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Abstract: Based on the nested-saturation technique, this paper investigates the global stabi-
lization problem for a class of upper-triangular nonlinear systems with uncertain measurement
functions. By imposing certain assumptions on the uncertain powers, a state-feedback controller,
only involving the known parameters, is designed to locally stabilize the nonlinear system. Then,
a saturated controller is constructed by combining the nested function and the local stabilizer.
With appropriate saturation level, it can be proved that the saturated controller is able to make
the closed-loop system globally asymptotically stable. Finally, a simulation example is presented
to demonstrate the effectiveness and robustness of the proposed control scheme.
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1. INTRODUCTION

In the real world, the exact system model cannot be easily
obtained due to the external disturbance, such as control
coefficients, nonlinearities, state measurement functions or
system powers are unknown. Adaptive control has been
proved to be a powerful tool. With respect to the uncer-
tain control coefficients, the work SUN and LIU (2008)
has designed a global state feedback control law by com-
bining the backstepping technique and adaptive control
together, while the work Yu et al. (2011) has proposed
a backstepping repetitive learning control method based
on the Nussbaum-gain, but the nonlinear term needs to
be known. For uncertain nonlinearities, two common as-
sumptions for systems with uncertain nonlinear functions
are nonlinearities satisfy the linear growth condition or
local Lipschitz condition. When the linear growth rate is
unknown, a universal output feedback has been construct-
ed in Lei and Lin (2006) such that the system states can
be regulated to the origin. It has been shown in Zha et al.
(2016) that, due to the sensor’s property, the output can
be an uncertain nonlinear function, such as the infrared
distance sensor. To address this issue, the work Zha et al.
(2016) gave a new concept of the power drift upper-bound
to allow the drifts to vary within limits and the designed
controller was able to globally stabilize a family of nonlin-
ear systems with different measurement drifts. Then the
result has been further generalized to a class of high-order
uncertain nonlinear systems in Zha et al. (2017). Moreover,
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it is shown in the work Su et al. (2017) that affected by the
external environment, the powers pi’s in practical systems
are not usually fixed but belong to suitable bounds. By
adopting the new concept of interval homogeneity with
monotone degrees to determine the allowable bounds for
the unknown power drifts, global stabilizers have been con-
structed for the nonlinear systems. For the time-varying
power, a smooth state feedback controller was designed in
Chen et al. (2017).

In spite of these developments, the aforementioned results
cannot be easily generalized to the feedforward nonlinear
systems, since the backstepping method Gao et al. (2018)

and the adding a power integrator technique cannot be
used to design the controller. Therefore, the stabilization
problem for the upper-triangular nonlinear systems has
received much attention. Nested saturation Teel (1996)
and the forwarding method Mazenc and Praly (1996) have
been proved to be two useful tool for controller design.
By imposing certain conditions on the nonlinear term,
the paper Ding et al. (2009) has provided a solution to
the global stabilization problem for a general class of
feedforward systems by combining the adding a power
integrator technique and the nested saturation method.
Different from the nested saturation method, the forward-
ing approach relies on the bottom-to-top design procedure,
including the smooth Qian and Lin (2012) and non-smooth
versions Tian et al. (2014). However, the controller design
in the aforementioned literature needs a priori knowledge
of the measurement functions.

In this paper, we aim to address the global stabilization
problem for a class of feedforward system with uncertain
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measurement functions. Motivated by Ding et al. (2009);
Zha et al. (2018) and Zha et al. (2016), with the com-
bination of the uncertain Lyapunov functions and the
nested saturation functions, the designed controller can
robustly stabilize the feedforward nonlinear system. The
main contributions of this paper are as follows:
(i) Instead of designing adaptive laws or observers to esti-
mate the system states, the controller is constructed using
the uncertain information which reduces the complexity of
the system model. only using the known bounds, is able
to globally stabilize a family of upper-triangular nonlinear
systems.
(ii) The proposed linear state feedback controller has sim-
ple structure and can be implemented easily.
(iii) The controller construction procedure only utilizes the
known bounds, which leads to the robustness result for the
system.

2. PROBLEM STATEMENT AND ASSUMPTIONS

This paper investigate the global stabilization problem for
the following nonlinear systems

ẋ1(t) = x2(t) + ϕ1(x2(t), · · · , xn(t))

...

