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Abstract: Automated, highly precise online manipulation of multiple nano and microscale
objects is essential to achieve scalable nanomanufacturing. One of the biggest limitations of
the wireless external actuation is its global and coupled influence in the workspace, which
limits the capability to robustly control multiple nano and microparticles independently and
simultaneously. Another challenge for the highly precise manipulation of nanoparticles is due
to their uncontrolled variations in structures or compositions that result in different dynamic
behaviors. In this paper, we present an adaptive tube model predictive control scheme for
the simultaneous manipulation of multiple nanowires under coupled electric fields in fluid
suspension. The proposed strategy estimates the unknown mobilities of the individual nanowires
online, formulates dynamic tubes that update based on the online estimated mobilities and
nonlinear dynamics, and addresses the coupled actuation from the global electric field with
dynamic separated tubes constructed for each nanowire. Simulations results show that as the
number of simultaneously manipulated nanowires increases, the manipulation time increases

and the maximum disturbance the system could reject decreases rapidly.
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1. INTRODUCTION

The ability to automatically control microscopic objects is
of major interest in various research applications. One of
the major challenges in micro and nanoparticles manipu-
lation has been to develop automated systems that are
capable of precisely and reliably manipulating multiple
objects independently and simultaneously. Such manip-
ulation capabilities will potentially address the scalable
manufacture and assembly of functional nanodevices (Yu
et al. (2018¢,a)). A number of micro and nanomanipulation
techniques, such as optical tweezers (Grier (2003)), mag-
netic tweezers (Gosse and Croquette (2002)), and electric
field-based methods (Fan et al. (2011); Yu et al. (2015)),
have been introduced to manipulate nanoentities.

In this paper, we focus on electric field-based methods
because they are less costly, superior in scalability, and
easier to implement for parallel motion control of nanopar-
ticles compared to the other alternatives. With precisely
controlled electric fields, electrophoresis (EP) (Yu et al.
(2018b)), electro-osmosis (Probst et al. (2012)), and di-
electrophoresis (Fan et al. (2011)) could be used as driving
forces to steer nanoparticles. Because the EP force is
proportional to the electric field strength, it is simple,
requires less electric field strength, and is easier to im-
plement for long-range motions for nanowires (Yu et al.
(2015)); therefore, EP is used as the driving force to ma-
nipulate multiple nanowires. Using electric-field actuation,
micro and nanoparticles can be wirelessly and accurately
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controlled in the workspace (Yu et al. (2015, 2018b,d)).
However, the global and coupled nature of the field ac-
tuation makes it challenging to control multiple particles
individually (Adam et al. (2019)).

Nanowires exhibit uncontrolled variations. Akin et al.
(2015) find that the properties of the nanowires with
the same composition, fabricated within the same batch,
and even from the same sample, may vary by orders of
magnitude. Van den Heuvel et al. (2007) show that the
electrophoretic mobility of cylindrical-shaped particles is
anisotropic. These variations lead to different dynamic be-
haviors for nanowires suspended in the fluid. To precisely
manipulate multiple nanowires, the EP-based manipula-
tion hereby needs a priori knowledge of each particle’s
effective electrokinetic potential (i.e., the zeta potential) in
the suspension. Those uncertainties and variations in the
electrophoretic mobility of nanoparticles make the online
estimation of the unknown zeta potentials important to
manipulate multiple nanowires simultaneously. Instead of
independent measurements of the mobilities that use time-
consuming instruments or complex calibration processes,
we proposed an adaptive control law to steer multiple
nanowires to move along the desired trajectories to the
targets and estimate the unknown mobilities online in our
previous work (Wu and Yu (2019); Wu et al. (2020)). How-
ever, the robustness of the system cannot be guaranteed.

In addition to the challenges of coupled actuation from the
global field and unknown mobilities of particles, we also
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consider the input limitations to stay within the physical
capacity of the electric-field actuation. Model Predictive
Control (MPC) is considered to address the constrained
nonlinear problem of multiple nanowires’ manipulation be-
cause MPC can incorporate the input constraints (Garcia
et al. (1989)). However, MPC relies heavily on the model,
which makes it susceptible to external disturbance. Tube
MPC is an approximate strategy to address those limi-
tations. A virtual tube is preconstructed offline, together
with a robust control law, which keeps the system in the
tube. The fix-shaped tube moves along a desired nominal
trajectory generated online (Mayne et al. (2006)). How-
ever, the tube geometry is restricted for all operating con-
ditions, which can lead to suboptimal performance (Lopez
et al. (2019)).

