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Abstract: This paper considers linear time-varying hybrid systems and introduces a notion
of the finite-horizon generalized Ho norm with transients. It is defined as the worst-case peak
value of the output in response to uncertain initial states and external disturbances. Such a
measure represents the induced operator norm from Ly to Lo, because the peak value of the
vector signal is considered as its generalized Lo, norm. This approach allows to characterize the
generalized Hs norm in terms of both the difference Lyapunov equation and difference linear
matrix inequalities (DLMIs). By using the derived characterization the optimal control and
Pareto optimal controls are synthesized minimizing the finite-horizon generalized s norm with
transients. Finally, an example is given to illustrate the proposed technique.
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1. INTRODUCTION

For the first time, the generalized H2 norm of a continuous-
time LTI system with zero initial conditions was intro-
duced in Wilson (1989) as the worst-case peak value of
the output (in terms of the L., norm) in response to the
external disturbance with the finite energy (in terms of
the Ly norm). Thus, it represents nothing but the induced
norm from Ls to L. By using an approach based on linear
operator theory the generalized 5 norm was characterized
in terms of a solution to the Lyapunov equation.

The generalized H2 norm of sampled-data systems as the
induced norm from Lo to L., was analytically formulated
first in Bamieh et al. (1991) by employing the idea of the
lifting technique, but no explicit computation method for
the norm was provided. An explicit computation method
for the induced norm was developed in Zhu and Skelton
(1995). A discretization approach to compute the general-
ized Ho norm of LTI sampled-data systems is developed
in Kim and Hagiwara (2017a). It is based on the lifting
technique together with a gridding approximation method.
Upper and lower bounds of the generalized Hs norm in
sampled-data systems were obtained in Kim and Hagiwara
(2017D).

The notion of the generalized Hy norm is close to the
concept of finite-time stability of linear time-varying sys-
tems with a bounded initial state which was considered in
Amato et al. (2006); Garcia et al. (2009). Similar results
were received in Amato et al. (2011, 2013) for hybrid
systems and impulse linear systems (systems with jumps).
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Moreover, in Nesic et al. (2013) was received the charac-
terization of finite-gain L,, stability of hybrid systems.

The optimal generalized Hs controllers for LTI systems
over the infinite horizon were characterized in terms of
solutions to Riccati equations, see Rotea (1993) and Wil-
son et al. (1998) for continuous-time and discrete-time
systems, respectively. The characterization in terms of
LMIs was derived in Balandin and Kogan (2017); Balandin
et al. (2019a). For impulse linear systems the optimal
generalized Hs controllers were obtained in Khargonekar
and Sivashankar (1991) and expressed in terms of Riccati
differential equations with jumps. However, the synthesis
problem of minimizing the induced norm from Lo to Ly
of linear time-varying hybrid systems over a finite horizon
has not been resolved until today.

In this paper, the concept of finite-horizon generalized
Ho norm with transients for linear time-varying hybrid
systems under external disturbance and initial states over
finite-horizon is introduced. It is understood as the induced
norm from Lo to L. The finite-horizon generalized Hs
norm with transients is characterized in terms of both
solutions to difference Lyapunov equations as well as
solutions to difference LMIs. The DLMI characterization
makes possible to synthesize optimal controllers including
multi-objective ones minimizing generalized Ha norms of
several outputs.

The paper is organized as follows. Section 2 provides some
mathematical notations. Section 3 presents the definition
of the finite-horizon generalized Hs norm with transients
and its characterization in terms of solutions to differ-
ence Lyapunov equations (Theorem 1) and solutions to
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difference LMIs (Theorem 2). Optimal control including
multi-objective one is synthesized in Section 4. An illus-
trative example concerning an optimal vibration isolation
problem for the one-degree-of-freedom mechanical system
is considered in Section 5. The conclusion is proposed in
Section 6.