ẋn−1(t) = xn(t) + ϕn−1(xn(t))

ẋn(t) = u(t),

yi(t) = xqi
i (t), i = 1, · · · , n, (1)

where x(t) = (x1(t), · · · , xn(t))
T ∈ Rn, u(t) ∈ R, y(t) =

(y1(t), · · · , yn(t))T are the system states, the control input
and the measurements of system states, respectively. For
i = 1, · · · , n, the unknown powers qi ∈ R≥1

odd = {q ∈ R :
q ≥ 1 , q is a ratio of odd integers} satisfy 1 ≤ ai ≤ qi ≤ bi
with known ai, bi, and the uncertain nonlinear functions
ϕi(·)’s are C1 functions with ϕi(0) = 0, i = 1, · · · , n− 1.

In order to design a linear state-feedback controller to
globally stabilize the system (1), the following assumptions
need to be imposed.

Assumption 2.1. For i = 2, · · · , n − 1, bi ≤ 2ai−1ai+1

ai−1+ai+1

and bn ≤ 2an−1

an−1+1 .

Assumption 2.2. In a neighborhood of the origin, there
exists a positive constant d, such that ∀i = 1, · · · , n− 1

|ϕi(·)| ≤ d(|yi+1|pi + · · ·+ |yn|pi) (2)

with qi ≥ 1
ai+1

.

3. LOCAL STABILIZATION FOR SYSTEM (1)

This section gives a local stabilizer design procedure for
system (1) based on the notion of homogeneity with mono-
tone degrees (HWMD). First, consider the corresponding
nominal system

ẋi = xi+1, i = 1, · · · , n− 1, ẋn = u. (3)

Step 1: Define ri =
1
qi

and τi = ri+1−ri. By choosing the

Lyapunov function V1 = r1
2−τ1

x
2−τ1
r1

1 = 1
2ξ

2
1 , the derivative

of V1 along the trajectory of system (3) is

V̇1 =x
2−τ1−r1

r1
1 (x2 − x∗

2) + x
2−τ1−r1

r1
1 x∗

2,

where x∗
2 is a virtual controller to be determined later.

With respect to the first Lyapunov function, the level set
is constructed as

Ω1 = {y ∈ Rn|V1(y1) ≤ N},
for a positive constantN . With the linear virtual controller

x∗
2 = −βr2

1 ξr21 , β1 > nb2 > n
1
q2 and ξ1 = xr1

1 = y1, the
derivative of V1 becomes

V̇1|Ω1 =y2−r2
1 (x2 − x∗

2) + y2−r2
1 x∗

2

≤− ny21 + y2−r2
1 x∗

2. (4)

Step k: Suppose that at step k − 1, there exists a C1

Lyapunov function Vk−1, and a set of virtual controllers
defined for i = 2, · · · , k,

x∗
1 = 0, ξ1 = xr1

1 − x∗r1
1 ,

x∗
i = −βri

i−1ξ
ri
i−1, ξi = (x

1
ri
i − x

∗ 1
ri

i ) (5)

such that

V̇k−1|Ωk−1
≤− (n− k + 2)

k−1∑
i=1

ξ2i + ξ2−rk
k−1 (xk − x∗

k), (6)

where positive constants βi’s only involve the known
upper and lower bounds, the level sets Ωi , {y ∈
Rn|Vi(y1, · · · , yi) ≤ N} satisfy Ωk−1 ⊂ · · · ⊂ Ω1.

In what follows, we claim that (6) also holds at step k.
Construct the Lyapunov function Vk = Vk−1 + Wk with

Wk =
∫ xk

x∗
k
(s

1
rk − x∗

k

1
rk )2−rk+1ds and the k-th level set

Ωk = {y ∈ Rn|Vk(y1, · · · , yk) ≤ N}. Obviously, Ωk ⊂
Ωk−1 holds. Then, the derivative of Vk can be calculated
as

V̇k|Ωk
≤− (n− k + 2)

k−1∑
i=1

ξ2i + ξ
2−rk+1

k xk+1

+ ξ2−rk
k−1 (xk − x∗

k) +
k−1∑
i=1

∂Wk

∂xi
xi+1. (7)

Based on Lemmas A.1 and A.2, one has

ξ
2−rk+1

k xk+1 ≤21−rk |ξk−1|2−rk |ξk|rk

≤1

2
ξ21 + ckξ

2
k, (8)

where ck is a positive constant dependent of the known
bounds of qk.