Tube MPC for constrained nonlinear systems was widely
investigated in the past decades. An ancillary problem
in Mayne et al. (2011) was proposed to provide a local
nonlinear control law, whose purpose is to maintain the
real state of the uncertain system close to the nominal tra-
jectory. However, this method solves two optimal control
problems at each time step; therefore, it requires longer
computational time and has increased complexity, espe-
cially for the case that incorporates terminal cost function
and terminal constraint set. For the system with uncer-
tainties, adaptive control law was combined with the tube
MPC approach to capture state-dependent uncertainty in
order to potentially reduce the conservativeness of robust
MPC while providing robust stability guarantees (Lu and
Cannon (2019)). However, Lu’s work focuses on the linear
time invariant systems and uses a state feedback controller
to create the tubes, which cannot be directly applied to
the multiple-nanowire manipulation system that is non-
linear and time-varying. Other methods were proposed to
estimate the unknown parameters in recent years, such
as comparison sets (Aswani et al. (2013)), recursive least
square (Heirung et al. (2012)) and set membership iden-
tification (Chisci et al. (1998)).

In this paper, we use global electric fields as the external
actuation to steer multiple nanowires independently and
simultaneously in the fluid channel. The EP force at
every nanowire varies due to different zeta potentials and
positions of the nanowires. We formulate the problem
using nonlinear MPC structure and propose an adaptive
tube MPC that estimates the unknown mobilities of the
nanowires and addresses the coupled actuation from the
global electric field. The main contributions of this work
are as follows:

(1) A dynamic tube MPC is proposed to manipulate
multiple nanowires with coupled actuation. Instead
of constructing a high-dimension tube for the cou-
pled problem, we separate the tube formulation, and
construct different lower-dimension tubes for multiple
nanowires while still satisfying the coupled actuation
for different nanowires. As a result, the computational
cost decreases significantly, especially for a large num-
ber of nanowires;

(2) The zeta potentials of individual nanowires are es-
timated online during the control process using the
set membership identification method, which makes it
possible to manipulate the nanowires without know-
ing their zeta potential beforehand;
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Fig. 1. Schematic of the microfluidic device.

(3) The tube geometry is updated based on the online es-
timated parameter set and nonlinear dynamics; there-
fore, the less conservative tubes can be constructed to
guarantee the robustness of the system;

(4) The proposed tube MPC is proven to guarantee
recursive feasibility and the estimated parameter set
shows convergence;

(5) The physical input limitation is considered in the
MPC constraints; therefore, multiple nanowires can
be steered independently and simultaneously within
the physical capacity of the electric-field actuation.

2. PROBLEM FORMULATION

Fig. 1 shows the schematic of the microfluidic device
with NV x N lattice-shape distributed electrode array. The
circular electrodes with diameter L are fabricated on the
bottom substrate with equal distances L between the
electrode centers as measured along the x and y axes. Each
electrode is independently actuated with DC voltages.
The electrode array is covered by a fluid that contains a
dilute concentration of nanowires. The precisely controlled
electric fields generated by the array of electrodes can
be used to control the horizontal motion of suspended
nanowires. The nanowire motion is modeled as that of a
non-spherical particle immersed in a viscous fluid under
an external DC electric field. The motion for an individual
nanowire is modeled as follows (Jones (2005)):

Vig| _ Cix €mEi Wig
[”iJ - [ QJ I - L’%J
_ Gix Eiy .
- [ el v

where the position of the ith nanowire is denoted as
is the DC electric field vector at r;, C' = &m/pttm, fim is
the dynamic viscosity, and ey, is the electric permittivity.
[Ciz Ciy] is the zeta potential of the ith nanowire in -
and y-axis directions, respectively, and will be estimated
online for each nanowire. w; = [w;z(t) w;y(t)]” is the
bounded external disturbance. E; can be calculated by
superposition of effective electrodes with unit voltage and
uj, 5 = 1,--- ,N? is the corresponding voltage that is
applied on the N x N electrode array. From Eq. (1), the
electric field is regulated to steer the nanowires’ motion by
appropriately applying voltage to electrodes.

