7 8 9 10
-1

0

1

d (t)/dt

Fig. 5. Trajectories of x(t) and ẋ(t), θ(t) and θ̇(t).

reconstruction performance is reflected by Fig. 4. After we
have completed the above procedures, we can carry out
the anti-unknown input state feedback controller by (19).
The state feedback gain is set as k = [−12 −22 −18 −7 ]
and under the state feedback gain, the eigenvalues of the
closed-loop system are placed on to −1 ± j, −2 and −3.
Under the controller given by (19), the trajectories of the

system’s states, x(t), ẋ(t), θ(t) and θ̇(t), are shown in
Fig. 5. From Fig. 5, we find that the horizontal trolley
can tracking the reference signal of xd (t) ≡ 5, while
the velocity of the horizontal trolley, ẋ(t), the payload
swing angle, θ(t), and the velocity of the payload swing

angle, θ̇(t), are all driven to their equilibriums under the
controller. Anyway, the simulation results show that our
design method has satisfactory performances.

5. CONCLUSION

In the paper, we dedicate to design an anti-disturbance
controller for the underactuated overhead crane system
by developing an identical disturbance or unknown input
reconstruction method based on an interval observer. We
find that disturbance or unknown input reconstruction
can identically estimate the actual value in a finite time,
and moreover, the reconstruction can decouple the known
control input. It is the decoupling of the unknown input
reconstruction and the known control input that makes
the anti-unknown state feedback controller design feasible.
How to promote the design method to general underactu-
ated systems will be our next considerations.
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