With the definition of ξi’s, the estimate for the last term
in the right-hand side of (7) is given as

k−1∑
i=1

∂Wk

∂xi
xi+1

=(rk+1 − 2)
k−1∑
i=1

∂x∗
k
1/rk

∂xi
xi+1

∫ xk

x∗
k

(s
1
rk − x∗

k

1
rk )1−rk+1ds

≤c|ξk|1−τk

k−1∑
i=1

(|ξi|1−ri + |ξi−1|1−ri)×(|ξi|ri+1 + |ξi+1|ri+1)

≤1

2

k−1∑
i=1

ξ2i + hk(y1, · · · , yk)ξ2k, (9)

where the last relation holds owing to τ1 ≥ · · · ≥ τk,
c > 0 is a constant and hk(·) is a continuous function
of y1, · · · , yk.
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Substituting (8)-(9) into (7), it can be concluded that

V̇k|Ωk
≤− (n− k + 1)

k−1∑
i=1

ξ2i + (ck + hk(·))ξ2k

+ ξ
2−rk+1

k (xk+1 − x∗
k+1) + ξ

2−rk+1

k x∗
k+1. (10)

Since the continuous function hk,1(·) is bounded on the set
Ωk, i.e. hk(·) ≤ h̄k, the k+ 1th virtual controller designed
as x∗

k+1 = −β
rk+1

k ξ
rk+1

k , βk > (h̄k + ck + n − k + 1)bk+1 ,
leads to that

V̇k|Ωk
≤− (n− k + 1)

k∑
i=1

ξ2i + ξ
2−rk+1

k (xk+1 − x∗
k+1).

(11)

This completes the inductive proof.

Last Step: Based on the mathematical induction, we can
conclude that (11) holds for k = n. Therefore, there exists
a linear controller

u = −βn

(
yn + · · ·+ β2(y2 + β1y1)

)
(12)

such that V̇n|Ωn ≤ −
∑n

i=1 ξ
2
i , where Vn = Vn−1 +

Wn = Vn−1 +
∫ xn

x∗
n
(s

1
rn − x∗

n

1
rn )2−rn+1ds and the level set

Ωn , {y ∈ Rn|Vn(y1, · · · , yn) ≤ N} satisfying Ωn ⊂ · · · ⊂
Ω1. Therefore, the closed-loop system (3)-(12) is globally
asymptotically stable.

Then, the derivative of Vn along the trajectory of the
system (1) is

V̇n|Ωn ≤ −
n∑

i=1

ξ2i +
n−1∑
i=1

∂Vn

∂xi
ϕi. (13)

Based on Assumptions 2.1 and 2.2, one has
n−1∑
i=1

∂Vn

∂xi
ϕi ≤

n−1∑
i=1

gi(·)(|ξi−1|2−ri+1 + · · ·+ |ξn|2−ri+1)

×
( n∑
j=i+1

(|ξj+1|ri+1qi + |ξj |ri+1qi)

≤R(y)(ξ2i + · · ·+ ξ2n)

with continuous functions h(·) and R(·). By appropriately
selecting N , it can be concluded that ∀y ∈ Ωn, R(y) < 1

2
holds. From (13), it is clear that

V̇n|Ωn ≤ −1

2

n∑
i=1

ξ2i , (14)

which indicates that the closed-loop system (1)-(12) is
locally asymptotically stable in the set Ωn.

4. GLOBAL STABILIZATION FOR SYSTEM (1)

This section will further investigate the global stabilization
problem for system (1). By combining the control law (12)

and the saturation function σ(s) = { ϵsign(s) |s| > ϵ
s |s| ≤ ϵ

, a

saturated controller is designed as

u = −β̄nσ
(
yn + · · ·+ β̄2σ(y2 + β̄1σ(y1))

)
, (15)

where 0 < ϵ < 1 is a constant to be determined later and
the coefficients β̄i > βi are chosen to satisfy

(i)(
β̄1

2
)1/b2 − 1− 21−1/b2 > 0

(ii)(
β̄i+1

2
)1/bi+2 − 21−1/ai+2 − 1− 4αi(·)(1 + β̄i)

1/ai+1

> 0, ∀i = 2, · · · , n− 1

(iii)β̄n > 8αn−1(·)(1 + β̄n−1)
1/an (16)

with α1(β1) = b1β̄1

(
(1+ β̄1)

1/a2 +1
)
and αi(β1, · · · , βi) =

biβ̄i(1 + β̄i−1)
1−1/bi

(
(1 + β̄i)

1/ai+1 + 1
)
+ αi−1(·), i =

2, · · · , n− 1.