2. MATHEMATICAL NOTATIONS

This section gives the mathematical notations used in
the paper. Let vector x € R™ be partitioned as * =
column(zy,...,%y), where xp € R™ and ny +...+n,, =
n. Denote a (1,2)-norm and (oo, 2)-norm of the vector x
through

m
A
|JU|(1,2) = E | Tk ]2,
k=1

where |z|o is the Euclidean norm of the vector zy. In
particular, if m = 1, then |z[ 2) = |2[(00,2) = |2|2, and
if m = n, then |z](19) = |21 and [2](s0,2) = [2]oo. Here
|z|1 and |z|e are standard 1-norm and oco-norm of the
vector x, respectively. The space of m-dimensional real
vectors equipped with vector (p,2)-norm is denoted by
Rl 2 (p = 1,00). It is clear that (R ,)" = R{ .
The notation R} denotes the space of n-dimensional real
vectors equipped with the Euclidean norm | - |5.

A
[2l(o0,2) = | max a2,

The norm of a matrix A € R'" as the induced norm of a
mapping from R?l 5 to R} is defined as

A
|All2/(1,2) = sup [Axls.
[z|(1,2)=1
It can be computed as follows. Let assume that the
symmetric (n x n)-matrix P = AT A > 0 be partitioned
on blocks P = (P, ;), P e R ™ 4, j=1,...,m, ni +
...+ ny, = n, according to partition of vector x € R?M),
then
HAHZ/(LZ) =  maX )\max(Pi,i);
i=1,....,m

where Amax(P;,;) is the maximum eigenvalue of the matrix
P; ;. In particular, if m = 1, then ||Al|2/1,2) = Amax (AT A),
and if m = n, then || Al|2/(1,2) = dmax(AT A), where dpax ()
is the maximum diagonal entry. For the sake of brevity, we
denote by Agmax(P) the generalized maximum eigenvalue
of P, i.e, the maximum of the maximum eigenvalue of the
matrices P; ;. Furthermore, by analogy with the notation
of the matrix 2-norm, we can write the 2/(1,2)-norm of
matrix A as

14]12/(1.2) = Agmax (AT A).

For a real vector-valued finite sequence w = {wg} the
notation [lw([;, is used to denote the loo([M, N], Rl ,))

norm under the spatial (oo, 2)-norm, i.e.,

e, = max Juwgloce:

Similarly, the notation ||w||;, means the Iy ([M, N],Rf‘1 2))
norm under the spatial (1,2)-norm, i.e.,
N

lwli, = Z |wg 1,2

k=M

Finally, the notations ||v||r, and ||w||;, are used to mean
the Ly ([to, tn],RY) norm of a real vector-valued function

v(t) and the l5([M, N],RZ) norm of a real vector-valued
finite sequence wy, respectively, i.e.,

tN N
A A
ol & [l 2 Y k.
& k=M

3. FINITE-HORIZON GENERALIZED Hs NORM

Consider a linear time-varying hybrid system described by
the set of differential and difference equations

&= Ac(t)x + Ac(t)érx + Be(t)v,
Ehr1 = Aq i + Agrz(ty) + B pwr, (1)
2z = Cepx(ty) + Carér,

here t € [tk,tk41), K = 0,...,N — 1, x € RJ* and
v(t) € La([to, tn],R5") are the continuous-time state and
disturbance, &, € Ry® and {wy} € ([0, N — 1], R}*) are
the discrete-time state and disturbance, and z; € R?;QQ)
is the target output. It is assumed that the system initial
states z(tg) = xo and & are unknown. The matrix func-
tions A., B¢, A, are piecewise continuous and bounded.

The system (1) generates the linear operator S mapping
the initial state (xg,&p) and the disturbances v, w to
output z € I ([0, N},R?gog)% ie.,

S (o, &0, v(t), {wi}) — {21} (2)

Define the norm of the element (z,&o, v, w) in the space
RSI X R;‘E X LQ([to,tN],Rgv) X lg([O,N — 1],ng) as

0, €0, 0,0) | gy 2 /G RGo + 013, + Il (3)

here (o = column(z,&) and R = diag(R,, Re), where
R,=R] >0, Re = Rg > ( are the weighting matrices.
For the system (1) we define the finite-horizon generalized

Ho norm with transients as the induced norm of the
operator S, i.e.,

1502y = s Izl : [l (os 80,0, 0) [ 5 < 1} (4)

One can show that this is equivalent to

(A [2k[oo,2

111

= sup ,
oo/(R,2)

20.€0.0.w \/goTRgo + [0lI2, + llwl?
where the supremum is taken over all elements (zg, o, v, w)
satisfying ¢g R o + [[v]|7, + wllf, # 0.