7y =

(1)

To formulate the motion equations for all n nanowires,
we first re-index the electrodes into a column-wise vector
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with N? elements. We denote the electric field under
unit voltage at r;(t) by the jth electrode as E;(r;(t)) =
(B, (ri(t)) By, (rs()]", @ = 1,--+,n, j = 1,--- N?
and the corresponding controlled electrode voltage as u =
{u;} € RV *. We then concatenate the position vectors
of all nanowires as q(t) = [r¥(¢) --- rI(¢)]T € R?". By
defining a motion gain matriz

E(r1(t)) -+ Enz(r1(1))

B=C , (2)

Ei(ra(t) -+ En2(ra(t))
we rewrite Eq. (1) for all nanowires as
q=0Bu + w, (3)

where B € RQ”XNQ, 0 = diag[Ciz, 1y Cnay Cny) €
R27*27 and w € R2?" is the bounded external distur-
bance. Every two rows in Eq. (3) represent one nanowire’s
equation of motion. Given the desired target q;, we want
to compute control input w in Eq. (3) that subjected to
Umin < U; < Umax tO steer multiple nanowires to reach
their targets, where umin and umax are respectively the
lower and upper bounds of the applied voltages.

Finally, the system can be formatted as the following non-
linear, discrete-time system by using Euler discretization
method with a sampling size of dt:

q;1 = Aq; + 0B(q,)udt + wy, (4)
in which ¢ is the discrete-time index. The state and input
constraints are given by q, € Q,u; € U. We assume that
the disturbance w; lies in a convex and compact polytope
W, where W = {w; : F,w; < f,}. Because 0 is a
constant matrix to be estimated, we omit the constant
time step 0t in the following design process for simplicity.

3. ADAPTIVE TUBE MPC

In this section, we first design a parameter estimation
scheme that was inspired by Lu and Cannon (2019). Then,
a dynamic tube is constructed based on the bound of the
external disturbance and the system dynamics. Due to the
coupled actuation from the electric fields, we construct the
tubes for multiple nanowires under the coupled, limited
input. For each nanowire, we build a tube individually
using the same constrained input set. During the tube
construction process for the multiple nanowires, the open-
loop reference trajectories are designed online by the
nominal system.

8.1 Parameter Estimation

At time step t, the current state g, can be observed
by the position feedback from the microscope camera. A
polytopic set of possible parameters, denoted by A;, can
be determined by the known current system state and
the previous-step state. According to Eq. (4), we obtain
w1 =¢q,—(Agq,_1+0B(q,_1)u;_1) € W. We then build
the auxiliary set A; calculated from disturbance bound.

Ar={0:q9, — (Aq,_, +0B(q,_1)us—1) € W}
=1{0:Fy(q; — (Aq;_1 +0B(q;_1)ui-1)) < f,,}
={0:F,(q, — Aq,_1) — F,0B(q;_1)ui—1 < f,}

= {9 : —FwBB(qt_l)ut_l < fw - Fw(qt - Aqt_lz}j
5

Because 0 is a diagonal matrix, by setting Fg; =
—Fdiag(B(g,_1)u¢—1) and fg, = f,—Fuq,+Fu,Aq,_,
Eq. (5) can be rewritten as Ay = {0 : Fg:0 < fgq,}. After
constructing this polytopic set, we design the updating
law for the unknown parameters set. We initialize the
estimated parameter set to be g = {0 : Fo0 < f,}, and
at each time step t, denote the estimated parameter set
as ©, = {0 : F:0 < f,}, where F; and f, are updating
online. We update the parameters set by ©; = ;1 N
A;. With the updating law, for all £ € N, it holds that
Ot41 € 6.

8.2 Optimized Dynamic Tubes

Next, we derive the cross sections for the dynamic tubes.
Although the system in Eq. (4) is nonlinear, at time step ¢,
B(q,) is a fixed matrix, and we choose 8 to be the largest
vertex of the above estimated parameters set. Therefore,
the system can be linearized around the current state at
each time step. The problem then becomes constructing
tubes for a linear system at every step as the system
updates. To construct the tube for every single nanowire,
we consider the system equation for each nanowire.

Qi1 = A'q; +0'B'(q1)u + wy, (6)
in which A's are 2 x 2 identity matrices, qi represents the
state of ith nanowire, i = 1,--- ,n, 0" = diag([(;z, G;yy] are
the estimated zeta potential values for ith nanowire, and
B'(q}) is the (2i — 1)th to (2i)th rows of B(g,) matrix for
i = 1,---,n. Note that we use the separate equation of
motion for each nanowire to construct its own tube, but
the input w; is coupled for all the nanowires. Therefore,
the tube formulation is separated for each nanowire and

the feedback control law and related input constraint set
are identical for all the nanowires.