To begin with, the following lemma is introduced whose
proof is similar to the one of Lemma 4.1 in ? and therefore
is omitted here.

Lemma 4.1. For the closed-loop system (1)-(15), there
exists a constant 0 < ϵ1 < 1 and αi(β1, · · · , βi), i =
1, · · · , n−1 defined in (16), such that as long as |yj | ≤ ϵ(1+
β̄j−1), j = i+1, · · · , n, ∀0 < ϵ ≤ ϵ1, the following estimates
hold

(i)|ϕi(·)| ≤ ϵ1/qi+1 = ϵri+1

(ii)|ui(t̄)− ui(t)| ≤ ϵ1+τi+1αi(·)(t̄− t), ∀t̄ ≥ t (17)

with ui = −β̄iσ(yi − ui−1).

Based on Lemma 4.1, we give the main result of this paper.

Theorem 4.1. Under Assumptions 2.1 and 2.2, the pro-
posed controller (15) with an appropriately chosen 0 <
ϵ1 ≤ ϵ is able to globally stabilize the upper-triangular
nonlinear system (1).

Proof : In the previous section, the local stabilization
result has been achieved for system (1) within Ω. If all the
system states will enter and stay in the prescribed region
Ωn in a period of time, the global stabilization result can
be achieved naturally.

In what follows, we first show that the saturated control
(15) will make all the system states converge to a small
region dependent of ϵ by using mathematical induction.

Initial Step: Firstly, it can be proved by contradiction
that there exists t1 > 0, such that

|yn(t1)− un−1(t1)| ≤
ϵ

2
. (18)

Assume that ∀t ≥ 0, |yn(t) − un−1(t)| > ϵ
2 . With respect

to the positive case, one has

ẋn(t) = −β̄nσ(yn(t)− un−1(t)) < − β̄n

2
ϵ,

which implies

xn(t) < xn(0)−
β̄n

2
t, ∀t > 0.

Due to the fact that |un−1(t)| ≤ β̄n−1ϵ, one can get ∀t > 0,

ϵ

2
− β̄n−1ϵ < yn(t) < (xn(0)−

β̄n

2
ϵt)qn . (19)

Since qn ∈ R≥1
odd, as time goes to infinity, the term (xn(0)−

β̄n

2 ϵt)qn will go to negative infinity, which leads to a
contradiction. In a similar way, the negative case can also
be proved impossible. Therefore, it can be concluded that
the inequality (18) holds.
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Next, we will show that for all t ≥ t1, |yn(t)−un−1(t)| < ϵ.
If this inequality does not hold, there are time instants
t′1 ∈ [t1,+∞) and t′′1 ∈ [t1,+∞) such that

|yn(t′1)− un−1(t
′
1)| =

ϵ

2
,

|yn(t′′1)− un−1(t
′′
1)| = ϵ,

ϵ

2
≤ |yn(t)− un−1(t)| ≤ ϵ, ∀t ∈ [t′1, t

′′
1 ],

(20)

which includes both the positive and negative cases. With
respective to the positive one, one has ∀t ∈ [t′1, t

′′
1 ]

ẋn(t) = −β̄nσ(yn(t)− un−1(t)) < − β̄n

2
ϵ,

which leads to

xn(t
′′
1)− xn(t

′
1) ≤ − β̄n

2
(t′′1 − t′1). (21)

From (20), one can obtain

xn(t
′
1) = (

ϵ

2
+ un−1(t

′
1))

1/qn ≤ (1 + β̄n−1)
1/qnϵ1/qn ,

(22)

xn(t
′′
1) = (ϵ+ un−1(t

′′
1))

1/qn ≥ −(1 + β̄n−1)
1/qnϵ1/qn ,

(23)

under which

t′′1 − t′1 <
2

β̄nϵ
(xn(t

′
1)− xn(t

′′
1))

<
4

β̄n
(1 + β̄n−1)

1/qnϵ1/qn−1 (24)

Because xn(t
′′
1) ≤ xn(t

′
1), then yn(t

′′
1) ≤ yn(t

′
1) holds.