Note, that the weighting matrices R, and R¢ can be
interpreted as a measure of the relative importance of the
uncertainty in initial conditions versus the uncertainty in
the disturbances. A “smaller” size of R,, R reflect greater
uncertainty in the initial conditions.

In the specific cases, when the system (1) contains no con-
tinuous part, that is v(¢t) = 0 and z(t) = 0, the proposed
finite-horizon generalized Ho norm is the maximal output
deviation, which was introduced in Balandin et al. (2019Db).

Let us introduce the following matrices
-~ A k A k o Qc k 0
A — Cc, Cc, — ’
k |:Ad k Ad k:| @ [ 0 Bd,kB;—,k ’

Cr = (Cerr Cak),
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where
try1
A = ®(tpyr,th), Ac,k:/q)(tk-i-lvT)Ac(T)dTv
tr
trt1
Qe = [ Bltwer VBB ()T (61, 7
23

7) is the state transition matrix of the

and the matrix <I>(t
t)x. It is straightforward to check that

equation & = A.(
%@(tﬂ') = A.(t)P(t, 1), &(r,7) = 1.

The following result holds.

Theorem 1. The finite-horizon generalized Hs norm with
transients of the system (1) is given by the formula

||SHOO/(R,2) X Nens (CrYCY), (5)
where Y, = YkT > 0 is the solution to the equation
Yip1 = A\kYkz@g +Qr Yo=R. (6)

Proof. Let us consider for the given linear operator (2)
its dual operator §*, which is defined as

S* : {ze} = (w0, &0, v(t), {wi}), (7)

where z € 11 ([0, N], RP, ,)) and (20, &0,v,w) € Ry* XR3® x
Lo([to, tn], R5”) x I2([0, N — 1],R5™). The norm of the
operator §* is given by

1570 (20 = 5P { [} (20, 00, w) [ o < Ml < 1}
and, according to duality, the following equality holds:
HSHOO/(R,z) = HS* (R,2)/1° ®)

Therefore, we can calculate the norm of the dual operator
S* instead of calculating the norm of the operator S.

To determine the form of 8%, let z € 11 ([0, N], Rf} ,)), then
<Z’ Sy> = <8*Z7 y>(R,2)7 (9)

where y = (29, &, v, w) and the first two duality brackets
are given by
N-1
<ZaC> = Z Zl—chk
k=0
The last duality brackets (-,-)(p,2) can be represented as
an inner product of a pair of elements y; and y, as

N-1 ty
(Y1,92)(R2) = CoT,1RCo,2+ Z wIkWQ,k"'/UI(T)Uz(T)dT’
k=0 i

which consistent with the definition of the norm (3).

Rewrite the system (1) in the semi-discrete form, it means
discretization only by continuous-time state z, while the
continuous-time external disturbance v remains as is, i.e.,

Cerr = ArCr + Brwr,

- (10)
2 = CrCr,

where wy = column(v(t), wy) and
By, Lo ([ths tie), Ry") x Ry» — Ry= "
tht1

/ O(thy1,7)Be(T)v(T)dT (11)

B rwi,

Now we use the expression (10) to describe the closed-loop
relation between vectors § = column((y,wo, - ..,wn—1)
and z = column(zg, ..., zy) as follows

Z=CABY, (12)
here
C = diag (Co, C1,...,Cn), B=diag (I, Bo,...,Bxn-1),
I 0 0 e 0
;1\0 I 0 e 0
A A Ay Ay I < 0