For the ith nanowire, let M; € ]R”XN2, j € N, and choose
k > 2 to define M} & [M}, Mj,--- , M _,, M |]T. An
appropriate characterization of a family of robust control
invariant (RCI) sets for the unconstrained ith nanowire’s
motion system is given by the following expression:

k—1
Rj(M}) £ D D, (M)W, (7)
m=0

where (P represents the Minkowski sum of the sets. The
matrices D!, (M}) are defined as D{(M}) = I and
i i iym m=1/ Aixm—1—jgi Bi(qi\N[i
D, (M}) = (A) + 20 (A0, B (q;) M for
m > 1, where 67, is the estimated zeta potential value for

the ith nanowire and M; is the jth element in M.

Next, we design a feedback law v that keeps the states in
the tubes. To solve for v that can completely reject the
current disturbance effect in & time steps, the M}, should
satisfy the following constraint:

Dj(M}) =0. 3)
From the controllability of the system for each nanowire
and the full rank of the couple [A’, 6'B(q})] being

2, there always exists such M} that satisfies Eq. (8) by
selecting k > 2.

Because of the coupled actuation for multiple nanowires,
when we compute the feedback law v, the coupled effect
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from the ith nanowire’s input to the jth nanowire could
be avoided by setting M, to satisfy the constraints

B(g})MJ, = 0, when i j. (9)
Denote all M} that satisfy the conditions in Egs. (8) and
(9) by My, = [M,, M3, -, M}].

We can solve a quadratic programming problem to define a
feedback control law v, which makes the sets R, (M},) be
RCT sets for the system in Eq. (6). The quadratic program-
. . kA . 112
ming problem is formulated as w’ £ argmin,,:{ ‘wZH |
w' € W(g})}, and W(g}) £ {w' | w' € WF, D'w’ =

(D (ML), ,D.(M3)]. Then v can be defined as
V*(qt) £ [Mkl'—la e 7M(}]w1* + [Mlg—lv U aMg}wT
4+ [M];Ll’... 7M61]w"*
o (10)
The tube sets R}, (M) and the feedback control law v are

parameterized by M | and a suitable M, can be obtained
by solving the following optimization problem:

@k:( 2*7a1<7"'7a2vﬁ*):argmin 0
M ;.8
subject to L e My, RL(MY)C a;Q,

U'(M}) € BU, o; € [0,1],5 € [0,1],
aniai+Qﬁﬁ < 57 1=1,--- » 1,
1
where Ri (M) is defined by Eq. (7), U'(M) £
@’;;10 M} W, Ga1,-+ ,qan reflect the contraction of each
tube, respectively, and gg reflects the contraction of the
control constraint set.

The solution M }C to the above optimization problem
Py yields a set of tube sets [RE (M3),---, RY (MY,
where RL (ML) £ RL(ML), i = 1,--
feedback control law v*(q,) & [M}” , -
[MP -, My Jw" that satisfies

R, (M})CojQ, i=1,,n,

v'(q;) € UMg) € nf*U,
where U (My) £ @, U"(M},).
Lemma 1. For the ¢th nanowire, given any M }c satis-
fies the constraints in Eqs. (8) and (9), ¥ > 2 and
the corresponding set Rj(MS}), the feedback control
law computed from Eq. (10) exists such that A’q: +
0.,,B'(a})v(a) W C R(M}), Va, € Ry(M}), ie.
the set R}, (M},) is the RCI set for the separated system
qi .= A'ql +0'B(q})u; +w! and constraint sets Q, U,
and W.

,n, and the
S M w4+

(11)

Proof. See Appendix A.