Therefore, one has

yn(t
′′
1)− un−1(t

′′
1) ≤yn(t

′
1)− un−1(t

′
1)

+ un−1(t
′
1)− un−1(t

′′
1), (25)

which leads to
ϵ

2
≤ un−1(t

′
1)− un−1(t

′′
1). (26)

On the other hand, due to the fact that |un−1(t)| ≤ β̄n−1ϵ,
one has |yn(t)| ≤ (1 + β̄n−1)ϵ, ∀t ∈ [t′1, t

′′
1 ], under which

the following holds

|un−1(t
′′
1)− un−1(t

′
1)| ≤ ϵ2−rnαn−1(·)(t′′1 − t′1) (27)

according to Lemma 4.1. Combining (26) and (27) togeth-
er, it yields

ϵ

2
≤ 4

β̄n
(1 + β̄n−1)

rnαn−1(·)ϵ. (28)

With β̄n chosen in (16), one has ϵ
2 < ϵ

2 . This contradiction
shows that the positive case of (20) is impossible. In a
similar way, it can be proved that the negative case will
never happen neither. Hence, there is a time instant t1 > 0
such that ∀t ≥ t1

Yn(t) ∈ Qn = {Yn(t) : |yn(t)− un−1(t)| < ϵ}.
Inductive Step: Suppose that at step i− 1, there exists
0 ≤ t1 ≤ · · · ≤ ti−1, such that ∀t ≥ ti−1, j = n − i +
2, · · · , n, the following holds

Yj(t) ∈ Qj = {Yj(t) : |yj(t)− uj−1(t)| < ϵ}. (29)

Then, we will prove that (29) also holds when j = n−i+1.
Similar to the initial step, we first show that there is
ti ≥ ti−1, such that

|yn−i+1(ti)− un−i(ti)| ≤
ϵ

2
. (30)

If this does not hold, it means that |yn−i+1(t)−un−i(t)| >
ϵ
2 , ∀t ≥ ti−1, which contains two cases, i.e., yn−i+1(ti) −

un−i(ti) >
ϵ
2 and yn−i+1(ti)−un−i(ti) < − ϵ

2 . Consider the

negative one, then un−i+1(t) >
ϵ
2 β̄n−i+1. The derivative of

xn−i+1 can be rewritten as

ẋn−i+1=u
rn−i+2

n−i+1 +y
rn−i+2

n−i+2 −u
rn−i+2

n−i+1 +ϕn−i+1

>(
ϵ

2
β̄n−i+1)

rn−i+2 +y
rn−i+2

n−i+2 −u
rn−i+2

n−i+1 +ϕn−i+1.

(31)

By Lemma A.1, one has

|yrn−i+2

n−i+2 − u
rn−i+2

n−i+1 |

≤21−rn−i+2 |yn−i+2 − un−i+1| ≤ 21−rn−i+2ϵ2
1−rn−i+2

.
(32)

From |yj(t)− uj−1(t)| < ϵ, ∀j = n− i+2, · · · , n, we know
that |yj | ≤ (1 + β̄j−1)ϵ holds for any Yj ∈ Qj and then by
Lemma 4.1, one has ϕn−i+1 ≤ ϵrn−i+2 .

Thus, the equation (31) can be estimated as

ẋn−i+1(t) >
(
(
β̄n−i+1

2
)rn−i+2 − 21−rn−i+2 − 1

)
ϵrn−i+2

,δn−i+1ϵ
rn−i+2 > 0, ∀t ≥ ti−1 (33)

based on the selection of β̄i in (16). It implies that
xn−i+1(t) > xn−i+1(ti−1) + δn−i+1ϵ

rn−i+2(t − ti−1), ∀t ≥
ti−1. With un−i > −β̄n−iϵ, one can reach that

xn−i+1(ti−1) + δn−i+1ϵ
rn−i+2(t− ti−1) < xn−i+1(t)

<yn−i+1(t) < − ϵ

2
+ β̄n−iϵ, ∀t ≥ ti−1.

Analogous to (19), the above inequality will lead to a
contradiction by letting t tend to infinity, which shows
that the negative case will never happen. The same result
for the positive case can be obtained easily referring to the
one in the initial step. In conclusion, the inequality (30)
holds.