;{N—l-nA\O A\N—l-ngl A\N_l...gg - I

Therefore, the operator S can be written as § = CAB.
By using the equation (9) it is easily seen that the dual
operator §* is given by

S*=B*ATCT, (13)
where B* = diag (R~*,B;,...,By_,) and
By s Ry 5 Lo ([t tri1), RE”) x
| m L [BI®0T tiae

RS By '

It is not difficult to exploit (13) for checking the following
expression

1% 212 2y = 15 Z 2 ) = ZTCWCTE,

x R»

where
W:AQAT7 Q:dlag (R_laQOa"wQNfl)-
Since the matrix C is a block diagonal matrix, we consider
an auxiliary block diagonal matrix Y = diag (YO, ceey YN)
which has the same main-diagonal blocks as matrix W.
The blocks Y}, satisfies the linear recurrence relations
Yo=R", Vi =AY AL +Qp
which coincide with equations (6) and, moreover, the
following equalities hold
% |2 % 112
s = sup {[[872]] o ¢ 2l < 13

||(R,2)/1 _ i (14)
=sup{Z' CWC'Z:|Z||;, <1}.

It should be pointed out that only the main-diagonal

blocks of the matrix C WCT are needed for further cal-
culating, thus we can replace the matrix W by the block

diagonal matrix Y. Then
HS* = sup {ZTCYC’TN 2], <1}

= i I}')l,a‘)(’ )\gmax (CkYka )

(R,2)/1

The last expression is the same as (5). This concludes the
proof of theorem.
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Now, let us consider a question concerning the worst-case
disturbances and initial states. The following result holds.
Theorem 2. If the finite-horizon generalized H2 norm with
transients of the system (1) is equal to v* and attained at
the moment k& = k*, the worst-case initial and external
disturbances are determined as

G = ()R Cle,

v (t 1 | Bl ()@ (tpsr,t ~
(*) _ — c ( ) T( k+1 )x \I/;—* k+1cl;le’ (16)
Wy, v B i€ ’
k=0,...,k"—1,
where e = egmax(é\k*Yk*a,L) denotes the normilized

generalized eigenvector corresponding to the generalized
maximal eigenvalue, W, ; is the transient matrix of the

system (x = gkck, ie.,

\1’070 :I, \I’i,j :;{i—lA\i—2--~Ej; 7 Zj—‘rl

Proof. To prove the expressions (16), let us assume that
the generalized H2 norm is attained at the moment k& = k*
and equal to v*. In this case, there exists an element
z* = column(0,...,0, zk+,0,...,0), ||Z*|l;, = 1, such that

V= HS*E*H(RJ)'

The equality ||2*||;, = 1 means zx+» = €gmax (@Yké,;i),
hence y* = §*z* = column(¢*, wg, . .. ,wx_y) is the vector
which is composed of the worst-case initial and external
disturbances, moreover, [y*|(z2 = ~*. To calculate
y*, the k*th column should be select from the matrix
representation of the operator S*:

¢ 1 [RTMAJ.CALC L ]
« ~F PN
WO BOAI e Ak* Ck* Ze*
— : _ :
= * = PN
Wi Bk*A;OI;EZk*
. :
LWN—1 ] 0 J

[ R0 0Oz ]
T AT
BO\IJ]C*JC]C* Zle*

T AT
Bk—* \Ijk*,k* Ok:* Zho*

0

At last, to get the equation (16), we should scale the
vector y* by 1/4* because from the definition of the
generalized Hy norm (4) the vector of the worst-case initial
and external disturbances have to satisfy the condition
l7*|l(r,2) = 1. This completes the proof.

Now we reformulate the problem of computation the finite-
horizon generalized s norm with transients as a convex
semidefinite programming problem which will be useful for
further application.

Theorem 3. The finite-horizon generalized s norm with
transients can be computed as a solution to the problem
inf v subject to constraints

{AY’“ * A]>o k=0,...,N—1

ApYe Yer1 —Qr | — Y ’ (17)
] b
CrjYo v’I| =7 Jj=1....m,

with respect to the variables v and Yy, ..., Yy. Here the
matrices C, are partitioned on blocks Cj ; € R™*™ n; +
oot Ny, =N

The proof of this theorem can be obtained by following the
same guidelines of Theorem 2 in Balandin et al. (2019b).