3.8 Nominal System Controller

The nominal trajectory is the central path of the tubes
that is generated by the nominal system defined as z;41 =
Azi + Ot B(z4)ve, where z is the state of the nominal
system, and v is the input of the nominal system. First,

we define a set Ri(qf, - ,q7) = {(q; | q; € Ry,(M},),i =
1,---,n}. Together with the input constraint shown in Eq.
(11), we define the sets Z = Q © Ri(q,),V = U np*U
to be the state and input constraint sets for the nominal
system, respectively, to ensure the robustness of the system
in Eq. (3). The © represents the Minkowski difference
between the sets. Now we can solve a finite-horizon,

optimal control problem for the nominal trajectory, which
is defined by

Np—1 ) )
min > Uz = agll, + lowllz):
’ k=0 (12)

subject to  zp41 = Az + Ot B(zg) vy,
zZr € L,vy € V, ZN, € Zf,

where g, is the state that contains the target posi-
tions of the nanowires, ) and R are positive definite
matrices with suitable dimensions, IVj is the prediction
horizon, Zy is the terminal set, which is chosen to be
the maximal positively invariant set Rakovi¢ and Vil-
lanueva (2017) for z;11 = (A + Ot B(z¢)K)z; with con-

straints Z and V, and sz — qu2Q = (21 — Qf)TQ(Zk -
qf),||vk||?% = vl Rvy. The optimal problem gives a

state sequence and control sequence shown as follows:

Z*(a;) = [z5(a0), 21(qy), 2N, (q,)], and V¥(q,) =
["’3(%), UI(qt)v T 7v*Nh71(qt)]'
With the above solutions, the corresponding optimal dy-

namics tube Q'(q}) for the ith nanowire and the control
policy u; are defined as below, respectively:

Qz(q;) = ZS(Q%)@RZ(Mk)v i=1---,n

u, = vi(q,) + v (q,)- (14)
Lemma 2. Given the proposed control law u; in Eq. (14),
the actual state g, of the system in Eq. (4) satisfies
4. €Q'(q}),i=1,---,n for all the time t.

(13)

Proof. For ith nanowire, vj(q,) leads to the state zj(q?),
and according to Lemma 1, v*(g,) always keeps the state
in the tube R} (M}). From the definition of Q*(q}) in Eq.
(13) and the control law w; in Eq. (14), the control law
can make the state of ith nanowire satisfy ¢qi € Q'(q}).
This completes the proof.

4. SIMULATION RESULTS

In this section, we show the simulation results of con-
trolling multiple nanowires in a 4 x 4 electrodes array
microfluidic device with L = 600 gm. The dynamic system
is discretized by a step size of 0.1 s. The input voltages
applied to each electrode are limited within [—600,600] V.
All the nanowires are restricted in the workspace, i.e., each
nanowire’s state bounds by [0,1800] pm. The parameter
matrices @ and R in the cost function (12) are set as
Q=1¢cR™2 R —]¢cRN*N" and the prediction
horizon is Nj = 10. In the simulation, we set a target area
for each nanowire, which is a ball centered at the target
points with a radius of 5 ym. When all the nanowires locate
inside their corresponding target areas, we assume that the
manipulation is complete.
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Fig. 2. (a) Trajectories for manipulating one nanowire. The color shaded areas are the dynamic tubes. (b) Zeta-potential
set estimation for one nanowire. (c) Trajectories for manipulating four nanowires to form a square pattern.

First, we manipulate one nanowire from the starting
position to its target area. Assume the true values of the
zeta potentials are [(4, ¢,] = [0.88,0.56] V, and the initial

guesses are [3,3] V. The disturbance bound is w € W =
{w € R? | |w|oo <5 pum}. Compared to the motion of the
nanowire, the disturbance bound is 48% of the maximum
state change in one step. Fig. 2(a) shows the trajectories
and tubes for the nanowire. Fig. 2(b) shows the updated
set for the unknown zeta potentials at different time steps.
Under the large disturbance bound, the zeta potential set
converges to a small set around the true value with £9%
accuracy in 2.5 s, and the total manipulation time is 3.6 s.

Next, we simultaneously steer multiple nanowires to their
independent targets using the proposed control scheme.
Fig. 2(c) shows the result of manipulating four nanowires
to form a square pattern. The true zeta potentials of
the nanowires are [(iz, (1] = [0.88,0.56] V, [Coq,Coy] =
[0.73,0.66] V, [(32,C3y] [0.91,0.82] V, and [(4z,Cay] =
[0.92,0.76] V, and the initial guesses are 3 V for all the
zeta potentials. The disturbance bound is w € W £ {w €
R? | |w|e < 0.02 pm}. Compared to the motion of the
nanowires, the disturbance bound is 0.5% of the maximum
state change in one step. The zeta potential estimation
results rapidly converge to the neighborhood of the true
values within 2.5 s with +0.2% accuracy, while the total
manipulation time of the four simultaneous nanowires
increases to 123.7 s.