In what follows, similar to the initial step, we will prove
that

|yn−i+1(t)− un−i(t)| < ϵ, ∀t ≥ ti

If it is not true, the following situation will occur:
|yn−i+1(t

′
i)− un−i(t

′
i)| =

ϵ

2
,

|yn−i+1(t
′′
i )− un−i(t

′′
i )| = ϵ,

ϵ

2
≤ |yn−i+1(t)− un−i(t)| ≤ ϵ, ∀t ∈ [t′i, t

′′
i ]

(34)

with t′i ∈ [ti,+∞), t′i ∈ [ti,+∞). Then, we focus on the
negative case. According to (33), one has ẋn−i+1(t) >
δn−i+1ϵ

rn−i+2 , ∀t ∈ [t′i, t
′′
i ], which implies that

xn−i+1(t
′′
i )− xn−i+1(t

′
i) > δn−i+1ϵ

rn−i+2(t′′i − t′i). (35)

Moreover, with the definition of ui’s, we know that

xn−i+1(t
′
1) ≥ −(1 + β̄n−i)

rn−i+1ϵrn−i+1 , (36)

xn−i+1(t
′′
1) ≤ (1 + β̄n−i)

rn−i+1ϵrn−i+1 , (37)

under which

t′′1 − t′1 <
2(1 + β̄n−i)

rn−i+2

µn−i+1
ϵ−τn−i+1 . (38)

Since xn−i+1(t
′′
i ) ≥ xn−i+1(t

′
i), then yn−i+1(t

′′
i ) ≥

yn−i+1(t
′
i) holds. Therefore, one has

−ϵ =yn−i+1(t
′′
i )− un−i(t

′′
i )

≥yn−i+1(t
′
i)− un−i(t

′
i) + un−i(t

′
i)− un−i(t

′′
i ), (39)
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which leads to

− ϵ

2
≥ un−i(t

′
i)− un−i(t

′′
i ). (40)

Meanwhile, due to the fact that ∀t ∈ [t′1, t
′′
1 ], |yj(t)| ≤ (1+

β̄j−1)ϵ, j = n− i+ 1, · · · , n, one has

|un−i(t
′′
1)− un−i(t

′
1)| ≤ ϵ1−τn−i+1αn−i(·)(t′′1 − t′1) (41)

according to Lemma 4.1. Substituting (41) into (40), it
yields

− ϵ

2
≥ 2(1 + β̄n−i)

rn−i+1

µn−i+1
αn−i(·)ϵ. (42)

Obviously, it is a contradiction with coefficients chosen in
(16). The proof for the positive situation is similar to the
negative one and therefore is omitted here.

The aforementioned arguments show that there exists a
time instant ti ≥ ti−1, such that ∀t ≥ ti

|yj(t)− uj−1(t)| ≤ ϵ, j = n− i+ 1, · · · , n.

Last Step: Based on the mathematical induction, we can
conclude that there exists tn−1 ≥ tn−2 ≥ · · · ≥ t1 ≥ 0
such that |yj(t) − uj−1(t)| < ϵ, ∀t ≥ tn−1, which leads to
|yj(t)| < (1 + ¯βj−1)ϵ, j = 2, · · · , n. Therefore, |ϕ1| ≤ ϵr2

holds and the derivative of x1 arrives at

ẋ1 = x2 + ϕ1 = ur2
1 + yr22 − ur2

1 + ϕ1.

Moreover, according to Lemmas A.1 and A.2, one can get

|yr22 − ur2
1 | ≤ 21−r2 |y2 − u1|r2 ≤ 21−r2ϵr2 . (43)

For the case that y1(t) >
ϵ
2 , ∀t ≥ tn−1, one has

ẋ1(t) < −
(
(
β̄1

2
)r2 − 1 + 21−r2

)
ϵr2 < 0,

while for y1(t) < − ϵ
2 , ∀t ≥ tn−1, one gets

ẋ1(t) >
(
(
β̄1

2
)r2 − 1 + 21−r2

)
ϵr2 > 0

based on (16).

Thus, there is tn ≥ tn−1, such that |y1(t)| ≤ ϵ
2 < ϵ,

∀t ≥ tn. It can be obtained that after the time instant
tn, the system states will enter and stay in the region

Q ={Yn : |y1(t) < ϵ|, |y2(t)− u1(t)| < ϵ, · · · ,
|yn(t)− un−1(t)| < ϵ}.

Note that the region Q is determined by the saturation
level ϵ and the closed-loop system (1)-(12) is locally stable.
Therefore, by appropriately tuning the parameter ϵ to
guarantee that Q ⊂ Ωn, the saturated controller (15)
will becomes the unsaturated one (12) after tn and will
stabilize system (1) in Q. Therefore, we can conclude the
global stabilization result for system (1).