4. SYNTHESIZING GENERALIZED Hs; CONTROL

Consider a linear time-varying hybrid controlled system
described by the set of differential and difference equations

T = Ac(t)l‘ + Ac(t)gk + Bc(t)v + Hc(t)u(t)a
Ehr1 = Aq k€ + Agrpx(ty) + Bapwr + Hy pu(ty), (18)
2z = Cepx(ty) + Cané + Dyu(ts),

here t € [tk,thrl), ty < tpy1, k= 0,...,N — 1, and
ur € R™ is the control input.

The problem of interest is to synthesize for the system (18)
a piecewise constant state-feedback control law
ty <t <tk41, k=0,...,N—1,

u(t) = ug, (19)

and

ur = Oc kx(tr) + Oq 1k (20)

minimizing the generalized Ho norm of the closed-loop
system

Ch+1 = (A\k + ffk(:)k)Ck + Bwr,

~ ~ 21
2 = (C + DiOk) s &h

where functionals By, are defined by (11),

Erk = |:ZZ’]Z:| s @k; = (@c7k7 @d,kr)7

s

and
th+1

/ Bty 7)Ha(r)dr.

123

Hc,k -

From Theorem 3 it follows that the finite-horizon general-
ized Ha norm of the closed-loop system (21) is computed
as a solution to the problem (17), in which the matrices

A\k and ék should be replaced by the matrix Ay + ﬁk@k
and C*k + Dk@k, respectively. By introducing variables
Zy = @kYk, we arrive at the following result.

Theorem 4. The state-feedback matrices @k of the opti-
mal control are computed as @k = Zkkal, where Zy, Yi,

k=0,..., N—1, are solutions to the following semidefinite
programming problem: find inf « subject to constraints
i al
<k ~ | >0,
ApYy + HiZg Yip1 — Qk (22)
N Yi * >0 kZO,...,N,
CrjYi+ Dy Zi 7?1 | =7 j=1...,m

Here the matrices C} and Dy are partitioned on blocks
Ck,; € RM>XMe Dy i€ R%WX™ ng + ...+ ny, = n.
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Now we consider the multi-objective control problem with
the finite-horizon generalized Ho norms with transients of
several outputs of the system

i = Ac(t)r + Ac(t) + Be(t)v + He()u(t),
Ertr = Aanr + Dapz(ty) + Barwr + Hapu(te), (23)
Z}(:) — C(Z,)Cx(tk) + Céf;ﬁk + Dru(ty),

C,

where 2", i = 1,...,m, are the controlled outputs. Let
~i(©) be the finite-horizon generalized Hs norm of ith
output of the system (23) closed by piecewise constant
control law (19), (20) and © denotes the set of state-

feedback matrices @k, k = 0,...,N — 1. The multi-
objective control problem is to find Pareto optimal set ©*
minimizing the performance measures v;(0). The set ©*
is the Pareto optimal if there is not a matrix © such that
the inequalities v;(©) < ;(0%),i =1,...,m, with at least
one of the inequalities being strict, be valid. Necessary
conditions for Pareto optimality in the problem under
consideration are formulated as follows (see Balandin and
Kogan (2017)).

Theorem 5. Let (v1,...,%m) be a Pareto optimal point
in the space of criteria and O, be a minimum of the
multi-objective cost function in the form of Germeyer
convolution

G(O) = 7i(©) i

oy = ——.
max y;
i=1,...,m

(24)

=1,....m

Then ©, belongs to Pareto optimal set and 7;(©4) = i,
t=1,...,m.

For the multi-objective problem under consideration and
in accordance with Theorem 3 Germeyer convolution (24)
takes the form

G(O) = max max a; ‘A2 (CA',gi)Ykélgi)T), (25)

i=1,...,m k=0,...,N gmax

where Y;, = Y, > 0 is the solution to the equation (6)
for the closed-loop system. It means that the Pareto opti-
mal controls minimizing the finite-horizon generalized Ho
norms with transients can be found solving the inequalities
(22) in which the matrices Cy,; = a;lC,?) for all o,
1=1,...,m.