Table 1. Comparison of the maximum distur-
bance bound and the total manipulation time
for different numbers of nanowires

Number of nanowires 1 2 3 4
Ratio of the disturbance | 48% | 13% | 1.5% | 0.5%
Manipulation time (s) 3.6 7.7 33.6 | 123.7

Finally, we evaluate the maximum disturbance under con-
straint satisfaction by using the shooting method with
different numbers of nanowires. Table 1 shows the ratio of
the maximum disturbance bound to nanowires’” maximum
motion in one step and the total manipulation time with
those maximum disturbance bounds. From the compari-
son, the disturbance that the system can reject decreases
exponentially and the manipulation time increases rapidly
with an increase in the number of nanowires. In addition,

the maximum disturbance is also related to the relative
position between the nanowires. The closer the nanowires
are, the smaller external disturbance the system can reject.

5. CONCLUSION

In this paper, we proposed an adaptive tube MPC to
precisely manipulate multiple simultaneous nanowires un-
der a coupled electric field in fluid suspension. The adap-
tive tube MPC estimates the unknown mobilities of the
individual nanowires online, formulates dynamic tubes
that update based on the online estimated mobilities and
nonlinear dynamics, and addresses the coupled actuation
from the global electric field with dynamic separated tubes
constructed for each nanowire. The input limitation is
considered during the control process, and the tube MPC
formulation guarantees robust constraint satisfaction for
the closed-loop system. The proposed scheme is proven
to be recursive feasible and the unknown parameter set
shows rapid convergence; therefore, the robustness of the
system can be guaranteed. Simulation results validate the
proposed algorithm that satisfies the constraints robustly
and steers multiple nanowires to their targets precisely and
simultaneously with accurate zeta potential estimation.
We also found that the maximum disturbance that the
system can reject and the manipulation time are affected
by the number of the nanowires and the relative position
between the nanowires; therefore, in future work, we will
investigate those relations to quantify the maximum dis-
turbance and evaluate the maximum number of nanowires
that can be independently and simultaneously controlled
for given disturbance bounds in experiments.
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Appendix A. SKETCH PROOF OF LEMMA 1

Choose k£ > 2, and let M2 S Mkt Forlith nanowire, let
q%l be an arbitrary element of Rj(M}). Because q. €
R;, (Mz) by the definition of R; (M) and the definition
of w'' = [w{ ,wi, -, wi |7, we obtain
q; = Dj_(My)wj + Dj_y(Mj)wi +---
+ D (M) )wj_, + Dy (M?c)wﬁc_l
= ((ADS 4 (A 200, BIM +
+ GesthMk:—2)w0 ((Az)k ?
-+ aostBlMli—3)wzf +o
(Al + eestBiMS)w?ﬂ*—Q + w;:—l'
Substitute the feedback control law v* defined in Eq. (10),
hence for all g¢ € R}, (M},) and any disturbance w € W,

(AZ)’“ 200t

B'M]

Qt+1 A’ ‘It + BestBiV* tw
= ((A")* + (A1) 10 B'M; +
+ A0, B M} _,)wj
+ (AN 4 (AN 292thiM3 +
+ A0 B' M _3)wi +-
+((A")? + A0 B' M) wj,_y + A'w),_,
+ 00 BY (M), -, Mglw'™ +---
+[MP - MM w™ ) 4+ w.
Applying the condition in Eq. (9), we have
qt+1 A’ q; + gestBiV* tw
— (A + (A8, B +
+ A'0. B Mj_,)wi
+ (AN (A) 200, B Mg +
+ A0, B'Mj_s)w +---

IRV AR A i,
est B Mp)wj,_o + Alwj_4
+9csth([Mk717"' 7w§€71]T)
+w

= (A" +

((Al)2+A19l

Mg[wi wi
ivk—1pi it

(A ) ecstB MO +

+aest1Mk—1)w0 ((Ai)k_1+

(Az)k 20;stBiM(§ -+ ecstBiMli—2)wa +oee
+ (A" + 6! BiMO)wk L+ w.

As a result, combined with the condition in Eq (8),

we can write g, as the following format: ¢} , =
o1 (M)wi + Dj_p(M})wh +---+ Dy(M))w. From

the above equation, we can conclude that q¢ 11 = A'qi +

OéStBZ:V* + w for all w € W. It follows that Alql +

0. . B'v*PW C Ry (M) with the controller v* defined

by Eq. (10). This completes the proof.
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