5. AN ILLUSTRATIVE EXAMPLE

In order to show the effectiveness of the control law
proposed in Section 3, an numerical example is proposed.
Consider the following upper-triangular nonlinear system:

ẋ1 =x2 + 0.1x4
3, ẋ2 = x3, ẋ3 = u

y1 =xq1
1 , y2 = x2, y3 = x3 (44)

where q1 is an unknown power satisfying q1 ∈ [1, 2].
Clearly, with a1 = a2 = a3 = 1 and b1 = 2, b2 = b3 =
1, Assumptions 2.1 and 2.2 holds naturally. Therefore,

according to Theorem 4.1, a saturated controller can be
designed as

u = −8σ
(
y3 + 5σ(y2 + 2σ(y1))

)
(45)

with the saturation level ϵ = 0.2.

In the simulation, we choose parameters q1 = 5
3 ∈

[1, 2] and the initial condition as (x1(0), x2(0), x3(0)) =
(0.5,−1,−0.5). Fig 1 and Fig 2 give the simulation result.
According to controller design procedure, we know that
the designed controller is robust to the unknown powers.
Therefore, another set of powers are selected as q1 = 7

5 in
order to verify the conclusion. It is shown in Fig 3 that the
system states still converge to the origin asymptotically by
the controller (45), which is consistent with the theoretical
analysis before.

t/s
0 2 4 6 8 10 12 14 16 18 20

-3.5

-3

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

x1

x2

x3

Fig. 1. The trajectories of x(t) of the closed-loop system
(44)-(45) with q1 = 5

3
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Fig. 2. The trajectory of u(t) of the closed-loop system
(44)-(45) with q1 = 5

3

6. CONCLUSION

This paper has proposed a saturated controller design pro-
cedure in the linear form based on the Lyapunov stability
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Fig. 3. The trajectories of x(t) of the closed-loop system
(44)-(45) with q1 = 7

5

theory. As long as the measurement function powers satisfy
certain assumptions, the designed controller can globally
stabilize the upper-triangular nonlinear systems. This is
accomplished by generalizing the technique of nested sat-
uration and the Lyapunov design method to the uncertain
case. Moreover, the linear controller is easy implemented
in real scenarios.
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Appendix A. PRELIMINARY

In this section, we present some definitions of homogeneous
system theory and some lemmas which play important
roles in the controller design procedure.

Definition A.1. For a fixed choice of coordinates x =
(x1, · · · , xn) ∈ Rn and positive real numbers (r1, · · · , rn)
, r, a one-parameter family of dilation is a map ∆r

ϵ : R+×
Rn → Rn, defined by ∆r

ϵx = (ϵr1x1, · · · , ϵrnxn), ∀ϵ > 0
with ri’s being the weights of the coordinates.

Definition A.2. For a given dilation ∆r
ϵ and a series of

real monotone numbers τ1 ≥ τ2 · · · ≥ τn, a continuous
vector field f(x) = [f1(x), · · · , fn(x)]T , x ∈ Rn, is said
to be homogeneous with monotone degrees (HWMD)
τ1, · · · , τn, if ∀x ∈ Rn\{0}, fj(∆

r
ϵx) = ϵτj+rjfj(x), j =

1, · · · , n.

When τ1 = τ2 = · · · = τn = τ , the definition of homo-
geneity with monotone degrees reduces to the traditional
homogeneity with homogeneous degree τ .

Lemma A.1. For given p ∈ R≥1
odd and any x ∈ R and

y ∈ R, there holds

|x+ y|p ≤2p−1|xp + yp|,

(|x|+ |y|)
1
p ≤|x|

1
p + |y|

1
p ≤ 2

p−1
p (|x|+ |y|)

1
p .

If p ≥ 1 and p ∈ R+
odd,

|x− y|p ≤2p−1|xp − yp|,

|x
1
p − y

1
p | ≤2

p−1
p |x− y|

1
p ,

|xp − yp| ≤c|x− y||(x− y)p−1 + yp−1|
for a positive constant c.

Lemma A.2. For any positive real numbers c, d and any
real-valued function γ(x, y) > 0, the following inequality
holds:

|x|c|y|d ≤ c

c+ d
γ(x, y)|x|c+d +

d

c+ d
γ− c

d (x, y)|y|c+d.
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