5. EXAMPLE

Consider the optimal shock and vibration protection
problem for a mechanical single-degree-of-freedom system
shown in Fig. 1. A body to be protected “2” connected
to moving base “1” by means of an active isolator. This
mechanical system is described by the equation

N—-1
I=u+v+ Zwké(t—tk), (26)
k=0
z(0) = 710, 2(0) = @20,

where z is coordinate of the body “2” with respect to the
moving base, u is the active component of the isolator, v is
the continuous-time external disturbance coinciding up to
a sign with acceleration (or deceleration) of the moving
base, and wj is the discrete-time external disturbance
coinciding with the impact on the base at the moment .

Fig. 1. Scheme of a protection from shock and vibration

This time moments are known and form a monotonically
increasing sequence. Let us introduce new variables

N-1

I2:j:7 Z’wkH(tftk),

k=0

Tl =,

where H(t) is the Heaviside step function. Rewrite the
equation (26) as follows

&y = 22+ &, 21(0) = 210,
Fo = u+v, x2(0) = w20, (27)
Set1 = &k twg, o =0,

here the discrete variable & is the total impulse of the base
during the time [tg, t511).

We choose two performance indices

max |21 (t)|

k=0,...
Ji(u) = su — ,
1( ) Co Upw TR 2 2
oy [G RGo + (o7, + [lwllg,

pnax fu(t)]

Jo(u)

= Sup T 5 9 ’
Co, v, w \/CO R+ HU||L2 + Hleg

where (o = column(x19, x20,&p). The first functional char-
acterizes the maximal displacement of the body to be pro-
tected with respect to the moving base, while the second
one characterizes the maximal force acting on the body.
These criteria are competing, i.e. the greater force coun-
teracting the body movement, the smaller its displacement
with respect to the base.

For numerical experiments we choose R = diag(10,10,1),
N = 5, and two sets of resetting times T; = {0;4; 8;12; 20}
and 7 = {0;3.2;8;11.6;16;20}. By using the above ap-
proach we synthesized Pareto optimal controllers @k and
computed the corresponding optimal values of the criteria
for both sets of resetting times. The Pareto optimal fronts
on the plane of criteria (Jq;J2) are shown in Figure 2.
For the set 77 the Pareto front and the point A; with
coordinates (5.546; 1.564) lying on this curve is depicted by
the black line. The red line corresponds the Pareto optimal
front and the point Ay with coordinates (6.222,1.755)
computed for the set 7. Both points corresponds to the
parameter « = 0.78. For comparison the value of the
first functional for the case without control, i.e. u = 0,
is J1 = 59.890 for the set 71 and J; = 60.1628 for 7. The
time histories for the optimal coefficients Oy, are presented
in Figure 3, the black and red curves correspond to the
points A; and As, respectively.
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Jo 2

Fig. 2. Pareto optimal fronts for two sets of resetting times
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046 ‘ ‘ ‘ ‘ |y
0 4 8 12 16 20
—0.34
—0.38 F :
03 : S R T e
—0.42 |- -
,046 I | | | I | t
0 4 8 12 16 20

Fig. 3. Time histories of the optimal coefficients of state-
feedback corresponding two sets of resetting times

6. CONCLUSION

This paper proposes a novel performance measure of the
linear time-varying hybrid system over a finite horizon
which characterizes the worst-case peak value of the mul-
tiple output in response to uncertain initial states and
the external disturbances. This measure represents an
induced operator norm named the finite-horizon gener-
alized Hs norm with transients. It is characterized in

6881

terms of difference linear matrix inequalities (DLMIs) that
allows to synthesize the optimal piecewise constant state-
feedbacks minimizing the generalized Hs norm of one or
several outputs. The efficiency of the proposed method was
demonstrated on the problem of optimal protection from
shock and vibration.
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